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THE PEETRE K-METHOD IN
STRONG A-K-MONOTONE SPACES

CHONGSUNG LEE

I. Introduction

A Banach couple A = (A4g, A1) is a pair of Banach spaces 4y and A;
which are algebraically and topologically imbedded into a Hausdorff
topological vector space I'. For a Banach couple A = (4o, A1), the
intersection Ap N A; and the sum Ag + A4; are defined with the natural
norms J(1,a,A) and K(1, a, A) respectively, where

J(t,a, ./1) =max (||lal 4,,tllalla,), @€ AN 4
K(t,a,A) = inﬁ_ (llaollao + tllailla,), a € Ao+ Ay for t € (0, 00).
a=apTay

A is called an intermediate space with respect to A = (Ap, A1) if Ag N
A1 C A C Ao+ A1. As usual, the inclusion map from A to B is
denoted by A C B and assumed to be continuous. For Banach couple
A = (A, A;) and B = (By, B)), let L(4, B) denote the set of all linear
operators T' such that T maps 4; into B; boundedly for ; = 0,1. We
define the norm of T € L(A, B) as

ITN4,8 = max(||T|| 40,8, | Tl| 4,,8,)-

Then L(A, B) is a Banach space with the above norm. If A and B
are intermediate spaces with respect to A and B respectively and for
every T € L(A, B), T is bounded from A to B, we say A and B are
interpolation spaces with respect to A and B. In this case, the open
mapping theorem gives that

ITa,B < C\T)4. 5. (1-1)
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where C is independent of T (see theorem 2.4.2 in [2]).

There are some methods which allow us to construct interpolation
spaces A and B with respect to given Banach couples A and B. We
introduce the Peetre K-method and the Aronszajn-Gagliardo method.
We modify their statements for our use and provide proofs. In the next
section, we shall show that these methods are quite general, i.e., for
some Banach couples, every interpolation space can be constructed by
using these methods. The following simple fact will be used frequently.
For Banach couples 4 = (49, 4;), B = (By, By), let a € 49 + A; and
T € L(A, B). Then we have

K(t,Ta, B) < |T)l 1 5K (t,a, 4), (1-2)
since, for a = ag + ay,

K(t,Ta, B) <||Taol|B, + t||Ta1||B,
<SITl4,8(laollag + tlarlla,),

and the above inequality holds for any representation of a. For notation,
let [a,]%,, denote a sequence on the set of integers.

THEOREM 1. (theorem 3.1 in [6]). Let A = (Ag, A;) and B =
(Bo, B1) be Banach couples. Let U be a lattice sequence norm satisfying

0 < ¥([min(1,2™)]>) < co.

Let
Ay ={a € Ao + A1; Y([K(2", a, A)]=,) < oo}

with the norm |a| 1, = U([K(2",a,4)]*=,), for a € Ay, and
By = {be B + By W(K(2",b, B)]%,,) < oo}

with the norm ||b|| g, = V([IX(2",b, B)|*,) for b€ By. Then Ay and
By are interpolation space with respect to A and B.
Proof. Since ¥ is a lattice norm, it is clear that ||-|| 4, and ||-|| p, are

norms. First, we show that Ay is an intermediate space with respect
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to A. Let ¥([min (1,2")],_) = a. For the inclusion Ag N Ay C Ay,
note that

I\’( » Gy A) < min ( )”a”AoﬁAl
for a € Ao N A; and for all integers n.
Thus,
lall 1y < allallaona, -

For Ay C Ay + A;, observe the following simple fact
min(1,2")K(1,a, A) < K(2" a, A),

for a € Ag + A4;. By taking the lattice norm ¥ on the above inequality,
we get
allall40+4, < |lall4,-

By the same way, we can show By is also an intermediate space with
respect to B. Suppose T € L(A4,B) and a € Ayg. Then, formula 1-2
gives . B

K(2",Ta,B) < ||T||4,5K(2",a, 4),
for all n. Thus,

ITallp, <704 58lall4,-

This implies that T is bounded from Ay to By. B

THEOREM 2. (theorem 11.1 in [1]). Let A = (A¢, A1) and B =
(Bo, B1) be Banach couples and let A be an intermediate space with
respect to A. Then there exists an intermediate space R4 with respect
to B such that A and R4 are interpolation spaces with respect to A
and B. Futhermore, if A and B are interpolation spaces with respect
to A and B, we have

R4 CB.

