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A Modal Identification of Self-Adjoint Distributed Parameter Systems Using Spatial Filter
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ABSTRACT

The objective of this research is to introduce a method of modal identification for self-adjoint

distributed-parameter systems using Spatial Fiter. To minimize the spillover effects which come from

using the finite discrete sensors by means of discrete measurements, a new mechanism, namely spatial

filter which is main subject in this research, is introduced for extracting modal coordinates from

sensors’ output. As an illustration of the proposed method, two simple numerical examples are also

examined.

1. M =

+-% WA (distributed-parameter system) 2] =l
oA A SH FAANE olgsld 1 A
(system) ] ' £=(parameter)v} 3 % Z}(eigen-
quantity) & B&siAl #A she Aol Az ey
o] ohut}, ol& A (system)mjrle] EAjo] 9)r] uj
ol w3t fUF whPete g W E systemol Wigh
2% (mode) 4 & A3 & 5 gL oudH
o}, 42 meba] ojeiria) whgel gk ghye]
HR ek 6P B AR E A7|pur X w44
(self-adjoint distributed-parameter systems) 2] =wt
BAYOol A F-F 2 (distributed measurement) A
Fr37H ] AlA (discrete sensor) & o] £3a}e] 2%
224 FAA] EEA & S} 2] o]9)e]
E5=8 sl HlE A71AY o] ghEe] AH
FA 3kl -9l (spillover effect)® oz ofr|s

44, FZARRT ALY

€ FHLAE Fole WS AF suAg} d
e T2kt e (spatial filter) Webe Aj 2
< "HY (mechanism) & AH-31A] sledl, o] A%
X 9 (vibration mode) 2] FWEAL uwleloz I}
o $3¥4gE (spatial filter) & A3 gle]
7P FAE HeRe 94 “ojgA e dsd W
91X (continuous displacement profile) & J& 4
UE7H?"EhE Feldh, o] EAIE siAsy] YA
7 S ALY $ ded, 2 AMEs A
% o (space domain)ol] A3 22 A4 (sensor) S of
FHog s Yabste) duAd sl Bxp
(profile) & FA3t= whylolx, EAlE A RiEdg
o (subdomain) HZ ¥ RIZFe ZHIS
o] &3-S 27 (interpolation method) 22 A2 o
AAF o2 Ao g g FAE L& F
Art. ol WHE F A wpEe gAuHoez B
7bs 87l wEell o] A9 S uhye o)
AHESHAl Eedl, o] wWiyo] uE ZAtAa 2Agh
< AFshe ol ErlaAw 23 exE sy

& Ed 5 % ek U2 Ap egAde] 9

—
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= e AyAgdEg, & °4:IL°1]*1 T aEH
(spatial filter) Aol 875 Xz &AL ¢38
o f3Hel EAAA (discrete measurement)—?_— o]
£33t 2AF og olF /% FHEE AR I
£ 638 4 (finite element interpolation method)
& Apgstel A ool Y HAge FAE @

o

2. o

e

Ay
2 AelldE A T EAONA AR 275
B ¥ 84 (self-adjoint  distributed-para-meter sys-
tem)ol 3t 2 BAHS AREI)2 Foh, At
H 2 #Bye oL o] WA (inner product)
o ¥elg2 ¥A)5lE <A F (functonal quotient) =
Foj e,
SO (P))=<ulty, u@)>/{ult>, ultyy (1)
w(t)= [O(PYu(P, t)dD )

Al (DA oP)= AH2l®l XKoo (subspace)
Wkl A2l gleje] Folx w(t) u(t)= 49
o] A7t tdw $1x] PelMe] dubHoz EAHE
# 9] (generalized displacement) 2} A]7tel] oz W
o] Wiglgolw, u(P, HE FIA FEddH ¢
ojelg PollA 2] HWiglo|t}, A (2)oM &7EHe W
2l w (P, t)& ¥ =A (distributed measurement)
o] E715 3tE=E o|lE Ay st /IR
A A] (dicrete sensor) & o]&sle] FAlghE AT
v}, "z el F-F-of o (subspace) Wakell A 38
Q]-—,—(admlssmle function) @.(P)E AAHT & Ut
W o] F4Z olfsld AHeH FHANA hEH

