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ON A STRUCTURE SATISFYING AN
ALGEBRAIC EQUATION X = a?X + Y A, (X)T?

p=1
Lovejoy S. Das

Differentiable manifolds with almost contact structures were investi-
gated by W. M. Boothby - H. C. Wang [1], D. E. Blair [2], S. . Gold-
berg - K. Yano [4], and among others. S. Sasaki [3] defined the notion
of (¢,&,n,g)-structure on a differentiable manifold and showed that the
structure is closely related to the almost contact structure. The purpose
of this paper is to study a manifold with differentiable structure defined by
an algebraic equation X = a’X 4+ > A,(X)T7 and obtain its integrabil-

=1
ity conditions. In particular this mfmifold reduces to an almost r-contact
hyperbolic manifold.

The results of this paper have been announced by the author in Ab-
stracts, American Mathematical Society [8].

1. Introduction

Let us consider an n-dimensional (n = m + r) real differentiable man-
ifold M™ of class C*°. Let there exist a C'™ function F, r(C*) con-
travariant vector fields T, 7%,-.-,T" and r(C*) 1-forms A, Ag,---, A,
satisfying the following conditions:

(1.1) X =d’X + Y A (X)T?,
=1

where @ is any nonzero complex number. Let

(1.2) X = F(X),
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(1.3) T° =0, forp=1,2,-+,r

(1.4) A, X = 0, for an arbitrary vector field X

(1.5) AT = g

Let M™ be endowed with the Riemannian metric tensor g such that
(1.6) Aqu-—gfg(Tq,X), forg=1,2,«5r

(1.7) g(X,Y) = —a*g(X,Y) ZA

where ¢ is a nonsingular metric tensor.

We suppose that F' gives to M"™ a differentiable structure defined by
an algebraic equation (1.1). It is well known that a manifold is an almost
r-contact metric manifold if it is of dimension 2n + r and a = +:.

Let us define
(1.8) 'Fix, V)€ (X, 7)
Barring X in (1.8) we obtain
(1.9) F(X,Y)=g(X,Y)

which in view of (1.1) and (1.6), yields

(1.10) FX,Y) = (X, Y) + 3 A, (X)A,(Y),

p=1

Barring Y in (1.8) we obtain
(1.11) F(X,Y) = g(X,T),
which with the help of (1.7) yields

(112)  FXT) = —{@g(X,¥) + X A(X)A,0)}.

p=1

Thus from (1.10) and (1.12) we get

(1.13) F(X,Y)=-"F(X,Y).

Replacing X by 77 in (1.8) and making use of (1.3), we get
(1.14) "R(T,Y) = 0.
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Barring X in (1.13) and making use of (1.1) and (1.14) we get

(1.15) 'F(X,Y) = —a¥F(X,¥).

Also barring Y in (1.7) and with the help of (1.3) and (1.4) we get
(1.16) g9(X,Y) = —g(X,Y).

Thus from (1.8) and (1.16) we have

(1.17) 'F(X,Y)=-"F(Y,X).

Hence 'F(X,Y) is skew symmetric.

2. COMPLETE INTEGRABILITY CONDITIONS
OF DIFFERENTIAL MANIFOLD M™"

The Nijenhuis tensor for the (1,1) tensor field F' can be written as

(2.1) N(X,Y)=[X,7]+][X.Y] - [X.Y] - [X,Y].

Thus in view of (1.1), we have

(2.2) N(X,Y) = [X,Y]+d*[X, Y]+ Z A (X, ¥NT®

p=1

-[X,Y] - [X,Y]

Definition 2.1. The differentiable manifold M™ is completely integrable,
if the Nijenhuis tensor vanishes.

Theorem 2.1. In order that a differentiable manifold be completely inte-
grable, it is necessary that

(2.3) S A4, (X, V)T = 0.

