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RELATIVELY PATH-CONNECTED
ORTHOMODULAR LATTICES

EUNSOON PARK

1. Preliminaries

Every irreducible block-finite orthomodular lattice is simple [9] and
every irreducible orthomodular lattice such that no proper p-ideal of L
contains infinitely many commutators is simple |5]. Every finite (height)
OML L which does not belong to the variety generated by MO2 has
one of the OML M 03, 22022, Dys, OMLHQOU SE as the homomorphic
image of a subalgebra of L [3]. In this paper, we extend these results.

An orthomodular lattice ( abbreviated by OML ) is an ortholattice
L which satisfies the orthomodular law: if £ <y, theny = zV (z' Ay)
(7). A Boolean algebra B is an ortholattice satisfying the distributive
law: xV(yAz) = (zVy)A(zVz) Vz,y,z € B.

We write M < L if and only if M is a subalgebra of an OML L. If
M < L and a,b € M with @ < b, then the relative interval sublattice
Mla,b) = {z € M | a <z < b} is an OML with the relative orthocom-
plementation * on Mla,b] given by ¢* = (aV)Ab=aV (c'Ab) Vc€
M]a, b]. In particular, we write [a, b] instead of L[a, b] if there is no am-
biguity. Whenever we refer to an interval [a, 5] of an OML, we shall
consider it as being an OML with the relative orthocomplementation.

The commutator of a and b of an OML L is denoted by a b, and is
defined by a*b = (aVb)A(aVb)A(d VbB)A(a'\ V). For elements a, b of
an OML, we say a commautes with b, in symbols a Cb, if axb=0. U M
is a subset of an OML L, the set C(M) = {z ¢ L|zCm Vm € M}
is called the commutant of M in L. The set C((L) is called the center
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of L and C(L) = (J{C(a)|a € L}. An OML L is called irreducible if
C(L) = {0,1}, and L is called reducible if it is not irreducible.

A block of an OML L is a maximal Boolean subalgebra of L. The
set of all blocks of L is denoted by A;. Note that UAL = L and
(1AL = C(L). An OML L is said to be block-finite if and only if | Ay |
is finite.

For any e in an OML L, the subalgebra S, = [0,¢'] U [e, 1] is called
the (principal) section generated by e. Note that if ¢ € (AN B) and
ANB=S.N(AUB),then ANB=S,NA=5.N 3.

DEFINITION (1.1). For blocks 4, B of an OML L define 4 B
if and only if ANB = S, N(AUB) for some e € 4ANB; 4 ~ B if
and only if A # Band AUB < L; A~ B if and only if A ~ B and
ANB # C(L).

A weak path in L is a finite sequence By, By, ..., B, (n > 0)in Ay
satisfying B, wk Biyi whenever 0 < 7 < n. A path in L is a finite
sequence By, By, ..., Bp(n > 0) in Ay, satisfying B; ~ B, whenever
0 < ¢ < n. The (weak) path is said to join the blocks By and B,.
The number 7 is said to be the length of the path. A path is said to be
proper if and only if n = 1 or B; =~ B;;; holds whenever 0 < i < n.
A path is called to be strictly proper if and only if B; ~ B,y holds
whenever 0 < i < n. The distance d(A, B) of blocks A, B € A, is
defined to be the minimum of the lengths of all strictly proper paths
joining A and B if such a path exists and to be oo if there is no strictly
proper path joining A and B [1].

Let A, B be two blocks of an OML L. If A ~ B holds, then there
exists a unique element ¢ € AN B satisfying ANB = (AUB)NS. [1].
We call ¢ a vertez of L. In fact, € is the commutator of any z € 4\ B
and y € B\ A [1]. We say that A and B are linked (strongly linked) if
A~ B (A = B) at e and use the notation 4 ~, B (A ~. B). Note

that 4 ~ B implies A ~ B, and A ~ B implies A “* B. Some authors,
for example Greechie, use the phrase “A and B meet in the section S.”

to describe 4 ¥ B [4].

DEFINITION (1.2). Let L be an OML, and 4, B € A;. We will say
that A and B are weakly path-connected (in L), path-connected (in L),
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strictly path-connected (in L) if A and B are joined by a weak path,
a proper path, a strictly proper path, respectively. We will say A and
B are nonpath-connected if there is no proper path joining A and B,
and L is called nonpath-connected if there exist two blocks which are
nonpath-connected. An OML L is called weakly path-connected (in L),
path-connected (in L), strictly path-connected (in L) if any two blocks
in L are joined by a weak path, a proper path, a strictly proper path,
respectively. An OML L is called relatively path-connected iff each [0, z]
1s path-connected for all z € L.