- =)

72-& A8 %% (linear combination) & 4-8 4 alch
O(P)~ 2. O (P) 3)
w(P, =S w(t) Ou(P) o

A ) WA vt w () 27 v AR A
4= (undetermined coefficient) Solc}h, Al (3)3} (4)
2 A 2 A4 o2 2L w()d TAEE
& 5 sloh

w3 3 v welt) On (5)
0= [ 0.(P) 0u(P) dD ()
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A G)E A4 A DS dgd 2 IAH

(stationary value) & F3t= FA 2 Ao 7153}

o},
S(Ul, vz, teece U")~
il élkrsvrvs/gl séﬂMTsUrUs (7)
M= 2 O OuCwr (1), we(d>  (®)
Ee=313 On OuCtir (1), ws(t)) 9)

Al (9] 1A Fk(stationary value) & F3le& Hol

&3 e 8 d(matrix) Fe S I F A
(eigenvalue) 8] A ZA) & ujire] &4 g},
AMV =KV (10)

Al QoA M, K, V, A A @®F 99
Mesy krs, vr D 353 (eigenavalue) & 717} 402

sl 39 (matrix) o] o},
3. Z2z2t8t4 = E{(Spatial Filter)

A7) ul Bxwed e AEHdA 2Ed3t
47} 2 3E-A] (spatial orthgonality condition)$ 7}
Ache 71E/03¢ &4 A2 (expansion theorem) o]
s ohen e wEAd e ZEI del
A ul&she §4- ¥E (modal spatial filter) @&

T % e,
ur ()= [m(P) 0. (P)u (P, t)dD,
r=1, 2, - (11)

A QD ANA wr ()2 AAFTE BAEHE LA
4= (modal coordinate) 13, (P, )% O, (P)=
Zzt AFA L FHEE PHAA A= duHH
9] ¥ 9] (distributed mass)o]c}, o]2{F A4l gt
of Hojd Aol T2 ddule] deje] A PellA A
Ay #HY »(P, HE 2+ T AE ZeAs
ur(#) (modal displacement) &= 4 (11)& HEHTS
28 J44 7 = sk A D #AR Hed
27 g4 dE (spatial filter) & AF2® FTLY
F7redd HelMe HARZEAE /HRIER o] 7Y
Z (mechanism) & Ao H&sled SAHsGS o
239 AFHF EFHA ge Boh ¥ 1§
o]} o] &3 Al3¥ Z g(linear combination of the
higher modes) 2.2 A=+ AE5H-S e
sz st ulA (filter out) st oj2¥ I
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T GHE o] 83 Akl e mewy

B oA 2 38 AES 2 1
2 ol59 2z AeHE Ao “JXlEW
Fol A4 BHY @l #9
eltl=  #-9) & Ak (identification 51llover)°] b
o},

EE Moz SHAE FaAA 9
e A2 ey olad gE txle] Al4d
2] 2. g4 (orthogonal function) ®] A& 2 ol
+ A B8l ol AzPsE AHgd A
2] 718t3d A A =7 (geometric boundary condi-
tions) & EE 24« A A % A (natural boundary
conditions) ¥ F¥-3] gFEA|Ak =7 o)t}

e E AHgste B 2AEYA] use ¥
&7t 93« (subspace domain) Wwjel ek &4
3 1 olefe] Frhed o] ghe A (filter out) HE
% s o ok ol® 5L W] sl ow
5 ZWE AR 5 e g9 g5
23 ohg BAAE deo

L=

g
A B Y 57
= 2T

¢-(P) &

T(P)=3 .(P) vyr, n>N (12)

r=

(P, )=3 $:(P) wrr(), n=N  (13)

