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A Study on the Dynamic Analysis of Multibody System by
the Relative Joint Coordinate Method
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Abstract

This paper presents a relative coordinate formulation for constrained mechanical systems.

Relative coordinates are defined along degrees of freedom of a joint. Graph theoretic analyses are

performed to identify topological paths in mechanical systems. Cut constraints are generated to
handle closed loop systems. Equations of motion are derived in the Cartesian space and transfor-

med to the joint space. Relative generalized coordinates are corrected to satisfy the cut con-

straints by a parametrization method.
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Table 1 Data of joint

Joint type Revolute joint | Translation joint | Universal joint | Cylindrical joint | Spherical joint
Relative coord. 1 1 2 2 3
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Weighting factor 15 1.0 2.1 2.0 3




1976 o] 53 - wish4 - A - HEH - AAE

Fig. 1 Three adjacent rigid body system

dlay, sy= syol o3& skew-symmetric matrixo]
o},
oz A@e A
3 A4ES
1= Px— PrilAn0s’ + SnAl Gt Abi ain (5)
(Ui’:AiTAk(l)k,+Hikla.ih (6)
A6 A6)F Akded AWE GA Al
chest R,
7;1': ;kiAk(l)k,+[_”diiAiHik, 9ik+Aibil¢'a;ik]
+ [55AHy 6+ Akl @] 7
A7NA, sp=—dy2 TEFHE AN 2
2ol 59E 4 ek
7;j: Te— ;ﬁAkwk,‘f’[" di;AiHy O +A,~b,»k'a;i,z]

shol A i9) WALz

A@E A A 2ARIA YA 4=
ViE dubEel Felz 385 o3 2o
. nb
Vi=ri= 2 1y (= "dnAi + Asvf) 9

A71A, die A FAe A gy A 2
42 F A AR Aols] Az ule o],
BAe) Fxoese) Qibde Feie e 2

o},
nb
a),~’=1§17rUA,TAJ- o’ (10)

A7), me Axgel Az A isk A
791 A A (connectivity) o & eblE 0 ofv
W 19 ke 2Ech Q/sh v/E TR Rk
0: A 7 A" AR A%
ey A 7 0% AABAR
S P EEA TR R I ECE R EEE
e A
017 j7h AR AR A%
ATV 7 7 1% AR A
WE\Se i g A jzelEE Al

(=]
A%

2
30,
rir

Ase jA ZAAS dAwggdz A olF 7RG
Aol A olol g 2dAFAvE p=[en €]

+{dyAH; 05+ Abii ay)

® @ ¥ @ A=EG'Z dehd 4 ew,

Table 2 Block of B matrix

Joint type of j th body B Matrix size
L, —d,A;
Free base bod [ ¢ =v ’]
ody 0 AZA, 6x6
L. _ d. A u .1’
Revolute joint [ i ]
) ATA Y 6x1
Translational joint [Aj(%jl ] 6x1
. . - . —d—"A‘U‘ll A'U'gl
Cylindrical joint [ =V = ]
y ) ATA 0 6z
Universal joint [_g“Aj i’ —doAle ] 62
ATAuy ATA
) _dk.AA.u.’ __d...A.u.’ -—d‘..AAu.’
S h 1 joint [ G4 Qidrdiz et P RET ALY K] ]
pherical jomn ATAuy  ATAwy  ATAuy 63

P



Ajol $HIPE o] 48 ohEA A2de FAEH Ao A7

_l"L

Table 3 Block of B matrix

1977

Joint type ; o
By t
of } th body y Matrix size
0 —duA,—dsA;
Free base body [ 0 A'_,fz,» AT A, ] 66
L. (—JﬁAj“éﬁA) Uy’
Revolute joint [ ( KH AT Aj)p_j? ] 6x1
Translational A,y
. . [ =~ ] 6x1
joint 0
Cylindrical [(—Q'Aj—ﬂ.aAJ)gn’ A.ijzl] 6%2
joint (A?AJ+A{AJ)211' 0
Universal [ (~duA,~duB)uy  (—duA;—dyA;) Eﬂ] 6x2
joint (AITAJ+AITAJ) ijl (AITAJ+AITAJ)P_JZ/
Spherical [(—é.n;jAj_g.ﬁA.i) ui’( '—_q.ijAj —évAj) u; (—QEA,-—Q}A}) Eja'] 63
joint (ATA;+ATA ) (ATA;+ATA)uy (ATA;+ATA) wy