Proof. Define R4 to be the set which consists of those Y€ By + B
such that y has a representation y = "0 T;a; (convergence in By +B;)
and > 2, |Till4.5llailla < oo, where T; € L(A4,B) and a; € A. For
y € Ra, we define the norm of Yy as

(e}
lwllr, = _inf z; 1Tl 4,5 lla:ll a-
1=
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Then R4 is a Banach space since B is a Banach couple. By the con-
struction of the space R4, it is clear that T is bounded from A4 to R4
with ||T||a,r, < T|4,5,f T € L(A, B). Now we show that R4 is an
intermediate space with respect to B. Let b € ByNBy. Let a* € AoNA;
be fixed and ¢ be a linear functional on Ag + A; such that ( a*)=1.
Define, for b € By N B;,

T(z) = (z)b
from A¢ + Ay to By + Bj. Since b € By N By, we have, for z € A; and
1=0,1,

||T1HB. :ll/)("l)l“b”g'
S”w”Ao-*'Al ”"B“AO“‘Al “b”Bu
SIbllao+a, 10 B 2l 4, -

The last in-eqllality is obtained from A4; C Ag + A;. This implies that
T is in L(A, B) with ||T]| < |9l 40+4, 18]l BonB, - Since Ta* = b,

ollr. <IIT1l4,8lla™]l4
<l llao+as lla*]L allbll Bora, -
Thus we have BoN By C R4. For the other inclusion, let y = Y2, Tiai

be a representation of y in R4.
Since

o
yllBe+m, =IIY _ Tiaill ot 5,
=1

o0
< Z ||Tiai||Bo+B,
r=1
<
1

o0
<C Y Tl 4,5l 4,
1=1

I T:ll 4,5lla:ill a0+,
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and the above inequality holds for every representation of y, we have

¥l Bo+5, < Cllyllr.-

Suppose that A and B are interpolation spaces. with respect to A and

B. Let y be in Ry with y = Y2, Tia;. Then,

o o0
—

lylls < E | Tiaill g < E 1Tilla,Blla:]| 4
=1 =1

<C> |ITiliagllailla by (1-1).
Thus we have R4 C B.R

2. Main results

In [5], M. Cwikel and J. Peetre showed that some Banach couples
are Calderon pairs and every K-monotone cones in that couples can be
constructed by the Peetre K-method. With the help of theorem 4 in
[3], we can extend the above result to the K-monotone spaces. In [4],
M. Cwikel provided the proof of theorem 4 in [3] and also mentioned
that some theorems in (5] which were stated in terms of K-monotone
cones can be extended to K-monotone spaces. But M. Cwikel and J.
Peetre’s results only cover the case when A = B. We extend this result
to the case when A # B. In this case, we need a condition stronger
than that of the K-monotone space.

DEFINITION. Let A = (Ao, A1), B = (_Bg,Bl) be Banach couples.
An intermediate space A with respect to A is a strong A-K-monotone
space with respect to A and B, if, for a € A and b € By + B,

K(t,b,B) < K(t,a,A),

for all ¢ > 0, there exists a T € L(A, B) such that b = Ta and ITlaz <
A

For the examples of A-K-monotone space, see [6]. When A = (Lpo,
Ly )B = (L4, Ly, ), every intermediate space A with respect to A is
also a strong A-K-monotone space.
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THEOREM 3. (theorem 4 in [3] and theorem 1 in (4]).