A 93 1) F TP e o
(subdomain) W<elelX Hosle <doje] I ¢,
(P)2} 37 A3z (linear combination) &2 A
g Freolm, v w () 7 7 v]AA modA
4 (undetermined coefficient) 3 A]7+gH4=2] vz
R A4 (time-dependent modal coordinate) & ¢]u]
et =3 o9 N 2 AR fE 7t g9HE A}
32 ¥3 3AHY AFHY o YEHE ALy
=435 2 %39 < (number of participating
modes) 2|3 A HE|E Algstgdis ofu]
F3olch o714 HEE AREEA] 99he o o)
A 3 TP "EE AHgsld QoA F4 @
(P)3k7e] eat(error) B WSl w(P, t)$} w, (P,
D7 2 X (error) 7} 7 Rl Frledd Vo
Al A EA (orthogonality condition)2 7}=|A &
224 o]F 27} AAHEER Iopw T Ay
VUl & 0.(P)9} 34 ohS3t 2 WA (inner
product) #4| & &1},

{T(P), T(P)—¥:(P)>=0 (14)
<P, u(P, 8)—us(P, t)>=0 (15)

Al (1499 (152 R A3 ) 2 A 123
(13)& 383l Aelstd 727 g e},

sél Vs Urzé brs ver, ¥=1, 2, sy N (16)
2 o w (D=3 b wrr(t),
r=1, 2, =, » (17
A (163 AN A U 9 g 27 o)
=3 2,
wrs=<wr(P)y WS(P)>1 ¢rs=<@r(P), ¢s(P)>

(18)

Al (1607 (17)& 3B (matrix) Fe) 2 #3147
o 2z gg #AAE Qs

WV:¢I}f (19)

TW () =W, () (20)

Al (199 20)lA T ¢= A nwx n, nX
N & (matrix)elt}, Ve W(He wle A
TA5e 34 (column matrix)e]t}, A (20) o] 4]
884 (inverse)& 7FAthH, 5 x Nalde] A=y~
p= A F gloeme Y] AEL e A
£ vbte] AL = g}

V=AV,, W(@H=AW; (¢ (21)

AL CDE A Q0o HUZT F Yol A Aol &)
d A°] "X 3 (transpose matrix) ATE ok
Z+zy {3t ohg ) e w43 2AE g

NATETALW, (1), WH (> ATTAVY,
=ATTAW,(2), WF()>ATPAV, (22)

A7 W) =AW, (H)e]|2E o] ;A4 ek
of ATFe fAE FT F W(HE T Yty
Aelshd b 4)o] Hr},

W (t)=(ATTA) " ATOW (¢) (23)

Al (23) & 4] (22)of WYl tleg Pdev,

NATTTAATEA) TATECW (1),
WT(t)>UTAATTA) TATPAY,
=ATUTAATTA) TATEWT (),
WT(t)>UTA(ATTA) TATTAYV, (24)

Al QY M Y e o A8 A (symmetric
matrix) ] 22 2] (24)& th&3 o] mHL 4 g)
1=

AATETLW (8), WT(t)>TAV,
=ATTW(t), WT())>TAV; (25)

A=T7 go]BE A (25)& g Aed ulte]
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r & F
AHee % o é—T—T—o—o—o—o—o—o—oo—_i (0
A
AW (), WT(t) >V, Z
—gTW (1), WDV (26) Z—’l b [
o)Al 4] (26)% A= shd el (filter out) P N L
2} 2A}ZH(N'™ order approximation) 22 & F¥

5 9lE TAF FAE o WAz e,
Aj‘Mfo Kfo (27)
M;=ATOMUA= "M (28)
K,=ATUKUA=¢"K¢ (29)

Al (28) B (29)dM M K+ 7tz deEd &

Azrez Pdojzxl A=k (identified mass matrix)
7 7} A 3 D (identified stiffness matrix)e] 3, 4]
® 9F 77 222 7

A @Ddl oA BA" gES F3 AYHE
o] A% (finite number of modes) Y¥ ol g}, o]
5o 257t @& 3§ A%ES(lower natural fre-
quency) % °l¢} #HHAH 3§ 35 ¥ (natural
modes of vibration) 9] ztEejct, AT AFA 9
EALS gREe e IHAFF E ole FHUR
IEHE ool F9HEZ 4 )2 ¥4 @
28 A AF EAEL olFsled FEY =30
2 5 e, = x|, wret 343 (admissble
function) 24 A3+ 2 < (orthonormal function)
AR 5 vk A" whg FAe o 4
Ao HE T F s B ol UHY
2xzro 2 Aojzl A 2N THF TA =3I
Aire] A A Fleloh