Proof. Barring X in (2.2) and using (1.1) we get

@4)  NEY) = @XT]+ 3 A4,X)1,7]+[X,Y]

p=1

+3 4,(X, V)" —TX,7] - @'[X, 7]

r=1

MZA )T?, Y.
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Now barring the whole equation (2.4) and making use of (1.1), we obtain

(25) N(X,Y) = X, Y1+ZA TP, Y] + a*[X,Y]

p=1

a?[X,Y] - EA ([X,Y])T? — a*[X, Y]
Z ([X,Y)T 2ZA )[T?,Y]

= 3 AX)A(T, V)T
P,q=1
In consequence of equations (2.4) and (2.5) we have

(M)N@WH%M&H=§%MW&WEMMKWW

—® Y A7 Y] = Y A(X)A (T, V)T

p=1 pg=1
Now in view of the equation
(2.7) N(T?,Y) = a*[T?, Y] + ZA MI®, ¥ |37 — 1%, ¥].
p=1

and (2.6) we obtain

(2.8) N(X,Y)+a’N(X,Y) = —ZA W{N(T?,Y)}

o Z A (X, Y])T?

p=1

For the complete integrabilty of the manifold M™, the equation (2.8)
reduces to (2.3).

Theorem 2.2. For a completely integrable manifold M, we have
(2.9) 2 AXNTP Y] = [T7, Y]} + 3 A((X, Y)T*
=1 p=1

=§&wmxm~mﬁwdhwxmw

=1
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Proof. Barring X and Y in (2.4) and using (1.1), we obtain respectively
the following

(2.10) N(X,Y) = aﬂ[x,?]JriA,,(X)[Tp,?]+a2[Y,Y]

-|-ZA (X, YDT? - [X,¥] - a’[X, Y]
—ZA )77, Y.

and
(211) N(X,Y) =X, Y]+ A,¥)([X,T7]) + a[X,]

+ Y 4,0, 7N - X, 7] - zA X7 - %7,

p=1

Thus from (2.10) and (2.11), we have
RAN(E,Y) = NXY) = X A7) -7 7])

+ Y A(E VDI - Y A(X, T)T?

p=1 p=1

—ZAP WX, T7] - [X, T7]}

Now putting N(X,Y) =0 in (2.12) we obtain (2.9).

3. NON UNIQUENESS OF THE ALGEBRAIC EQUA-
TION

In this section we take C'* manifold M™ admitting a C* tensor field f
of the type (1,1), r(C*®) 1-forms ‘A;, A,," A3, -+, A, and C* contravari-

ant vector fields "T",/T?,--- /T" and we define the following relations:
r def s - "\ TP
(3.1) p(f(X))=p(X) = D o(X)T7,

p=1
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def

(3.2) TP =u('T?), for p=1,2,---,r,

(3.3) (XY A, (X)) — a(F(X)).

where a is some scalar function and g is a nonsingular vector valued
function.

Theorem 3.1. In a differentiable manifold the algebraic equation defined
by
FA(X)=a’X + ) A (X)T7
p=1
is not unique, if and only if (3.2) and (3.3) hold.

Proof. Putting f(X) for X in (3.1) and making use of (1.1) and (3.1) we
get

p(f(F(X)) = #f(X)—Za(f(X))Tp,

= a*u(X +ZA (X))I? — ZT: (X)T",
D o f(X))T,

p=1

which in view of (1.3) yields

k(X)) = au(X) + éAp(u(X))Tp _ S a(fX)T.

p=1

Since g is a nonsingular vector valued linear function, thus making use of

(3.2) and (3.3) we obtain

FFX) = X + S {A(u(X)) — alF(X)YT".

r=1
or -
FUFX)) = a®X 4 3 A (X)'T?.
p=1
Therefore, the algebraic equation defined by (1.1) is not unique.

Theorem 3.2. Let there be two algebraic equations satisfying (1.1) in M
and related by (3.1) then we have

(3.4) a*o(X) = Apu(f(X)),
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(3.5) o "T?) =
and
(3.6) a# A,

Proof. The proof of (3.4) follows in consequence of (3.3) and (1.1). Putting
"T? for X in (3.4) we at once get (3.5). (3.6) follows immediately after
putting ‘A, for a in (3.5), thus giving ‘'A,("T?) = 0, which is not true
because of (1.5) hence a # A,
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