We find some examples and properties of path-connected OMLs in
(8]. In particular, every OML such that the height of the join-semilattice
generated by the all commutators of L is finite is path-connected (8],
which properly contains the following two thecrems: every block-finite
OML is path-connected [1]; every commutator-finite OML is path-
connected [2].

LEMMA (1.3)[BRruUNs]. If Ly, Ly are OMLs, L = Ly x Ly, A,B €
Ap, and C.D € Ay,, then A x C ~ B x D holds in L if and only if
either A= B and C ~D or A~ B and C = D. If A and B are linked
at a then A x C and B x C are linked at (a.0:. If C and D are linked
at ¢ then A x C and A x D are linked at (0.¢) [1].

LEMMA (1.4)[BRUNS]. Let Ly, Ly be OMLs and L = Ly x Lp. If
L, and L, are non-Boolean, if any two blocks in Ly can be joined by
a path of length at most m, and if any two blocks in Ly can be joined
by a path of length at most n, then any two blocks in L can be joined
by a strictly proper path of length at most mi + n. If one of Ly, Ly
is Boolean, then any two blocks in the other can be joined by a path
(proper path, strictly proper path) if and only if any two blocks in L
have this property [1].

PROPOSITION (1.5). Let L be an OML, and « € L. Then C(z) 1s
path-connected if and only if [0, z] and [0, z'] are path-connected.

Proof. We know that C(z) = [0,z] @ [0, z']. First, if [0, 2] and [0, ]
are path-connected, then C(z) is path-connected by lemma (1.4). Con-
versely, assume that C(z) is path-connected ard let us prove that [0, )
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and [0, 2'] are path-connected. It is sufficient to show that [0, z] is path-
connected by symmetry. Let A, B be distinct blocks in [0, 2] and let
D € Ap,r;- We may assume that A U B £ [0,z], otherwise A and
B are path-connected in [0,z]. Then 4 & D and B ¢ D are blocks in
C(z) and hence path-connected in C(z). Let A D = Cy & Ey ~
CiHE ~...~Ch & E,=B®D (n>2)bea path joining Ag D and
B & D in C(r) where C; € Ajo;) and E; € Ajg o) ¥(0 <2 < n). Then
the sequence Cy,Cy,...,Cp satisfies C; ~ Ciyy in [0.7) or C; = Ciy,
by lemma (1.3). Let M = {i|C; ~ Ciy1, 1 < ¢ < n —1}. Then
A=Cy~C, ~..~C; ~C, = B where tj € M such that
0=120<17 <iy3 <...<iy <n-1 Thus 4 and B are path-connected
in [0, 2], and hence [0, z] is path-connected. We are done. .

PROPOSITION (1.6). Every finite direct product of path-connected
OMLs is path-connected.

Proof. The simple induction proof is omitted. "

PROPOSITION (1.7). Let L be an OML. Then the following are
equivalent:
(1) L is relatively path-connected;
(2) C(xz) is path-connected VY € L;
(3) S, is path-connected Y € L.

Proof. First, (1) iff (2) by proposition (1.5). (1) iff (3) by lemma
(1.4) since 5; = [0,2'] 0 {0,z} and {0,z} = 2! is Boolean . u

2. Relatively Path-connected Orthomodular Lattices

Every path-connected has the following two properties. It is not
known whether there is an OML for which the conclusion of (2.1) fails.

LEMMA (2.1). Let L be a path-connected OML, and x € L\ C(L).
Then there exist two blocks B,C € Ay such that r € B\ C, and
BUC<L

Proof. Let C(z) be the commutant of x € L, and Ag,) be all blocks
in the subalgebra C(x) of L. Then Agy,) is properly contained in Af
since z ¢ C(L). Thus there exist two blocks D, E suck that D € Ag(y)
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and E € A\ Ag(,). There exists a proper path {(B;)}7_, from D = By
to £ = B, since L is path-connected. Let & be the minimal index such
that Br € Acg(z). Then Bx_1 € Ag(s). Let By_; = B and By = C.

Then we are done. m

LEMMA (2.2). Let L be a path-connected OML, and A,B € Ap. If
AN B # C(L), then A and B are strictly path-connected.