Aol AL ZAEolA Aelsle AhFTol
g A sawada Al osed A el
Wg HAAeRLS chest ol FE & ek

Aj:AiCiinj”CjiT

[ —er € —e3 23

047]/('], E=|—e; €3 & —é
l—e —e; (5] €o

[—e €o e —e]
G=l—e—a a o

L—ées € —e €0

As 21FE A AR siddsgEeln, Gy
Cie 299 is} jof FHAFA e} ZAEAIA
Atotel 3w gk olnt,

AuAzA 4y 5 Y Ad4E
Apele] BAE o7t o] TET 4 3l

Y=Bgq

BE= A 9)3} 4(10)2 ol &3l
o), B 249 Byt Table 2] vleht Qist,

AE g

(11)
S

} o+

3.2 ZhHEsi4

AL Azke] dated vlEam Axue) Hm

B39 HEE VE 387 2ot

Y=Bg+Bq (12)

714, Be £449 Boe A 8 jrreld 717
84 ZQ Eo] utz} Table 3o vjelglch

4. HeHo| S0 thEt FHEY

Adszs 24D Ut A=
$HET Agsel AT A3 Ao l%oﬂ
=g7as Y4 4 am e
FAE AT Ao
% 77 22 dof o} Bk,
EEEDER A}%s}o% AAE ish jAelolA 2
dolgol &, FFdd FEYgAL e R

a4l

=,

O (r, Ai v A=0 (13)
% A ATAAREE 22 T A 403l 4
g A

0:6Z=0 (14)
of sul, o474, AmA4EN 6Z=0[Z, Z]'|
=,

Am sl ozsh Al MRS o Aol F
A ol gl 4 olgHEAeN A T4 A2
de dest ol AL 4+ Y

9.Béq=

Dqa0g=0 (15)



1978 ol g3t - WA - I - E4 - AL
H1)F olfoe] AnBATANAY 45 T4 2 Aubolgol AT THEHAE Fd wl¥o] by
A4e Gest 2 e F4REAe 1Y $EVAAE 94T

0.Y=0 (16) =

474, & AWAARI 4¥old, Y Am R EHE M (22)
&5 AHolrh, ¢ 0 Al Ly

4069 eSS S5 Fegay A4 M ARHATAAAe AngLe U=

B'MBelz, Q*& AuAZAode] ofHFoz

L g3 2o
O:Bq=0,q9 =0 an

A (17) 5 A 7kol Ndte] m|E3dte] Aol Fol
stEx FEylAAg P o3 Ao
0.Bg=0.,q=7—0:Bqg=7r"* (18)
714, yE AnFTALNAY &AL 2
2& Folny, it AUz &z $A
Aol ¢ 2% glolc},
5 CEA| AlAH0] CHEt RSUN4Y
74 Al4do] i3 Newton-Euler $%
23} zro] ZHY 4 YUrh
SZT(MY —Q+ ®IA) =0 (19
oA7|A, &Z€ 717 oz 2E AuztF N
FE2AAE vEEeoo} s, M2 AP, @
£ 7EA 2AdEe4 Jehtbe T4, ¥
2 At Lagrangen| A A 45 vebdrl Qv Az
#HB AN gRFor F, 2za)-dv-ZE
718} e 23k
A(19) & o] &t Alolgo| & AS, A
FHE Aol Ao SEFWHAS FIE G 2ok
=0 (20)

44 &

8qT (BTMBg -+ B™MBq— B7Q+ @A)
714, 8¢ Aol &z Fo] B A ol
RE Qe W3 FEzA0] utFH o7 9l
#7} "o}, ateld §go AlgE 00] Heojok d7
] F-o