Let B = (By, By) be a Banach couple and let b be an element of
By + B;. Suppose that K(t,b,B) < Y 2, ¥,(t) , for all positive num-
bers t, where each ¥,(t) is a positive concave function on (0,c0) and
Z;Zx U:(1) < oo. Then there exist elements b; € By + By and a pos-
itive number r such that b = 221 b; (convergence in By + B;) and
K(t,b;,B) < r¥(t), for each i and all positive numbers t.

COROLLARY. Let A = (Ao, Ay) and B = (Bo, By) be Ba,n_a.ch cou-
ples. Let A be a strong A-K -monotone space with respect to A and B.
If, forb€ By + By and a; € Ay + Ay, 1 =1,--- , N, the inequality

K(2",b,B) < ZNI\( La;, A (2-1)

holds for all integers n, then there exist T; € L(A, B) and a positive
number r such that

b= NTai, |T:fss<A
=1
and i
K(2",Tia;, B) < rK(2",a;, A).

Futhermore, we have

B[Ry < 272" Nlail 4. (2-2)

=1

Proof. For t > 0, there exists an integer n such that 2" < ¢ < 271
Then, (2-1) implies that, for ¢t > 0,

K(t,b,B) <2K(2",b, B)
<2 Z NEK(2" a;, A)

ZNI\(t ai, A)
_ZNI\  2a;, A).
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Since K(t,a, A) is a positive concave function (lemma 2.3.1 in [2}), there
exist b; € By + B; and a positive number r such that b = >, Nb;
and

K(2",bi, B) < rK(2",2a;, 4)

for each ¢ and all integers n by theorem 3. Since A4 is a strong A-K-
monotone space, we get T; € L(A, B) such that

bi = Ty(2ra;), b= Z NTi(2ra;) and ”Ti“,{’g < A

i=1

Thus

l6llrs <D NITill4,8012railla

=1

<2rA > Nlail 4.

i=1

For notations, let [an], [@},] denote sequences on the set of {n;n is an
integer } and ay,, of, denote the nth coordinate of sequences [an], [ah]
respectively.

LEMMA 1. Let A = (A4p, A;) be a Banach couple and let A be an in-
termediate space with respect to A. Define ®, U on the set of sequences
[an] as

®([an)) =inf{||a||a; |an| £ K(2",a,4) for all n} and
U([an]) =inf{Z k®([al]); an = Z kal, for alln},
i=1 =1

where the second infimum is taken over all sequences [a},] such that the
sequence [ay] is the finite sum of [a}]. Then V¥ is a lattice sequence
norm and satisfies

0 < ¥([min (1,2™)]>,) < oo
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Proof. ¥([rax]) = |r|¥([an]) is clear. For € > 0, There exist [al)
and (B8] such that [an] = 370, ®([ar]), [8a] = £i; ((81]) and

> a(lel) <¥(lenl) + 3

Z@({ﬁn <W([Ba]) +

t\DIm

Since the nth coordinate of the sequence [a,] + [B.] is 3;—, sat, +

S i1 tBh,

Ullan +Ba]) ) @(lan])) + ) 3([83])
i=1 i=1
<U([an]) + T([Ba]) + .

This shows the triangular inequality of . If |a,| < |Bnl, ([an]) <
@([ﬂn]) For € > 0, there exist sequences (3] such that [3,] = Z, L16i]

and Zt L 2BL]) < ¥([Ba]) + €. We may assume 8y, 8 and a, are all
positive sequences. Since a, < f,, there exist sequences [a’] such that

[an] = Zz led] and o}, < B fori=1,2,---, N. Thus,

N N
Ulaal) < 3 #(lar)) < 3 218D < ¥(16a)) +

Suppose ¥([ay]) = 0 for [an] # 0. We may assume o, > 0, and so
there exists an integer s such that a, > 0. Let M = max (1,2°). Since
A C Ao + Ai, there exists a constant C such that

lall 40+4, < Cllal 4. (2-3)

Take € such that 0 < ¢ < §t. Then, for se57> there exist sequences
[ai], for i =1,2,--- N, such that [an] = 3°,_; N[a}) and

