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1. INTRODUCTION

Although research on input—output mod-
els has focused on the areas of regional, in-
terregional, and multiregional input—output
models, . there has been little discussion of
metropolitan input—output models. Major
reasons for the limited discussion of the
metropolitan input—output models are i) the
different factors characterizing the metropoli-
tan economy such as free flows of people,
commodity. and services and ii) implementa-
tion problems resulting from a detailed sec-
toral and zonal system. In particular, most
urban policies require highly detailed urban
economic models in terms of sector and
space because of different consequences of a
policy on various business groups and on
various zones.

As Richardson and Gordon (1989) men-
tioned, few urban models satisfy both sector-
al and spatial disaggregation. The regional
input—output model can deal with inter—
sectoral linkages, but it is aspatial. Con-
versely, many metropolitan spatial allocation
models such as the Lowry type models can
disaggregate the metropolitan region into as
many zones as possible, but can deal only
with two types of industries: basic and non
—basic. »

Alternatively, the interregional and
multiregional model may be regarded as the
most ideal and detailed form of completely
connected regional input—output model
(Blair and Miller, 1983). However, the de-
tailed requirement of urban models in terms

of sector and space creates problems of

operationability and these models are seldom
implemented in the real world.

Another problem in applying multiregional
and interregional input—output analysis to
urban models is that interregional and
multiregional models have limitations to
model the flows of people (such as commut-
ing). Commuting is one of the important
factors that is not captured in interregional
input—output models. The different locations
of consumption and production -activities
imply unequal economic impacts over space.
The structure of a metropolitan model
should, therefore, be different from that of
the standard regional model (Richardson,
1985).

The purpose of this study is to develop an
integrated urban model model which com-
bines an input—output model with a Lowry
Wilson's (1970) synthetic

model of the regional input—output model

—type model.

and the gravity type model will be extended
into an urban input—output model by incor-
porating a journey from home to work ma-
trix (work trip matrix) and a journey from
home to shop matrix (non—work trip ma-
trix) as well as a commodity flow matrix.
The next section reviews research on ap-
plying regional economic models and spatial
interaction models into the urban context.
Wilson’s model (1970) and Macqill’s model
(1977) will be reviewed because the pro-
posed model in this paper is an extension of
those models. The contribution of the new
model to the field of urban economics will

be presented in the conclusion.
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2. Literature Review

Even thdugh a few researchers have at-
tempted to combine regional inpui—output
models with other urban models (Moses
(1960), Wilson (1970), Hewings (1985),
and Kim et al (1983)), there have been
very limited attempts to develop a metropoli-
tan input—output model. - Here, I will re-
view several researches on combining the re-
gional input—output model with the spatial

allocation model.

21 A. G. Wilson

Wilson (1970) derived four types of link-
age between input—output and commodity
flow models: 1) the unconstrained gravity
input—output model, 2) the production con-
strained gravity input—output model, 3) the
attraction constrained gravity input-output
model, and 4) the production—attraction
constrained gravity input—output model.
This review explores the unconstrained grav-
ity input—output model because the other
three models have the Same functional
forms except the equation(s) added into con-
straints such as demand or (and) supply
constraints. Basically his model is a modift-
cation of the Leontief —Strout model (1963)
by integrating gravity and input—output
models using entropy —maximizing principles.

Wilson’s unconstrained gravity input—output

model has the following objective function

and constraints.

‘Max § = - X"InXy" (2.1)

ijm

55
st. . ]
Eijlm = Zn (amni ijljn) +yim

‘ (2.2)
i

v_vhejre X = =the flow of commodity m be-
tween zone i and j} a ‘n =input—output co-
efficients defining the requirements of sector
m’s. output per unit output of sector n in
zone i; Y™ =the exogenously pre—speci:
fied demard for m in zone i, ¢ ™; - =the
average cost of movement of m between
zone 1 and }; and C* =total transportation
cost for the commodity m. .