B™MBg+ B™MBq—BTQ+ 0fA=0 (21)
ol =lojo} gk =zEm A(20)oAH THI 0%
Axlo]goll Wt vehds FEH2AH, Pt
Aol 2 F Aboll A 2] Aparlelelet,

A @21 7+4 =2} Lagrange multiplierz} gl
o, zu 4@ A4 vt dena

Q*=B'Q— B"MBgo|t}.,
Al(22) 2R E A A4E ¢ AdzdEd 9
Lagrange v| A A4 1% o4& 4 9o},

G‘

2

Lobt 2 N o >
I
M
rie

. leop e
1
ok

ob AL

L
< mlo i aly N odr mle &L

doh 224 FHEAG) U
£ 4sop ek 2 chgal
& QA £zt H4E
oA 4Ee @k weld 49
A A £ 232 A4S 04
. Feold 7 HAzEd A £k @

bl

o

oE ol e
. >

-‘Hil‘&HM
A o @ 7 time stepoll4] Z7)o] &= 2
Q0 25 gr Aelgl AT T4
VEAAA gedh webd olgd 4=
1e 93 FERDE BFAAI Al
constraint manifoldale g FodFoz 4 o
Ae chest Po] T4 2 HA

Az FAHE 4 ek

A

o Hr pl P
3
AN

*

)
II
TR

2
&
Ll

Min. 1/2 (g—q*)T M(qa—q*) (23)
st @%(g)=
Al(23) ¢ F4& we HHEARA Lagrange
multiplier & =3l Lagrangiang =54 ot
&3 2
Loos=1/2 (g—q")" M(g—a@)*) +0"u=0

(24)
Lagrangiano] th#]4 Kuhn-Tucker W8 zxAL
2 e
¢m] _ [aL/ ap ]

w"o=[ -
P ped LoL/0m



/\Lcﬂ o] 2z}

=[M(q—q') + 07 n] (25)

0
A A2 wAY Az 4o)=2 Newton-Raphson
Hog FAZIY o3 Prh

[Z ((D)g] [jﬂz‘m] (26)

A1(26) 245 AR E oaF 2o T

qi+1=qi+Aq
Z'1iJrl = fli+ Adn

6.2 HZalY

Exaidelde XA Ao vpabriAz
sz Re AEH o] FoAHE A
oA gFde S FEYAAE )
dut 45 #HF & o 2L HHH
FA&ste] Aakde,

Min. 1/2(6—¢*)T M(g—4") @n
st Olg, §)=0
A (27) 9] Lagrangiang TA4335}e] Kuhn-Tucker
PezAe Aol w4y AYuPAL wred
o3 2o,
Loel=1/2(G—¢*)" M(4—¢*) +0Tn=0
¥ oL/d¢
Prel = =
vel [wuz] [81/82'2]
TM(G—¢")+0in)_
- ]—o (24)
A (28) € ¢t noll gt AY Aol

a2t 91 iAol 9lelM LU Al
88 A& AL3}7] 93le Newton-Raphson3H
9 ;9\%3]'“& 1:]-—3—54. e pﬂ"‘\d‘-z-!/do oéo 2 9}\
—[’/’“] (29)

k.
[o, o [5:)-
@q 0 AZ’z ¢02
429 24e 4d4sE e o) FHch
dx‘+1__ q;+dq
1+1_T2+Az_2

6.3 7I&HTally
4% 4(22)9 AY 5 AE EH o
T deod, AXe SxsdolA ALY Al

i

I o1§P A A2d9) FEd 4ol B A7

1979

#ade 243517 9ty Newton-Raphsonwti o 2
Ng 5 et g,

M 07 1447_
Lo, o) [aa)=
A (30) 238 AvjrtsEe g3t ol Ttk

('I'i-H: qz+Aq
=04+ 4dr
A7, Ya, Vv T3 Zrh
Ya=MG + Oin—Q*=0
V’az:é: DG ~7r*=0
HE dneEe ol 8df SHEEs &
of s 5% AL T A4 Mziw e
g, 2 dFeldE HE YuFes Adams
Bashforth predictor Adams-Moulton corrector &