Proof. If one of the proper paths from 4 to B has length n > 2, it
is a strictly proper path. Otherwise, it is a strictly proper path since
ANB#C(L). .

Bruns has proved the following lemma (2.3) [1].

LEMMA (2.3)[Bruns]. Let Ly, Ly be OMLs, A,B € Ay, andC,D €
Ap, and A x C ~, B xC ~y B x D. Then this path is strictly proper
and there exists a unique block F € Ar, «x1,, namely F = A x D, such
that Ax C ~5 F~, BxD.

The following lemma [6] is an extention of Bruns result [1].

LEMMA (2.4). Let L bean OML, A, B, C € A withA~, B~ C
and e L f. Then there exists a unique block D such that A ~¢ D ~. C.
Moreover D # B.

Proof. Let A ~. B ~; C with ¢ L f. Since A # B and B # C and
e < f" we have 0 < e < f’ < 1. Moreover, f' € 3nS. C S.N(AUB) =
ANB C A, so f € ANBNC. By symmetry, e € ANBNC also, so that
A,B,C € Age,sy- Note that C(e, f) = L[0,€] B L[0, f] & L[0, ¢’ /\f]
Thus A = A[0, €] & A[0, f]5 A[0, e /\f] B = B[0,e]® B[0, fl|& B[0,e'A
f'l, and C = C(0,¢] & C[0, f] & C[0,e" A f']. But A[0,¢'] = B[0,¢'] and
B0, f'] = C]0, f'] so that A[0,¢' A f'] = B[0,¢' A f'] = C[0,¢' A f].
ThusA[0,e v f] ~ B[0,eV f] ~ C[0,eV f] by leinma (1.3). Hence there
exists a unique D € AL [0,ev/] with A[0,e V f] ~f D ~, Cl0,eV f] by
lemma (2.3). Moreover D # B[0,eV f]. Let D = D & A[0,€¢' A f'].
Then the uniqueness may be stated with respect to L and D # B. We
are done. ]

DEFINITION (2.5). Two elements a,b of an OML L are said to be
perspective if there exists z € L such that eV z = bV z = 1 and
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aANz=0bAz=0.A p-ideal in L is a lattice ideal which is closed under
perspectivity.

The lattice of all p-ideals in an OML L, Zp(L), is isomorphic with
the congruence lattice of L [7]. Thus L is simple if and only if Zp(L) 1s
a chain with two elements.

The following lemma was proved by Roddy [9].

LEMMA (2.6)[RoppY]. Let L be an OML, B,C € Ay, B ~4 C and
I€7Ip(L) withINB Z[0,d'). Thend € I.

The following three lemmas are generalizations of Roddy, and only
minor modifications of Roddy proofs are required {9)].

LEMMA (2.7). Let L be a path-connected OML, A, B,C € A with
B ~4 C and b e C(L)N[d,1]. Then there exists a path By ~4, By ~a,~
v ~a._, By satisfving: Bp = A, a; <b, (0<i<n) and apn-1 =
d.

Proof. There is a path from A to B since L is path-connected. Thus
there exists a path with By = 4 and a,,_; = d by joining a path from 4
to B and B ~4 C. Let n be the minimum length of all such paths. Then
n > 2. Suppose there is no path satisfying a; < b, (0 <i < n). Let
[ be the largest index with a; € b for all paths such that By ~,, B1 ~
.. ~a,_, Bn with By = A and a,_; = d. Choose a path such that [ is
maximal. Then | < n — 2. Suppose | # n — 2. We have a1y, < b < aj,
since b € C(L), a; £ band a; is an atom of B;N By4;. Thus there exists
a block H such that By ~,,,, H ~, Biri2 by lemma (2.4). Thus there
exists a path By ~q, By ~ ... ~i_1 By ~q, H ~a Biga... ~a,_, B,
contradicting the maximality of . Hence | = n — 2. Then there exist
a block § with By_q ~¢ S ~,,_, By since By ~,, _, S ~q B, with
d < b < al_, by lemma (2.4) contradicting the maximality of n. We
are done. ™