Wilson's contribution is the integration of
a gravity model and an input —output model
with the entropy maximization principle. In
his :non—linear programming model, interre-
gional (zonal) commodity flows are deter-
mined, given interindustrial linkages and in-
Lerﬁegional transportation costs, while mini-
miz%ng transportation cost or maximizing en-
tropy. While his model can explain
interindustrial linkages over space, it still
falls short of providing an urban context.
Since his model ignores "commuting and
shopping trips, his model cannot explain con-
sumption patterns over space. Consumption
patterns are one of the important factors in
economic impact analysis not only because
the allocation of induced impacts should be
made based on money fiows for the con-
sumption activities but because the largest

pari of the exogenous sector is household

_consumption in the urban area (Arile,
1961) ’

|
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2.2 S. M. Macgill

Macgill (1977) presénts the Lowry model
(1964) as an input—output model.  Since
the Lowry model is regarded as a metropoli-
tan economic model which is a combination
of the economic base model and the spatial
interaction model, Macgill's formal presenta-
tion of the Lowry model as input—output
model can be stated as the first attempt to

build a metropolitan input—output model.

By extending the spatially aggregated
model into the spatially disaggregated input
—output Lowry model, Macgill fully incorpo-
rates trip matrices (work and nonwork trip
flows) into the input—output Lowry model
representation.  This section presents an
input—output transaction matrix by assum-
ing two sectors and two zones, even though
she assumed two nonbasic sectors and three

zones.

(Table 2.1) Macgil’'s Spatially Disaggregated Model

HH1 HH2 NB11 NB12 NB21 NB22 BAS TOT
HH1 0 0 NB1T111 | NBIT112 | NB2T211 | NB2T212 | BTB1* | XHI
HH2 0 0 NBIT121 | NBIT122 | NB2T221 | NB2T222 | BTB2* | XH2
NB11 Siil S112 0 0 0 o | o XR11
NB12 s121 Si22 0 0 0 0 0 XR12
NB21 s211 S212 0 0 0 0 0 XR21

. NB22 S221 S222 0 0 0 0 0 XR21

Table 2.1 shows the transaction matrix of
the
Lowry model representation.

BAS

nonbasic, and basic sectors.

spatially disaggregated input—output
HH, NB, and
household,
The first and

second subscripts are sector and zone,

in the table mean the

respectively. Of initial interest are 1) the en-
dogenous transactions in the table, and 2)
the exogenously pre—specified basic employ-
ment. The first two rows present labor
input from the household to nonbasic and
basic industries by zone. NB; and B present
the wage rate for nonbasic industry k and
basic industry, respectively. T1; T2; and
TB; are the work trip flow matrix which

can be presented as the singly constrained

model (destination constrained model) as fol-

lows:

E* f(cv)

Ty =
Zf(cij)

(2.8)

where E¥ means the number of employed
by type k (basic or nonbasic) in zone j, and
the other part of equation is the probability
matrix of commuting.

The third to last rows in the table show
the shopping trips household in each zone
make to purchase nonbasic industries 1 and
2. Like Romanoff’s (1974) presentation of
the economic base model in a matrix form,
between

all intermediate transactions
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nonbasic and basic and among nonbasic in-
dustries are zero because no interdependence
among nonbasic aﬁd between nonbasic and
basic are assumed in the Lowry model.
Moreover, the vector of basic sectors in the
Table 2.1 is consistent with Romanoff’s pre-
sentation. Since nene of nonbasic industries
output is consumed as final demand - within
the region or as exports to outside the re-
gion, all the cells representiqg the basic in-
dustries’ purchase from nonbasic sectors are
2€ro.

A significant modification to the overall
model mechanism . was made in order to
overcome these limitations. A full set of in-
teractions both within and between the basic

and nonbasic sectors is accommodated into

the input—output representation of the.

Lowry model, and all the cells with zero co-
efficients in the Table 2.1 are filled with
non—zero coefficients. ' _
Macgill presents the full extension of the
Lowry model as an input—output model in
a different way by incorporating the entro-
py maximizing concept. Unlike the endoge-
nous variable of the previous matrix presen-
tation of the model, X ™

sector m 'in zone j), the maximum entropy

(total output in

representation of the extended model esti-
mates the flow of commodity m between
zone i and j, X . From Wilson's (1970)
entropy - maximizing methods, the maximum
entropy formulation of ‘the Lowi'y model ex-
tensions depends on ‘the expression of the
underlying assumptions of that model in the
form of constraining equations (Macgill, op.
cit.). The entropy méximiz,a’tidn of the ex-

i 57

tensions of the Lowry model has the same '
equational forms as Wilson's model has.