Age Sk

[Zj (30)

6.4 x| g12|E

o] AolAl Awd YA,
3 48 computer program-2 93 41z EL flo
chartgef 2 Astd ot 2o,

=

normalizegtt},
ﬁi+1=__£_
Y
Step 3. =kek, ;=19 p™,
i=0c]® step 42 zir},
Step 4. 0.5 AAdcl,
Step 5. 4] (25)ellA AHold vy AHYHAY
2EE & ynst Ppd AALRTH
Step 6. -5 =ARTh F, ubet | ¢p |+
U |<eg utEdlw] return, o™ step 72 7+
o, g7, e AR HYsE FEH2A Y
4} toleranceo]c},
Step 7. 4] (26) 258 dg, dn& AAdA ¢, o
£ updatedtt}, g3 step 82 7)o},
Step 8. ¢, & slA] 3 step 322 7o}, (f

A, GE& A4,



1980 ofF A - A - AAS - HEA - AR

=i+1)

642 £ 4N2F

Step 1. E5uAANA ARH dul SxF
¢*< Addd, a2z AsgEe dHHYden
Folzlt,

Step 2. A4 (29)ellA] ol wiAdy A Al
2EZ & Yu, tes A4S

Step 3. FHARE 2ARCh &, WY | fur |+
Vool <2 uFE3b returnsly, o}l step 502
7k,

Step 4. A (292 2E 44, dnE At
¢, n™'E AR, aex step 52 7iel,

Step 5. ¢!, &*'& FFX| 3 step 222 7o} (i
=i+1)

643 Ji5x ¥12E

Step 1. it 7H45= 9 n& A Gef
e Sxa43 o] Pz FojAd,

Step 2. 41 (30)ol 4] Wl vlAY AYWHA
2EZE T Yo, s A4S

Step 3. #RAARE =AY}, F, T} | ga |+]
Yoz |<ed E3tel return, ol step 53 7}
=},

Step 4. 7™, w'*'& AlAbgcl, z2al1 step 53
Zret,

Step 5. §*, nt'E 7}A| 3 step 228 b}, (4
=i+1)

A5

7. AlZ2{olM ofH|

A 1A Aol gARYY L o8 z2oa
We 5H Aadel A8 Azsdged Am
AE ol o8 A4 vlmsl wgkeh (oA
7.1, 7.2) B3 323 94 Hddoz §5
A e59AAe ol8d A4 vaatgeh (ol
A 7.3) A3 AFE 2L IBM RISC SYS-
TEM/60000] t},

7.0 AZARS Y

Azl 2 A 2He A ZHA Fig 29} o] 7hA|
1378, 3 A =<l E (revolute joint) 127, —elz 9}
# o 2 torsion bar 67, F¢+Ax (HSU) 644, =
23 zdle 2 X8 7} road arm assemblyol] 2]#

i— HRT,
A
Y
(b)
Fig. 2 (a) Track Vehicle model

(b) Road surface profile

3

Acceloration{m/sec**?)
-]

a5 1 1.5 2 25
Time(sec)

(a) Relative

Acceleration{m/sect*2)

10 t

16

D B 1 15 2 28
Time(sec)

(b) DADS
Fig. 3 Vertical acceleration of driver’s seat

=) = (track) 2 o]Fo)Al 3x}4] =g
o & z2aas A& wokeh, FHAS &
€ 2714 1lm/sE APA7ln Ay
dhed 20.8m A A WA 10" HZE FHF o
A(ZBA 19 FRXALA 5"~y —z'o A5l
0.2, 1.3, 0.19] $jA)AX 9] 3 7l&zg A

o



Aol &2t E & o] &8 thEAl A8l T4 HAol FT AT

Table 4 Comparision with DADS of example 1

1981

Table 5 Comparision with DADS of example 2

Relative joint Relative joint
D
coordinate method ADS coordinate method DADS
Number of lized Number of generalized
umber o genera ize 19 91 er o g 5 28
coordinates coordinates
Number of constraints 0 60 Number of constraints 1 16
CPU time(sec) 86.35 533.99 CPU time (sec) 0.86 4.76
z [overs st ]
z 7
‘ chassis =3 J
[ f
[ FitH
Fig. 6 Five degree of freedom vehicle model
=