i |-'>~l

& rlﬁ Mo

4. ol

B AT Atd 2aRAys A ZAp
(computer simulaton) &8 A 3}7] $jsle 7yt
27HA A% AEA FAE CAHZ Fnat g
<& oA AR A & wger AFIH} 9l
= FdExAge] % AR (Fig. Delx, EA
ke Huper AES 3te we AN Fd EE
Aege] AARA (Fig. 4)olch, olF Al H3te
ojz mut ¥ ZAzel FIEFICNA AY" 2H
BAwyel Ansl vn FoIA FHAE i/
i "oz B AfdA A} Bd IS
Qe 34 7FeAE A g o

Agd vt A Mol sF=Ee HAEIT
(admissible function)& &3] A&+ #F3I84LR

54/82LSNSIEAX /A 4W A1E, 19949

® Locations of Sensors

L = 10m

h = L/Elements

m = 1 Kg/m

EA = 1N
f(x,t) = 10 * &(x-~10L/11) + 8(t) Nesec

Fig. 1 An axially vibrating fixed-free bar

Ty (finite element interpolation method) ¢l 2}3}«
Aojx A3 B 74 (linear interpolation function)
9} 3x}B.7F§F4E (cubic interpolation function) & 2
W AEAS P AEA A6l A 4w
th, &AHA] dojuh=  H-¢l ®Ak(identification spil-
lover) & AAst7] $istel A4 Fe g Y7
A5 3234 (orthonormal admissible function)+
HejAd oAl A& diAdAle] AA nf 2AFHY &
a4 (eigenfunction) & H&3c},

2y AFAE 27 AFA717] $istd 214"
2] & (exciting firce)-2& 3 7 ¥} 4= (initial impluse
function)e] iz, Algt® HAHe] WA (inner prod-
uct) Al Abell  A}8-¥l % 22| ZF(intergrating time)-2
27 AEA AR SR we AFFY F7)
(lowest period of oscillation) 2] 800vl, 23 A]7te]
ZH -2z B3 7} (integration step size)-& 27] A FA]

Table 1 Identified natural frequencies for an Axially
vibrating bar using the spatial filter, w,(»=1,

2, -+, rad/sec)
r | Without filter With filter Actual values
1 0.157039 0.157016 0.157080
2 0.471236 0.471212 0.471239
3 1.271210 0.785460 0.785398
4 1.018231 1.099509 1.099557
5 2.225206 1.413641 1.413717
6 2.545872 1.727917 1.727876
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Fig. 2 Identified natural mode shapes without spatial
filter of an axially vibrating bar
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Fig. 3 Identified natural mode shapes with spatial fil-
ter of an axially vibrating bar

A" 7MY ¥ AF  37) (highest period of
oscillation) 9] 0.1¥]& 7z} A}&-3}eich, =3 A4k

oA AHEE A FYAS(EA P ED, AFEE
(m) R me] Wo] L& 7zt B9zt 18 AHE sl

}

Fig. 12 %3 A5 s dd AgFAAs 7}
A (exitation) & 1T oo 44 E HojFo)
Table 12 2932 J-9eE A4S oo #

f(x,t)

@ Locations of Sensors

L = 10m

= L/Elements
m = 1 Kg/m
EI = 1 N'm2

f(x,£) = 10  8(x-10L/11) + §(t) Nesec

Fig. 4 A Transversally vibrating simply-supported bar

Table 2 Identified natural frequencies for a transversal-
ly vibrating bar using the spatial filter, w, (=
1, 2, -+, rad/sec)

r | Without filter With filter Actual values
1 0.161454 0.137276 0.098696
2 0.468361 0.396498 0.394784
3 1.688759 0.891947 0.888264
4 2.548458 1.579144 1.579137
5 2.958503 2.467362 2.467401
6 3.552988 3.552988 3.553058

d THAESHE WHE AL Yske o
9 gt % AAS g vl Aol o] 7

X A} (computer simulation) & $jsle] 9} ?4%
T AFe W0HEA AdEe 10709 =

% K e
RINE 0 )