In summary, the multipliers of Macgill's
Lowry input—output model accommodating
all sectoral interactions are not very differ-
ent conceptually from the so—called Type II
multipliers in the - input--output model, be-
cause both models have endogenous house-.
hold. consumption sector. One argument
against Macgill’s model, however, is that the
multipliers from Macgill's model is not the
same as those from the closed input—output
model. Coefficients of the household sector
in Macgill's model (shopping and labor
inpui) are computed by using the wage rate
and 'expenditure pattern, while coefficients
of the household sector in the closed input—
output model are computed directly from
the ‘transaction matrix. Therefore, Macgill’s
modél cannot take account of the Type 11
multiplier effects as in the closed input—out-
put model. '

Another problem of Macgill's model is its
applicability to the real world. In her
model, zone— and’ sector —specific commut-
ing and shopping flow information is ideal
in Isard’s sense but 'um‘ealistic, in particular,
if zone and sector are highly detailed.

An alternative to overcome Macgill's limi-
tations will be suggested in the following

section.

3. An Integrated Urban Model

. - THe characteristics of an urban economy,

compared with a regional economy, are 1)

! ?high{ dependence- of - urban economic growth

» '
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on .indigenous demand (household consump-
tion), 2) a high degree of industrial linkage
(agglomeration economy), and 3) free flows
for commuting and shopping.

This section introduces a new urban
model which includes the three above char-
acteristics for urban economic models. The
Integrated Urban Model (hereafter the IUM)
is an extension of the combination of the re-
gional input—output model and the gravity
type model with the entropy maximization
principle, modeled by Wilson. The IUM in-
corporates the dery type models within an
input—output framework relieving several
unrealistic assumptions in Macgill’s input—
output representation of Lowry model. The
major difference of the IUM from Wilson's
model is that the IUM has three iypes of
flow matrices (work trips, non—work trips,
and commodity flows) within' the model,
while Wilson’s model has focused on estimai-
ing Leontief —Strout type commodity flows.

The JTUM will be presented in two ways: 1)
a matrix inverse multiplier model, and 2) a non

—linear mathematical programming model.

3.1 The Integrated Urban Model as
a Matrix Inverse Multiplier Model

o=l
1l

The IUM is presented as a matrix inverse
multiplier model in this section with three en-
tropy maximization models as submodels. This

section mainly consists of two parts: 1) esti-

mating net indirect multipliers, and 2) estimat-

‘ing net induced multipliers. For calculating net

indirect multipliers, interzonal trade flows will
be estimated via an entropy maximization
model. Given the trade flows, a multizonal
input—output model will be introduced. For
calculating the net induced multipliers,
interzonal trip flows (commuting and shopping
trips) will be estimated via two submodels with
the entropy maximization principle and the
multizonal input—output model will be adjusted
via the trip matrices.

The IUM has a Leontief—Strout—type
multiregional input—output model as 1its
basic component. The multiregional input—

output model can be written as follow:

X=(-TA)'*TF (3.1)

where X=total output; T=trade flow coeffi-
cientsl; and F=final demand. The inverse
matrix represents output multipliers. If we
assume two zones and three sectors in each
zone, the T and A matrices will be pre-

sented as follow:

(Figure 3.1) The Structure of Matrices of Trade Flow and Technical Coefficients
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where Al and A2 are technical coefficients for
zone 1 and 2 (3*3 in edch matrix). The dimen-
sion of the A matrix in the above equations de-
pends on the number of zones and sectors. For
example, if there dre n zones and m sectors,
the dimension of A matrix is (n*m)2

3.1.1. Estimation of Interzonal Trade Flow

The ideal form of information for the spa-
tial allocation of indirect impactsb is an Isard
—1type commodity and service flow which is
both zone-specific and sector ~specific (T
m. . where i,j=oriéin and destination sectors
and Lm=origin and destination zones). How-
éver, zone— and sector—specific trade flows
are neither available in reality nor operable.
This study uses a Leontief -—Stfout type
trade flow matrix (T™ ) which is zone—
specific In a given sector (i) in .6rder to
build a metropolitan input—output model. ‘

Given the daté on zonal supp_ly and de-
mand, two more data set are required to es-
timate intraurban commodity flows: 1) the
observed travel times among zones, and 2)
total travel cost. The entropy maximization
model will be used in order to estimate
intraurban commodity flows.

The entropy maximization model has fol-
lowing objective fuction and constraints:

MAX =D Ty"InTy" (3.6)
)

st.

ST =0" (3.7)

£

YT =D (3.8)

(3.9)

> Timem =C"
i F ‘

where O ® and D ®; are total supply and de-
mangi in zone i in sector m. C™ represents
totalf' travel cost in sector m. If the above
non+linear programming model is solved,
the variable T %;is estimated.