Fig. 4 RSSR mechanism model

A\
[\

[\
/ \

Accoloration(m/sec**2)

/ \

o6 16

1
Time(sec)

(a) Relative

A\

[\
\

Accoleraion(m/sec**2)

Fig

23 1
Time(sec)

(b) DADS
. 5 Vertical acceleration(zdd) of body 1

Fig. 7 Road surface profile

Displacement@n)
¢

N\
[\
N N4

/
N/
%

06 1 1.5
Time(sec)

(a) Analytic

N\
[\

N\ S

Displacement(in)

10

/
N/
U

-15

05 1.5
Time(sec)

(b) Relatjye

Fig. 8 Vertical displacement of driver’s seat



1982 o5 - w4 - A -

& d4sis) 2l DADSS} wlm, ZAF3sich Fig
3ol b A Zo] EHAFHA Age] & o
% giglon], DADSS & =z el A}
olol F&=A4] 4, dwrzaE 4, ez CPU
time Soff w3 v)wm s} Table 40l vIe}r}glct,

A% o

7.2 RSSR mechanism

43| 2 Al Aol N oH 24 Fig. 49 7ol
724l 47, 3]A =9 E (revolute joint) 27, 2l
7w <) € (spherical joint) 2/§J& o]F o]z ou]
BE A 2FE 1kgo R shm, Al 13 39
Bazely 0.5m2 A2 Al L oS
Mgt wokeh of Az AL A 29 v
uael] g AL 45 AFE=IA o] Alxwl
$EolE FRAG 22 AR A 19 4G
& 7h<E =5 DADSe9 vlwstglew Fig. 5o v
el A3} o] 52 AF A Aol F UAF
2 o 4 idh. 272 DADSS & ZzaehA
Adukx % 4, gz CPU

r_{

d

7.3 Five degree of freedom vehicle model
Fig. 63} #o] aalel ¢34, A§ 29z §§

7N

AN

T~/
N
A4

05 1 1.5 2 28
Time(sec)

(a) Analytic

° /N
-

[N
N

o5 1 1.5 2 25
Time(sec)

(b) Relative
Fig. 9 Vertical displacement of chassis

10

434 - A%
F3E gAzdER dAAI L 223 -5 -F 4
718 713 g wdlo Fig 73 & road
profileg- 450 in/sec2 E3#}¥ o] A9} -FH A,
0.08

Displacement(n)

Displacoment (i)

A
[\
[\

[N /

O\ /

002
I N4
.08 05 1 18 2 25
Time(sec)
(a) Analytic
0.1
[+ X
//\\
o
N [\

[N )

N /

ol N
-0.04
-0.08:
0.5 1 15 2 25
Time(sec)

(b) Relative
Fig. 10 Pitching angle of chassis

/
N/

[ X: 1.5 2 25

Time(sec) )

(a) Analytic

[ B 18
Time(soc)

(b) Relative

Fig. 11 Vertical displacement of front wheel



Aol A BN o) &F A ANane) F9uA 54 g AT

) o5 ] 15 2 26
Time(sac)

(a) Analytic

Displacement(in)
e
A

0 [ 1 15 2 25
Time(sec)

(b) Relative

Fig. 12 Vertical displacement of rear wheel

HFE ANEAE s oz Auuaa
2o} F AAAINE wjmle] wgton)
ol &3t Aalet $AY, AF Y 2§
HHAE 2.5274% Fig. 8,9, 10, 11, 120 b
B Ret, o] w9 CPU timee 5,18 0}c},

o ff %™
o
mlo

o [0 ae o

8. & W HE
’?4), Aol &I WYL Agsle] Yulde =
48 computer programg 3 td3tg] o ni,
4 Azdo] 445 2 $H7) 5

