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UNSOLVABLE PDO’S OF DEGENERATE TYPE

RAKJOONG KIM AND JoONGsIK KiM

1. Introduction

Let A be a linear partial differential operator with C* coefficients
in an open set U in R™. Hormander has then proved that a necessary
condition for local solvability at zo is the following:

There exist constants C, %k and N such that

/fvd:L| <C Z sup | D f| Z sup |D? A*v|, (1.1)

ok 1BISN

where f,v € C§°(U),U is an open set containing the origin.

Here A* denotes the adjoint of A. Kannai[2] proved that in R} ,, D+
itD? is hypoelliptic but not locally solvable on the line z = 0. We
consider a real valued C* function a(t) such that a(t) = t + o(t) as
t — 0. The purpose of our paper is to show that a partial differential
operator

A= D, +ia(t)D? (1.2)

1s still unsolvable on the line # = 0, even though we replace ¢ with ¢
+ higher order terms. In view of (1.1) it suffices to show that for any
open set U containing the origin there exist functions fx,vs, depending
on a real parameter A and belonging to C§°(U) such that
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Jlim |/]fm dtdx| = 0, (1.3)
lim sup Z sup|Df‘D£’f,\] < oo for every k, (1.4)

A0 by ko <k

lim sup Z sup|D£‘ Di‘A*v,\| < oo for every N,
A=ooy <l (1.5)

2. Main results

Now we state the following:

THEOREM. The partial differential operator A is not locally solvable
on the line z = 0.

Proof. Let b(t) = fot a(y) dy. As in [2] we choose a density function
ux(t, z) of the following form

—2b)\% — 22X\ + 2iz)
2(2bX +1)

(2.1)

exp

1
1) = e
ua(t, 2) S+ 1

as a solution of A*u = 0. It is enough to show that our operator is
not locally solvable at the origin. Let U be an open set containing the
origin and é > 0 a fixed number such that {(t,z)|Vt? + 2?2 < 6§} C U.
We may assume that 26 < 1. From conditions for «(t), b(t) it follows
that there exists a constant ¢ > 0 such that

b(t) = ct® + o(t?), t— 0.

Thus it is obvious that there exists a constant ¢/ > 0 such that b(t) >
c't? for t near 0. Without loss of generality we may assume that ¢ = 1.
Then we obtain for A large enough

2602 4 22X _ 62X

2atray 2 (2.2)
22WA+1) ~ 2
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if 6 < |t| <26 or b < |z] <26. Itis clear that for each k = (k1, k2)

D D2y, (8, 2) (2.3)
—2bA% — 22X 4 2z )
=Gy V32 ¢
Gi(t,z, )\, bA+1)exp[ 5025 1 1) }

where G is a regular function of its arguments because 26\ +1 > 0.
We consider a function in C§°(R?) such that

#(t,2) { 1 if V2 +a2<1
71. =
0 if Vit +z2 > 2

It follows that there exist constants Cj, Cs depending on [ = (Iy,13)
such that

D DL A" [9(5, Fhualt, )

We take a function F(t,z) € C§°(U) such that

F(t,z)dtdz = a # 0.
/]

/\2b(%)—>0 as A — oo.

~(li+{2+2)yC 62’\
SC15 (hitlz A 2613).7 ——5—' (24)

It follows that

Thus we obtain

A hm //F(/\?t Az) 6 6)u,\ (t,z)dtdz

—_—//F(t,av)qS(0,0)dtdm —a

For each fixed k, N we take
falt,z) = ATH1R(At, Az)

va(t, 2) = ,\2k+6¢(%, Dyua(t, ). (2.5)
Moreover it is obvious that
> sup|Df DE fat,2)| < AL (2.6)
kq+4ko <k

From (2.2) ~ (2.6) our theorem follows.
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COROLLARY. For each positive integer m the partial differential op-
erator

B = Dy +4(#*™ " 4 o(t>™ 1)) D}
is not locally solvable at the origin.

Proof. We sketch briefly the proof. As seen in the proof of Theorem
we choose a density function u,(#,z) of the following form

ux(t, 2) 1 —20A% — 22\ 4 2iz )\
,T) = exp
A NS 2(2bA + 1)

as a solution of B*u = 0, where b(t) = fot a(y)dy. We may assume that
b(t) > ™ for t near 0.

2602 +22X _ 62")
2200 +1) = 2

if § < |t| <26 0ré <z < 26. It follows then that there exist constants
C1,C5 such that

§2m )
2

D:l DizB* [‘b(%, %)u)‘(t, T)} ‘ < C'15_“‘+""+2)/\C"e.’l:p [_
We choose a function F(¢,z) € C§(U) such that

//F(t,:c)en;p[—b(t) + ix] dtdz = a # 0.

Then we obtain

/\lim At //F(/\Tlﬁt, Am))tb(%,%)u,\(t,m)dtd.’c =a.
For each fixed k, N we take
At x) =2 VRO T Ar)

: 1 t
vty @) = ARG (2, %)u,\(t,:c).

184



Unsolvable PDO’s of degenerate type

EXAMPLE.

Di+i(t+c) ¢)D;
j=2

is not locally solvable at the origin.
REMARK. For an operator
D, + ia(t)b(t)D?
we take a density function
us(t ) = 1 exp —b()2A% — 22X + 24z
NOORES! 2(2b6(t)) + 1)
We note that the solution of the partial differential equation

A*u(t,z) = f(t,z)

U|t=0 = 05

might be represented by its partial Fourier transform:

t
a(t,€) = [ exp [~(b(t) — Hs)E?) 5, .
0
This formula makes sense at least for all f € C§°(R?).
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