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A NOTE ON ITO PROCESSES

WoN CHol

1. Introduction

Let (2, F, P) be a probability space with F a o-algebra of subsets of
the measure space Q and P a probability measure on . Suppose a > 0
and let (F;):go,s] be an increasing family of sub-o- algebras of F. If
r>0,let J = [~r,0] and C(J,R") the Banach space of all continuous
paths v : J — R™ with the sup-norm ||v||c = sup,c s |7(s)| where | - |
denotes the Euclidean norm on R™. Let E and F be separable real
Banach spaces and L(E, F') be the Banach space of all continuous linear
maps T : E — F with the norm ||T|| = sup{|T(z)|r : z € E, |z|g < 1}.

Denote by £2(£2,C(J,R™)) the space of all F-measurable stochastic
processes 6 : Q@ — C(J,R") such that the function w € Q +— ||6(w)|c €
R™ is of class L2. Then £%(Q2, C(J,R™)) is complete when endowed with

the semi-norm
16l cxacy = | /Q 18(w)|I% dP(w)]3.

One may also look at the space C([0,a], L2(£2,C(J, R™))) of all £2-
continuous C(J, R")-valued processes y : [0, a] — £*(Q,C(J,R")); again
this is complete under the semi-norm

lyllcqo,ac20,0)) = sup |ly(t)]ic2(a,c)-
te[0,a
Denote by C4([0, a], L%(52, C(J,R™))) the set of all (F,)-adapted C([0, al,
£%(9,C(J,R™)))-valued processes. For a given initial process z(0), y(0)

€ L%(Q,C(J,R")) we may seck solutions z, y € £3(Q,C([~r,a],R")) of
the stochastic functional differential equations

2(w)(t) = 2(w)(0) + () / g1(tt,24) dza (-)(w),
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Y (@)(1) = ¥ (@)(0) + () / 921t yur ) dza(-)(u)

under the following conditions.

Condition (A). The noise processes zj, 23 : 8 — C([0,a],R™) are ex-
pressible in the forms

zi(w)(t) = Ai(t) + 2 (1) (1= 1,2)

where ); : [0, a) = R™ are Lipschitz functions and 2!, : @ —C([0, ], R™)
are separable martingales adapted to (F)ig(o,q) and is such that there
are constants i\; > 0(: = 1,2) with

|E(25,()(t2) — 20 ()DIFe)| < Kilta — t1),

E(lz3,(:)(t2) = 25 ()(#)P1F) < Kita — 1)
a.s. whenever t), t, € [0,a] and ¢; < t,.

Condition (B). The coeflicient processes g1, g2 are continuous and also
uniformly Lipschitz in the sense that there exist constants L;, L, > 0
with

lg1(t,€2) — g1 (8, &)l 2 < Lall&e — & llee,
llg2(t, €2, €2) — g2(t, 1, €)M 22 < Lall&z — &l 2
for all t € [0,a] and all £&;, & € L2(Q,C(J,R™)).
Condition (C). For each process 6 € C ([0, al], £L*(22.C(J,R™)) the pro-

cess

t€[0,a] — g1(t,8(t)) € L*(Q, L(R™,R™")),
t € [0,a] — go(,8(2),8'(t)) € L2(Q,L(R™,R™))

is also adapted to (Fi):e[o,q)-

In [2], it is well known that if Ito processes z and y are well defined,
then z and y have same transition functions under the Wasserstein met-
rics when time runs infinite. In this note, we prove the linear property
of process y. And as the application of [2], we derive the inequality on
Ito processes z and y under the £?-norm, similar to Lipschitz condition.
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2. The Main Results
We begin with:

LEMMA 1. Suppose that z;(w)(t)(i = 1,2) are processes satisfying
Condition (A). Let g : [0,a] — £*(Q2, L(R™,R™)) be an £2-continuous
process adapted to (F)iepo,a). Then there are constants M; > 0 (i=1,2)
such that

B( sup | [ o) da()wf?) < M, / E(lg(w)[?) du.

t€fo,a]

Proof. Write, by the Condition (A)

/Otg(u)dz(.)(u) = /Otg(u)d/\i(u) + /Utg(U)dzf,,(-)(u)_

The first integral on the right-hand side is a Riemann-Stieltjes integral
for a.s.w. Since z!, are martingale with a.s. sample path continuous, so
is the second integral on the right-hand side of previous integral repre-
sentation. We therefore have, by the martingale inequality ([4], [5])

E(sup | [ g(u)dep,(-)(u)]?) < 4E(I/u9(U)dZ;(')(U)|2)
t€[0,a] JO 0

< 4c, / " E(lg(w)()I?) du

where C; = 2K;a'/2 + K72,
Ifr; > 0(: = 1,2) is the Lipschitz constant for };, then since

I/otg(u)dlk,-(u)l2 < r?a/ot lg(u)[? du

we have

E( sup |
te[0,a]

i g(u)(-) dri(w)f*) < T?afoa E(lg(u)()*) du.
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Therefore the result follows from the fact that
t t

E(sup | [ g(u)dzi(-)(w)*) <2E( sup | [ g(u)(-) dri(u)]*)

tel0,a] Jo t€f0,a] Jo
t

+2E( sup | [ g(u)dzp, (Y w)?).
t€[0,a] Jo

We recall ([3], [4], [5]) that for any process z(0) € £L2(Q,C(J,R"™); Fy,),
there exists only solution z € £2(Q, C([t; — r,t;], R")) such that

z(w)(t) = 2(w)(0) +(w)/t g1(u, To) dz1 (-)(w).
Take y; : [-7r,a] x @ — R" to be

y1(t,w) = y'(w)(0) a.s.

and
!