O oft (N o

4= (lowest ten natural modes) “P°] A 5o
AAe 9L vtz A Aol é“s‘% 1
o 670 AMAME Hef Anbe] 777 iy o}

= AT ARE sl BR(Y 6 meAE
T #@Eelth HEHE AMEA o4 ALY wAs
fE Ge|E AT A$UE 2o o AAge 2
Mg Eo &), Fig 2& HEE /‘}%5}1] w4
Foll A 3f AFPOL HoFy, Je mec
ol Al AAIgEA 7o) gL Rolxqt —}E‘—% 2{e
d TF g expr) Ay Fe & 4 9ok Fig
38 "UHE A d%le W BHE 1f AEYS
AAZE vag RAeg Yo X3 (lower modes
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of vibration) Wohlzl WP AAgte] AHATH
Aol dxAjsl= Ag Bl

Fig. 4= FHA <A Hug 25 st ¢4
A ZH-2Y 2} Bael AH4¥ 9¥E BEAEH
Table 2= 2237 F5LEHE ol 43S e 4A
g 2§ AESUH EHE A g% 3 #
A" 2k R A ghe wlZE Aol o] Af o
Al Zuper AFA L) oprlA 2 AATEAM(compter
simulation) & $13te] =€ AFFe AF< 1070

o]

ACTUAL

IDENTIFIED

MODE 1

MODE 3
Identified natural mode shapes without spatial
filter of a Transversally vibrating bar

Fig. 5

ACTUAL

IDENTIFIED

SN
N aNA UANWANA
T AV,

MODE 3

MODE 6

Identified natural mode shapes with spatial fil-
ter of a transversally vibrating bar

Fig. 6

56,/ 822 SXESEEK /A4 A1E, 19949

24 AdEe 10009 =2%3 (lowest ten modes of
vibration)o] A&] £Fol ZAAH] A¥E I¥ox
A Aol 6702 FAHAME B Aol F3F
Aoz R oh 2AF ARE AN BT
67he] & AF5 Eolch, HEE AMEEA 42
Ao #AAR et e AHR-E AT FgE
o] ®ch o] ARt ZAE & 4 At Fig 5+
YE S AMEsA] @ A$Y #AHE nf AFYO
< BoFo, $AE zFYHo] AAlgtel v]ste] £
71 lee & 4 ok Fig 264 & 4 e #
A 29 A% 2ese ALy 53 U B2
oA 23p7F E ol A EF HA ¥
ES A5 A4 fdFIAY e AFEE e
A7 Rez #/sEs, o]le Al(system)2] A
(order) 8] z}o)9} & 4-3tp] A (order)xte] 2 <l
stod o8 & expr}l foud AeE A7dcd, Fig
62 FEE AEsld S o Y af AFHLE 4
Azt vlxg Aoz & %3 (lower modes of
vibration) ®ojz}l #AE #He] BE ghEe] AA
3 olF ZAsle A#E Belt, Table 13 2 ¥
Fig. 33} 6ell4 2 5 15| Al T & ¥H
2 Hgste] AR 2dglo] WEE AFLEHA w4
BAF =mFgte] Boh ARGl Mo} o ZAEE
F ok olEE AL ¥ AFHd oo
ge 3.4 AEF Rl HE HAY == 2 A
E3o] A FALRZ A HYH= Y
(identification spillover)¢] 2&-27t FHEd 9
sled W] HAAY xE FAaE AeE dddd,

5. &

=

E dA3e A7y BX 5 (self-adjoint
distributed-parameter systems)ell 2-43}7] $i% =
o A4 (modal identification method)-&- A} oF&} i
t}, o714 Aek® g FAHYHL Rayleigh's
Quotientg 43 ¥} F O met wAYAA £
¥237 (distributed measurement)o] FAFSZ o
e A2 A=A (discrete measurement) 22
A olr|HE &2A 3E Fole ¥ JHA W=
27} ¥4 WE|(spatial filter) F A1-43 g #F
g Aggich, o] uhge] dukl Al AH$rbe{t
2o wAgyew hAsiAl HA A E3pAAT
e} AAA] AF89 3 -43< (admissible function)
& AAshl AAY ok okl FdAe2 op]
He 24 exE Zoled Ay} USE UIY
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