LEMMA (2.8). Let L be arelatively path-connected irreducible OML,
Ie€Ip(L),B,C¢c Ay withB~4C and0#b € IrBNn0,d']. Then
there exist D,E € A; and v € Vy, such that D ~4 E, b € D and
ve(IND)\I[0,b].
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Proof. There exist A, H € A with A ~ H and b € A\ H by lemma
(2.1) since b ¢ C(L —{0 1}. We have H ~, A = By ~q, B1 ~ ... ~4
B, with a; < b (0 < ¢ < n—1)in C(b) by lemma (2.4) since C(b)
is path-connected. Let vy = «. If v; € By, then let v,y; = v;. If
v; € Biyy, then let v,y; = a;. Then vy = a € I by lemma (2.6) since
b € A\ [0,a']. If vigy # v, then vy = ¢; and v, € B;y,. Thus
vig1 € 1. If a <V, then &' € H contradicting b € A\ H. Thus a £ ¥'.
Therefore v; £ 8 Vi (0<i< n-—1)since a <bimplies a; £ b'. Let

—

v=1tvp-2, Bp1 = D and B, = E. We are done. L]

LEMMA (2.9). Let L be a relatively path-connected irreducible OML
such that no proper p-ideal contains infinit=ly many vertices. Let
B,C € A, and I € ITp(L) with B ~4 € and IN B # {0}. Then
de I

Proof. We may assume that I is a proper p-ideal, and INn B C [0, d']
by lemma (2.6). Let 0 # &' € IN BN [0,d']. We construct a sequence
as the following: Let b, = b', By == B and Cy = C. If b, € [0,d'], then
B; ~q Ciyand 0 # b € INB;N[0,d']. There exists D; ~4 E; and v; € V),
such that D, ~4 E;, bl € D; and v, € (IN D,)\ [0,d!], by lemma (2.8).
Let b, = v; Vb. Biyy = D; and C,y; = E,. If b, € [0,d'], then let
bip, = b, Biyr = B, and Cyy = C;. Suppose b, € [0,d'] for all i > 1.
Then {b}} is strictly in(x( asing infinite sequence since v, ¢ [0,b}]. But
{62} € {op vV VolVe € (V;,NI)} is finite since “here is no proper p-ideal
containing infinitely many vertices in L contradicting the sequence to
be infinite. Thus there exists a smallest integer n such that b, ¢ [0,d'].
Hence B, ~4 C,, and b, € (I N B,)\ [0,d']. Therefore d € I by lemma
(2.6). "

We are ready to prove the following theorein.

THEOREM (2.10). If L is a relatively pa:h-connected irreducible
OML such that no proper p-ideal of L contains infinitely many ver-
tices, then L is simple.

Proof. Let I # {0} be a p-idealin L. Let x ¢ I\ {0} and d € V. Let
B¢ Ay withr € Band D, E € A with D ~; E. Let B = By ~,,
By~ ,,n . By, = D be a path joining B and D. Then a¢ € I by
lemma (2.9). If a; € I, then a;4, € I by lemma (2.9). Therefore d € I
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by lemma (2.9) since a,—1 € I. Thus Vi, CI. If |V | := 00, then I = L
since there is no proper p-ideal of L containing infinitely many vertices.
Therefore L is simple. If |V1| < oo, thenv =\/V, € I. Let A, B € AL
with v € B, and A = By ~,, By ~ ... ~,,_, B, = B a path from A
to B. Then v € B,,_;. If v € B;, then v € B;_; by letama (2.9). Thus
v € A. Hence v € C(L). Then v = 1, since L is irreducible. Therefore
I = L. We are done. L]

We need the following proposition to prove the structure theorem of
a path-connected OML with a maximal Boolean factor.

ProPoOSITION (2.11). Every infinite direct product of OMLs con-

taining infinitely many non-Boolean factors is a nonpath-connected
OML.

Proof. Let L = [] ;Lo where |I| > w and each L, is OML. Let
J ={j €I|L; isaBoolean algebra }. Then B = [[..,L; is a
Boolean factor of L. Thus L = B x HieI\JL,- such that [T\ J| > w
and each L; (z € I'\ J) is non Boolean path-connected OML. Therefore
it is sufficient to show that [, ; Li is not path-conrected by lemma
(1.4). Since each L, (+ € I'\ J) is a path-connected OML containing at
least two distinct blocks, there exist distinct A;,B; € Ay, Vi € I\ J
such that 4, U B, < L;. Let A = Hie(I\J) A; and B = Hie(I\J) B;.
Then A and B are not path-connected since there is no path of finite
length from A to B by lemma (1.3). =

THEOREM (2.12). If L is a path-connected OML with a maximal
Boolean factor B, then L = B x Ly x Ly x ... x Lp(n > 0), where
L; (1 <1 < n) are irreducible nonBoolean path-connected OMLs.