3.1.2 Estimation of Net Indirect Multipliers
With the trade flow matrix () estimat-
ed via the entropy maximization model, the
"regicji)nal input —output model can be convert-
ed into the multizonal input—output model
which will be used as a basw component for

the [TUM." »
X;=(I —-_TA)‘l *’TF_

The above multizonal input—output model

(3.10)

can igenerates three types of outputs depend-
ing on the types of multipliers as follow:

'Xd—I*FD (3.11)
: Xo-(I ToAo )“*FDo (3.12)
Xe= (I -TAc)™ * FDc (3.13)

where I=identity matrix;. FD=final de-
mand; A,=technical coefficients of open I-
0 model; A.=technical coefficient of closed
I—-0 model; Xy=direct outputs; X,=direct
plus: indirect outpuis; X =total outputs
which include direct, indirect, and -induced
outﬁut; and T, and T, are trade flow matri-
ces for the open aﬁd closed models.

Given Equations 3.11, 3.12, and 3.13, net in-
direct multipliers can be computed by subtract-
ing one equation from another as follow:
Xia=[({ = Tado)" =11*FDo(3.14)
and| X is net indirect. ‘Net indirect” multipli-
ers represent net multiplier effects from in-
ter:qedlate demand. -

l



3.1.3 Estimation of Net Induced Multipliers
Estimating net induced multipliers is some-
what more complicated because induced out-
put must be traced via household expenditure
patterns. To address induced household ex-
penditure patterns, two trip matrices are em-
ployed: the JHW (Journey from home to
work matrix) and the JSH (journey from ser-
vices to homé). The two trip matrices are
also obtained via the entropy maximization
model used in estimating commodity flows.
Induced
traced back from the work place to the

consumption expenditures are
residential site via the JHW matrix and
from the residential place to the shopping
place through JSH matrix (Richardson and
Gordon, 1989). The following matrix nota-
tion succinctly shows the net induced multi-
phers:

Xiv = JSH * JHW * [(/ —TAo)™

-1
—(I -TA2)"1* FDc (3.15)
1 1 !
o1 1 all al2 o133 |
X+ xa 1 | )
‘,”2+ ¥l 22l a2l a2} :
- 3 1 1 1
STMEND ol Y U
: [
X2 + X22 |au2 al22 all
| 2
Xn_+ X2n tan1® am’ am
X120+ A2 ) 2
'a3l al2 a3l

The above matrix notation explains the
technical relations of production and con-
sumption of the endogenous sectors (X 7 ).

The IUM will be extended from Wilson’s
model by introducing three important com-
‘ponents in urban modeling: 1) endogenizing
the household sector (closed model in the
input—output model), 2) introduction of trip

Journal of Korea Transportation Research Society Vol. 12 No. 4, 1994

where X;,=zonal induced output in sector
k; amd JSH and JHW are journey—to—
work and journey—to—shop matrices. Be-
cause obtaining zone and sector specific trip
flows is hardly possible, it is assumed that
all the employees within a zone have the
same probability to commute and shop from
one to another, regardless of sector. The
two trip matrices (JHW and JSH) have di-

mensions of (n*m)2

3.2 The Integrated Urban Model As
a Non—linear Programming Model

Because the IUM is an extension of Wil-
son’s model, it is worth explaining Wilson's
model more specifically. For convenience,

Equation 2.2 in Wilson's unconstrained
model can be represented in the following
matrix notation, if we assume a two zone

and three sector model for simplicity:

i i
Al 0 0

|

1X12 0 0 r'
2 i 2 2

0 xn 0 4 0 X2 0 r
L3 L3 3
._U_I___0___41_1_{_3__0..1___9___«&12_ + Yl]

X2 0 0o lx2 0 0 r2
2 , 2 2

o x2 ol o xz o, Y2
(] 0 X2 ! 0 0 X22 Y23

matrices (journey to work and journey to
shop matrices from the Lowry type model),
and 3) split total output into intermediate
demand, household consumption, and other
final demand. Wilson's unconstrained model
will be extended into the following equations
by incorporating these three components. Be-

cause the household sector is endogenized,
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an explicit distinction will be made between
household and non-—household sector in su-
(m=1,23,..0H; ~where 1
through n for non—household sectors and H

perscript m

for household sector).
S = —Z(Xxjm In X" + K" In K™),
ijm
m for X € 1,2,...n,H ;

m for K € 1,2,....,n

(3.16)

st.