Yma1(t,w) = y'(w)(0) + (w) : 92(Us Ymus Ym o) d22()(w) a.s.

Using the inductions, simple calculations show that {y/,}5°_, converges
to some y' € L2(Q,C([t, —,t1],R")) and y' must satisfy the stochastic
functional differential equation

Y (@)(8) = ¥'(@)(0) + () / 022ty yur ¥, dza( ) (u).

They give a family of maps
T/ L*(Q,C(J,R™) : Fp,) — LHQ,C(J,R") : F),
z(0) = z,

and

St L3(Q,C(J,RY) : F,) — L2(Q,C(J,R™) : F),

y(0) = ye.
When t; = 0, we define T, S, tobe T, = T7, S, = S}

We now meet:
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THEOREM 2. Suppose that there exist nj € C(J,R"), j =1,2,... k
and {Qj}le C Fy, of Q such that y(0) = Zlenjlgj, where Iq; is the

indicator function of ;. Then
St (y(0))(w Z (SeH(m5)(w) I, (w).

Proof. Let 1 < j < k. Solving the stochastic functional differential
equation at n; € C(J,R"), we get a solution yn, satisfying

yi,,.(t)=n}(0)+/t 92(u, Y, o Yy, ) dza(-)(w).

Since Ig, is Fi -measurable, then the process g,(u, yﬂ:u’yn, Mq; is
adapted to (F;)¢>¢,. Therefore since

t
vy (O, =50V, + [ galissun, v, M, dza (),

[31

it follows that by the property of stochastic integral ([3], [5]),

k k k t
Y vl ;=Y n(0)q, +Z/ 92(w, ¥y, 9n, oy dza(-)(w)
=1 =1 =1 t,

0)+/ Zy,,,ufn,,zy,, Io, ) dza(-)(u)

Therefore by uniqueness of solutions to stochastic functional differential
equation, we obtain

k
y(t) = Z Yn; (t)-[ﬂ,» .

This implies that

Si(y(0) =y = Zyn,,ln =ZSE‘(T);‘)IQ,..

j=1
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We are now ready to prove the main theorem. We recall ([1]) that
coeflicient process g; is a function of two variables only under mild con-
dition.

Condition (D). Neither g; or g; is negative and there exists constant
L > 0 such that

(1) ll91(2,€1) = g2(t,&2)ll c2 < Ll&r = &2l 2
whenever (t,£1) € L2(Q,C(J,R™)) and (¢,£2) € L2(Q,C(J,R?)).

We conclude with:

THEOREM 3. Let y'(0) > 0 and 2z9(t) > z(¢) for all t. If g; and g,
are processes satisfying condition (D), then there exists a value s € [0, t]
such that

1 2(04s
(2)  ITs(2(0)) = S31,(5(0))ll 22 < V2[|2(0) — y(0)]| 2™ >+
where M; is the constant of Lemma.

Proof. For the y-process, we have

243
ye = 5(0) = (1+ 8)5/(0 // 2ty ) do dzo()(t = 1)

2+s
—A+ O+ [ altyes)da() - 1)
1
Writing z3(t) = z9(t — 1), since

1T544(2(0)) = Say 5 (y(0))122
= /Q§UP|Tz+g( 2(0)(w)(v) = Sz4.4(y(0))(w)(v)[*dP(w),

we have
T4 o (2(0)) = Sk, (w(O))]1%
<2 /Q sup |2(0)(w)(v) — w(0)(w)(v) — (1 + s)y' (0)(w)()|2dP(w)

vEJ

24s+v
w2 s @) [ (0 T dn (0

vE[—2—13,0]

= 92(t, 5¢ (y(0))) dz3(-)(1)} |dP(w).
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Hence it follows from 3'(0) > 0 that for ¢ = 1, 3,
I T24o(2(0)) — Sz44(3(0))[|Z2

< 2/ sup |z(0)(w)(v) — y(0)(w)(v)|* dP(w)
QuveJ

24 s+4v
+ / w @ / {or (¢, T (2(0))

vE[—2-1,0
— g2(t, S1 (y(0))} dzi(-)(1)*dP(w).
We therefore have, by Lemma 1 and Condition (D),

1T o(2(0)) ~ Sk, (w(0)) 12
2+s
< 2[|2(0) — y(0)|f%n + 2M, L2 / 1T (2(0)) — S} (y(0) |2

Using Gronwall’s Lemma ([5]), the result follows.

REMARK. If we focus on the processes z(t) and y'(t), then we obtain
the inequality similar to the Theorem, under the mild conditions: If ¢;
and g, are processes satisfying the inequality (1) only, then the inequality
(2) becomes to

2(£) = ¥’ (D)l c2 < V2]12(0) — y'(0)]| coe™ 7.
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