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On Some collinearities with Some Observations

in Linear Regression
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1. Introducton

The variable selection procedure is very important to regression analysis to find an optimized
model. The main objective of these procedures is to find the parsimonious model which optimizes
the fitness of data, and it is secondary to investigate the changes of the regression coefficients in
the candidate model by entering variables. In many case, however, of social science the several
explanatory variables are presented to explain a variation of the social phenomenon, the researchers
want to examine the sensitivity of the estimates of regression coefficients caused by new
explanatory varibles. This paper treats of the problems for the perturbations of coefficients estimates
caused by several variables rather than the ploblems for the selection the best model. It's seemed
that there are rarely studies in this ploblem except for Schall and Dunne(1990)’s works. In fact, this
study starts with their main results.

It is well-known that once new variables enter into the given model, then several cases often
intervene the variable selection procedures. There are many studies in this area to overcome the
outliers’ intervention; Belseley,et.al(1980) which might be the first introduces to the ploblems of the
simultaneous interpretations about variables and cases, and Léger and Altman(1993) and
Choi,et.al(1993) which introduce the measures to find the best model avoiding these outliers.
Similarly, we can consider to the ploblems about the perturbation of the regression coefficients
estimates in the given model, will be called the postulated model. It is possible to consider that
when the coefficients estimates are highly perturbed by new varibles entered into the postulated
model, this perturbation might almost be due to some observations although the influence on the
postulated model by entered variables would be small without these observations. And conversely,
these observations are able to make the perturbation of coefficients estimates be small although the
influence, in fact, would be large without them.
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This paper consider to the influence of new variables on the regression coefficients intervened by
some observations. Consequently, this approach is useful tools to detect some observations which
hide or induce the collinearity when the new variables enter into the postulated model; Section 2
introduces the definitions and basic concepts including Schall and Dunne’s results. And in section 3,
new statistic typed Cook’s ditance is proposed and it is decomposed to several components which
identify the structure of the proposed statistic. In section 4, two examples with two types of
collinearity are presented.

2. Definitions and Basic Conceps
Consider the full-ranked linear model
y= XB + ¢ 2.1

.where y is an n vector of the dependents, X is a (n<p) matrix of predictors, 8 is a p vector
unknown regression coefficients and vector £ has a covariance matrix Cou(e) = &I, And we
assume the model has a constant term. Model (21) has LS coefficients estimates 8 = (X’X)’X’y
and the residuals sum of squares SSg= (n-p)& = y’Niy ,where N; = I, - X(X'X)’X’. When an
arbtrary variable A enter into the model (2.1), we call it the postulated model in the sense that
those extra effects of variable A are a perturbation of the postulated model by analogy with the
terminology of Cook(1986). Note that we assume the postulated model does not contain any
observations which highly perturb it. The model included variable A is given by

X + ¢
4

[X:A]{ J + £ (2.2
A

y

#

,where the augmented variable Z = [X: A] and #’ = [# A’] and A is (nxk) matrix. The model
(22) also has the LS coefficients estimates % = (Z/2)”Z’y, which is able to be expressed as

rq (X'Nz X)"X'Nzy
“Z = J =
1 (A’N; A'A’Ny

,where Nz = I, - A(A’A)’A’. Under the model (2.2), Schall and Dunne present a Cook’s distant
typted-diagnostic measure to assess an influence on B by the variable A, such as

SDs = (B-B)X'X (B - B)p?¥ 23)
If B will be highly perturbed by A , and so changed to B be large in magnitude, then SD4 will be

large,which implies that the variable A must be the influence variable on model (2.1). It is possible,
similarly, to explain it in small scaled changes between B and B. The quantity (2.3) are presented as
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a decomposed form with two major terms apart from a constant factor {(n-p)/p ,
SD, = [ESS /SSgllD /ESS - 1) (n-p)/p] (2.4)

,where ESS = X’A’N;AX is the extra sum of squares due to A given X and D = T’'A’AX is
associated with the variance inflation in variable [X: Al

The first factor factor of the right hand side of (2.4) is known as a monotonic increasing function
of the F-statistic under the null hypothesis A = 0. And the second factor is a monotonic function of
the variance inflation factor associated with the variable A in the model (2.2). Also, for k=1, Schall
and Dunne introduce the quantity hu = 1 — A’NJA/A’A as the leverage of the varjable, expanding
the idea of the leverage an observation introduced first by Hoaglin and Welsch(1978). The quantity
hcay is the potential influence of the variable A because it does contain the variable A and X but
not y. Note that the second factor of (2.4) is a monotonic increasing function of A4 and if A is
an high leveraged variable, the power of F-test decrease rapidly and then the ESS tends to be
small,which implies that the high leveraged variable A makes the F-test be useless.