(3.17)

mel,2,...n,H

2 X" = 3 (IMy™ + K" + Y ™)
] J

(3.18)

me l,2,...n

ZXijm - ZzKijm
i m j

m for X € H ;

m for K € 1,2,....,n (3.19)

ZCij ’"Xijm — Cm
4 ne 1,200 (3.20)

Z‘Iif mKijm - Dm
7

mel1l,2,...n

(3.21)

where X ™ =the flow of commodity m
between zone i and j; a,, =input—output
coefficients defining the requirements of sec-
tor m’s output per unit output of sector n
in zone i; Y ®; =the exogenously pre—spec-
ified demand for m from zone i to zone j
(excluding househoid consumption); IM™;

and K ®; are commodity m consumed for in-

termediate demand and final demand by-
zonelj, respectively; C %; =the average cost
of m%ovement of m between zone i and j; C
m =iptal transportation cost for the com-
modiiy m;..C~“‘i; and D™ are the average and '
total ' transportation cost for shopping trips
respéctively. » A ‘

Equation 3.17 is the Leontief—Strout
equation representing zonal supply and de-
mand for the industry m. Unlike Wilson's
model Equation 3.17 requires little more in-
formation on the pre—determined‘ final de-
mand excluding the household sector. Equa-
tion ;3.18 shows that total output from zone
1 to ;!zone j in industry m consists of inter-
medi:‘ate demand, household corisumption, and
other final demand. v

Equation 3.19 shows that total income

(waées and salary) (Z X% wherle H=
i . .

household sector) of the resident inzone i
should be equal to the total household con-

sumption by the resident in zone i (T X
H : m ]

K ;. Equation 3.20 presents transportation

costs for commodity flows (m=1,2,..n) and
Equation 3.21
presents transportation costs for shopping
trips.; -

commuting flows (m=H).

The above non~—linear programming model
has two variables to be estimated (X™; K™;
). By the definition given in Equation 3.18,
IM = is automatically computed, once these
two variables are known. These two varia-

~ bles estimated through the above model con-
" tain E'three important components for the
‘ lUM:} 1) commodity flows (X=; , m=1,2,...

i
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n), 2) commuting flows (X=; ,, m=H), and
shopping flows (K ™).

3.3 The Comparison between Matrix
and programming presentation of
vhe Integrated Urban Model

The difference between the two presenta-
tions of the model is that one is a simulta-
neous equation model and the other is a
programming model. In other words, the
matrix inverse model is a simultaneous equa-
tion model with entropy maximization mod-
els as submodels (estimating commodity,
commuting and shopping flows), while the
programming model has an entropy maximiz-
ing objective function in estimating three
flows with the input—output multiplier em-
bedded within the constraints.

Macgill argues that advantages of the ma-
trix representation are its simple numerical
solution and its ability to monitor individual
multiplier rounds giving them a pseudo—dy-
namic interpretation. In contrast, the
advantages of mathematical programming
representation are its. ability to introduce
further constraints or its ability to change
the objective criterion.

4. Conclusion

The Integrated Urban Model is significant
in several ways and Improves upon some
limitations of other synthetic models of
urban economic models and spatial interac-
tion models. The practical advantage of the

model is that it can generate spatially and

sectorally disaggregated output and employ-

ment impacts of a wide.variety of urban
economic projects, plans, or policies. In
addition, it can distinguish indirect repercus-
sions (impacts on supplying industries) from
induced repercussions (impacts from secon-
dary consumption). These advantages of
the model improve upon the limitations of
aggregate urban models which disguise zonal
and sectoral variations in overall output and
employment impacts.

The theoretical advantage of the model is
that the IUM is a simultaneous model which
fully takes account of the spatial and sector-
al relationships of multiplier effects (net in-
direct and induced multipliers) by including
commodity flows, work trip flows, and shop
trip flows simultaneously.  Wilson's and
Macgill's models are also regarded as simul-
taneous models, but their models ignore the
spatial and sectoral relationships of net in-
Thus, the IUM

resolves the probléms of Wilson's, and

duced multiplier effects.

Macgill’s model by dealing with indirect and

induced multiplier effects simultaneously.

Note

1. Each cell of trade coefficients means
the proportion of commodity m, consumed in
zone j and supplied from zone i to total de-
mand in the same industry. Technically, the
value of each cell is computed from trade
flow matrix by dividing each cell by column

—sum.
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