THtE 4E YA R (DADS) =& 2
d ol8ste] £ Zaawe wa, AZey
o, 283 CPUAIZS] glolAx 5~6 W Az}
a2t g9 (DADS)o] ulsted Zgdle o 2
Ak & Zzaao] CPUAZI0] whi o]gx:
A, &5 aen ALssfdold FUAY A4y
Hes %293 Newton-Raphson iterationd)) A
quasi-Newtoniteration< Agslod 7l wri g
TE Z9) w] Folgt A 4 o]k,

A, A clAol g ARy e 2 Ay
SAlak Fig. 5ol 49} o] 7l4% ZAjo] smooth

‘

e & o J[m
r—{u m[o uft o

1983

32 ov e Aol dold FHH time step
°l £ Zz a5 DADSs} AatelA YA 3] ¢k
3 A|xelo] stiffdl § 4ol o) G Eg whz] 9k7)
ALl el $ao] DADSucT} wer] wiog
&} 2heF sl4 stepsized © A A Ba o]
AL 3 A A8Y FAL 9L 4 g

A, DAES (algebraic- dlfferential equations) 3}
Hogx oy ubgd g A ugl o) olgl® F&£ =
744 2 A constraint mamfoldi Fodales A
THZ FA8ekgd o)

AA, doze ofpuispe
skl A RE DHH F4(cut constraint,
force elements) %33 5)3 2t Yols} W7
719 € o] 43led simulationA] 7+ wEA]FE o
T7b s Elofo} dio),

ZEasgel duiAgg

7|

Jop

2 Ad7E FYA drL9 Sz 7y 9
(HAHs ADD-90-5-009)of <jef 4eiEql oF
o d¥ole o] Bl wg FYPuo,

FnE

rek

(1) Strang, G., 1980. Linear Algebraic and Its
Application, 2nd Edition, Academic Press, New
York.

(2) Haug, E. J., 1989, Computer Aided Kinematics
and Dynamics, Vol 1: Basic Methods, Allyn and
Bacon, Boston.

(3) Bae, D. S. and Haug, E. J., 1987, “A recursive
Formulation for Constrained Mechanical System
Dynamics: Part I, Open Loop Systems,”
Mechanics of Structures and Machines, Vol. 15,
No. 3, pp. 359~382

(4) Bae, D. S. and Haug, E. 1., 1987, 88, “A recur-
sive Formulation for Constrained Mechanical
System Dynamics : Part I, Closed Loop Sys-
tems, ” Mechanics of Structures and Machines,
Vol. 15, No. 4, pp. 481 ~506

(5) Tsai, F. F. and Haug, E. J., 1989, “Automated
Methods For High Speed Simulation of
Multibody Dynamic Systems,” Technical Report
R-47, The University of Iowa.



1984 o] 53 - viekA - S - AEA - AN E

(6) Potra, F. A, 1991, “Muitistep Method for solv-

ing Constrained Equations of Motion,” Ctr. for
Simultion and Design Optim. of Mech. System,
Technical Report R-104. Univ. of lIowa.

(7) Bondy, J. A. and Murty, U, S. R,, 1985, Graph
Theory with Applications, Americal Elsevier
Publishing Co., Inc.

(8) Kim, S, S. and Vanderploeg, M. J., 1985, “A
General and Efficient Method for Dynamic Anal-
ysis of Mechanical Systems Using Velocity

Transformations,” Transanction of the ASME,
Vol. 108, pp. 176~182

(9) Haug, E. J. and Arora, J. S., 1979, Applied
Optimal Design, John Wiley & Sons, Inc.

(10) Atkinson, K. E., 1988, An Intraduction to
Numerical Analysis, John Wiley & Sons, Inc.

(11) Dijkstra, E. W., 1959, “A Note on Two Prob-

lems in Connection with Graphs,” Numerishe
Mathematik, Vol 1, pp. 273~274