It is possible for some observations to be an outlying cases on the space [y: X: A] but not on [y-
X). Here, we assume that there are no outlying observations such that they highly fluctuate B in
model (2.1). So that, we call this assumption to the postulated assumption. Consider a possibilty of
which some observations cause the variable A to the value of SD4 be large however these
observations might never be indicated to be highly influential in postulated model. Indeed, the
magnitude of SD, senstively depends on such an observations since the first factor of (2.4) is a
function of the LS estimates B which is very sensitive to an extreme outliers and the second factor
also affected by the high leveraged points on [X: A]. It is well known that small changes of data
induce large perturbation of the regression coefficients when the degree of multicollinearity is high.
Consequently, existence of such an observations inhibit interpreting SDy.

3. Infuential Variables caused by Observations
It is natural to investigate the fluctuations of SD4 caused by some observatons such as
Cap = (B-BYX'X (B - B)/p? (3.1)

,where index set I= {iyiz,- - ‘,im;lsmsn-p} and under_subsdript (I) indicates a popular deletion rule.
And when the number of elements is one, we use ‘i’, i=1l,---,n, instead of 1. For convenience of
expression, we will call the index set of I to 'the observations 1’ simply.

In order to assess the exact fluctuations of SDai caused by observations I ,we might have to
investigate the SDyp which is a deletion version of (2.3). And SDy4u) is given by replacing the
terms B, X’X and # with the terms By , X’u:Xy and # ) respectively in formular (3.1). As for
our experiences, however, it seems to be heavily burdensom that SDa is struturized to several
factors like the formular (2.4). But under the postulated assumption described in section 2, each of
three terms approximately closes to each of the deletetion versions respectively. Accordingly, it is
reasonable to use Cac instead of SDy) to measure the fluctuations SD4 caused by observations 1
It implies that Ca.) assess the influence of observations I on B along with the included variable A,
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that is to say, it measure how much the influence of the variable A on the postulated model is due
to observations L

The difference |8 - Byl says that how much observations I fluctuate the B which is play an
important role to explain the influence of the variable A on the postulated model. If observations
I do little influence on B, then By ~ B and Cam >~ SDs . On the other hands , if the difference
|B - Bl is large, then |Camy — SDal is also large, which implies that observatios I has the large
the influence on B and a large portion of the influence of the variable A on the postulated model is
due to the observations 1. Here,

X8 -XBy=XB - XB + Xdf (32)

;where dr = B — By which is easily calulated by one-procedure updating forrnular{see appendix).
By some algebric operations,

X8 - XB= (I, - NNAZ (33
and Xd; = (I, - N)Xdr . Hence, equation (3.2) becomes
XB - XBy = (I, - N)(AX + Xd)) 34
And the formular (3.1) is induced as
Can = (AX + Xdy)'(I, - Ni)'(I, - ND)(AX + Xdy)/pMSe
= (AT + Xd))'(I, - N»'(AX + Xd))/pMSs

[(AX + Xd))'(AX + Xdp) - (AX + Xdy)' Ni(AT + XdpV/pMSk
( D; - ESS))/pMSk

, where Dy = (AX + Xdp'(AX + Xdy) , ESS; = (AX + Xdp)'N{AX + Xd;) and MSg is a mean of
residuars sum of squares of model (2.1). Note that

ESS: = (ATY'Ni{(AY) + (Xdy)'N(Xd;) + 2(Xd))'Ni(A% )
= (A7)’ N (AT)