N
0=(lan]) <3 @(at)) < 5577 (2-4)
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By the definition of ®([a,]), for €; > 0 with 2 € < 5577, there exist
a; € A such that

a < K(2",a;,A) for all n and

lailla < @(lan]) + & (2-5)

In particular, we have o} < K(2° a;, A). Thus, fori =1,2,--- , N,

ai < K(2°,a;,A) <max (1,‘23)I\’(v1,a,‘,f_1)
<Cmax (1,2%)||ailla by (2-3)
SCM{®([ay)) + e} by (2-5)

Therefore,

N N '
= Z ol < Z CM{®([a]) + &}

CAI(?C]\I+ 7C']\I) by (2 —4)

<e< s
e < 5

<

This is a contradiction. Thus, it shows that ¥ is a lattice norm. Fi-
nally, we will show ¥([min(1,2")]*,) < oo. Take a € A such that
K(1,a,A) = 1. Since, for all integers n,

min(1,2") = min(1,2")K(1,a, 4) < K(2",qa, A),

we have ®([min(1,2")]) < ||a|la and so ¥([min(1,2")]) < |la]ja. W

LEMMA 2. Let§A¢ (Ao, A1) and B = (By, B;) be Banach couples
and let A be an intermediate space with respect to A. Let R4 be the
space defined in theorem 2 with respect to A and B. If there is a lattice
sequence norm ¥ such that A C Ay, then R4 C By.

Proof. Let y € R4. Then there is a representation of y such that
y= }:?‘;1 T;a;, where T; € L(A, B) and a; € A. Since the K-functional
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satisfies the triangular inequality,

oo

K(2",y, B) =K(2",Z Tiai,B)
i=1
K(2" Tia;, B)

ITill4,8K(2", ai, A) by (1-2),

S i
1°=Ol
<2
=1
for all n. Thus,

lIl([I((2n7 Y, B)]Too) S Z \I’([”E”A‘BI\’(:zn’ a;, A)]iom
=D T35 W(K(2" i, A,

=1
o0
=1
0

> Tl 4 pllaill 4,

=1

SCZ IT:0| 4, 5llai 4,

since A C Ay.
Since the above inequality holds for every representation of y as
Y2, Tia;, we have

Illzy < Cliyllr,-
Thus R, C By. N

THEOREM 4. Let A = (Ao, 4;), B = (Bo, B1) be given Banach
couples. If A is a strong A-K-monotone space with respect to A and
B, then there exists a lattice sequence norm ¥ such that A C Ay and

Ry = B\p._Futhez'more, if A and B are interpolation spaces with respect
to A and B, then we have R4 C B.
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Proof. Define ¥ as the lattice sequence norm in lemma 1. First, we
show that A C Ay. Since ®([K(2",a,4)]%, ) < |lalla by the definition
of ¢,

lallz, < @((K(2",a, 4)]%,) < llala.

The inclusion R4 C By is clear by lemma 2. For By C Ra,lety e B\p
Since ¥([K(2",y, B)]=,,) < oo, for € > 0, there exist [83] i =1,--- ,N
such that

N
K@y, B) =} (8]
and

N
D 2([8) < WKy, B + 5, (26)

where r is the constant chosen in theorem 3. Since, for each (%], there
exists a; in A such that

(B3] < [K(2",a;, A)] and

lailla < @(182)) + (27)

N’

we have
N

N
[K(2",y,B Z Z [K(2", a;, 4)).

=1

By the corollary of theorem 3, the above 1nequahty means that there
exist T; € L(A, B) with | Ti|| ;3 < Afori=1,--- . N, and

N
y = Z T;a; and
=1

N
lllz, <202 flailla:
i=1
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Thus

N
lvlira <203 S { @B+ 5} ¢ by (2= D)

=1
<A { UKy B+ =} +5 by (2-6)

<2rAllylla, +e.

£
2

Therefore _B\p C Ra. When A and B are interpolation spaces with
respect to A and B, the inclusion R4 C B is obtained by theorem 2.1
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