Proof. We may assume that L is nonBoolean. Thus L = B x Lg
where Ly is a path-connected OML which has no noatrivial Boolean
factor. If Ly is irreducible, then there is nothing to prove. Thus we may
assume that L is reducible. Then Lg has only finitely many irreducible
nonBoolean path-connected factors, otherwise Lg is not path-connected
by proposition (2.11). .

DEFINITION (2.13). Anelement e of an OML L is called a hyperatom
if and only if every maximal chain in the interval [0, e] has exactly three
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elements. L is called homogeneous if and only if e is a hyperatom of L
whenever two blocks B and C meet in the section S,.

An OML L is called the horizontal sum of o family (L;);c; (denoted
by o(L;)ier) of at least two subalgebras, if |JL; = L,and L; N L; =
{0,1} whenever ¢ # j, and one of the following equivalent conditions is
satisfied:

()ifre Li\Ljandye L;\ L;, thenzVy = 1;
(2) every block of L belongs to some L;;
(3) if S; is a subalgebra of L;, then |JS; is a subalgebra of L [2].

Bruns and Kalmbach have proved the following two lemmas and
theorem (2.16) [3].

LEMMA (2.14). Let L be an OML which does not belong to the
variety [MO?2] generated by M2, and satisfies n(L) < 2* where n(L)
is the maximum of the cardinal numbers |B| of the blocks B € Ay,
Then one of 2° 0 2%, Dys, OMLHQUSE is a subalgebra of L or MO3
is the homomorphic image of a subalgebra of L where L, o L, means
the horizontal sum of two OMLs Ly and L, [Figure 1].

LEMMA (2.15). If L is an irreducible, homogeneous, strictly path-
connected and n(L) > 2*, then there exists d - L such that n([0,d]) =
2% and [0, d] is irreducible.

THEOREM (2.16). Every finite (height) OML L which does not be-
long to the variety [M O2] generated by MO2 has one of the OML M O3,
23022 Dys, OMLHQUSE as the homomorpklic image of a subalgebra
of L.

We have an extention of theorem (2.16).

THEOREM (2.17). Every path-connected OML L with a maximal
Boolean factor which does not belong to [M 2] has one of the OML
MO3, 2 0 22, Dys, OMLHQUSE as the homomorphic image of a
subalgebra of L.

Proof. We may assume that L is irreducible by theorem (2.12) and
n(L) > 2* by lemma (2.14).
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Assume first L is not strictly path-connected. Then there exist two
blocks A,B € Ay such that AUB < L and AN B = {0,1} = C(L)
since L is path-connected. We have three cases: (1) 4] = |B| = 22, (2)
A| = 2% and |B| > 2%, and (3) |A| > 2% and |B| > 2°.

Case (1); There is another block C in L. Thus M O3 is a subalgebra of
L, since A, B and C are horizontal surnmands.

Case (2); A is path-connected to all blocks in L. Let S be an eight-
element subalgebra of B. Then a Vb = 1 and a A b = 0 hold for all
a € A\{0,1} and b € S\ {0,1} since A and B ar horizontal summands.
Then 4 U S is a subalgebra of L isomorphic with the OML 23 0 22,
Case (3): Let a is an arbitrary element of a € 4\ {0,1}, and let S be
an eight-element subalgebra of B. Then {a,a’} U S is a subalgebra of
L isomorphic with the OML 23 o 22,

Assume next L is not homogeneous. Then there exists two blocks
C.D such that CUD <L, CND =8N (CU D), and n([0,¢]) > 2.
Then 2% 02? is a subalgebra of (CUD)[0, ¢] since CUD = (CUD)[0, €]
(CUD)[0,¢'] and C[0,e]ND[0,e] = {0, e}. Thus 2*02? is homomorphic
image of a sugalgebra C U D of L.

Finally, if L is homogeneous and strictly path-connected, then the
conclusion follows from lemma (2.13). -

We have the following corollary since each commutator finite OML
is a path-connected OML [2 & 8] with a maximal Boolean factor [5].

COROLLARY (2.18). Every commutator finire OML which does not
belong to [MO2] has one of MO3, 2° 02?, Dy, OMLHOUSE as the

homomorphic image of a subalgebra L.
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