, since (Xd;)'N; = 0. Hence, ESS; = ESS . Accordingly, formular (3.4) is become to
Cay = [ESS /SSellD; /ESS - 11l(n-p)/p) (3.5)

, which is exactly same as SDa except for the second factor. Remember that the first factor of
(3.5) is a monotonic increasing funtion of partial F-test with respect to ESS. And the second factor
is a monotonic increasing funtion of leverage h4) which is inversely related to the power of F-test
and is also a monotonic function of the variance inflation factor that indicates the multicollinearity
associated with the varible A . Accordingly, it is possible to interprete, under the postulated
assumption, when Ca > SDas has been observed, the power of partial F-test used full data set
was reduced as much as the quantity corresponding to increaments of D up to D; This says that
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the second factor of Cp measures how seriously the observations I cause the F-test to be small
and prevent the variable A from entering the postulated model undel given IN-F-value . In this
case , it can reveal the intrinsic collinearity which was hidden by the observations 1. On the other
hand, when Dy < D and so Cam < SD4 , the second factor of Ca; mesures how much the
observations I make the power of the partial F-test be better corresponding to the magnitued of
changes D to D . Also, in this case, it reveals the outliers_induced collinearity, which was
introduced by Mason and Gunst(1985).

Because

Dy (AT + Xd))'(AX + Xd)p

D+ d/'X'Xd; + 2d/X'A% ,

Cup is devided by three terms such that
Cap = SD4 + Ca1 + 2Caz (3.6

, where Car = diX’'Xd; /oMSg and Car = di' X’AX /pMSg . Note that the perturbation term
caused by observations I are the last two terms, Car and Cyz in (3.6). Since C4s is always greater
than zero, the source that C4u < SDy4 is due to C4z which must be have negative sign . And, in
this case, absolute value of C4z is greater than C4;/2. When the observations I little influence on B
,then dr » 0 and so Cap » SDa . And if variable A has little contribute to the model (2.1) , that
is T~ 0 and so SD4 » 0 and Cs2 ~ 0, then we have Cau » Cas regardless to the collinearity
associated with the variable A . And if the variable A is almost orthogonal to X , then since SDj
~0,Ca~0and B~ B regardless to the contribution to the model, Cay » Ca; which is a simple
Cook’s statistic in model (2.1).

4. EXAMPLES

In this secton two situatios are considered. The first is a case when the intrinsic collinearity hidden
by an observation exists and the second is a cases when the outlier_induced collinearity by an
observation exists. To investigate how statistics Ca; , Ca2 and Car detect to such an observation,
a well known data set is prepared, which is presented by Hald(1952)(see Montgomery and
Peck(1982),page 257). This data. set includes four independent variables Xj, Xz, X3 and X..

Table 1. correlations for Hald data
X Xz X3 Xy y

0.23 10
. -014 10
-025 -097 0.03 1.0
073 082 -054 -054 1.0

R oalala
|
o
o o]
o8

1. A case of the intrinsic collinearity
It is known that many criteria, for instance R?, Mallow’s Cp and SD, , indicates that a model
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with the variable X; and Xz to be adiquate. Now, we consider the influence of X4 on the postulated
model with the independent variables X; and X;. The correlations between X» and X4 is very high
as much as a ploblem of collinearity occurs. To pretend that the collinearity is hidden by an
observation, X4 is modified such that xy=60 is replaced with x4=200, and let the modified X, be
Qs+« Then the correlation coefficiens of X2 and Q, is ~0.66, so that we can say that observation x;
= [7 26 200] hides the intrinsic collinearity. Indeed, the real partial F-value of X, is 1.86 is small to
reject null hypothesis but for the variable Q ,the partial F-value equals 6857 which sufficient to
accept to include the postulated model. And Cou1) = 4981 > 049 = SDg , and so it is suspected
that there exists the collinearity hidden by observation 1.

Table 2. Ca;, 2C4z and Cuiy , where A = Q; On X; and X,

obs.i 1 3 5 7 9 11 13
statitics
Cas 4062 003 001 007 005 025 0.16
2Caz 870 0.12 008 -0.13 -013 -067 -0.17
Caci 4981 063 058 042 041 012 048

From Table 2, it is apparent that observation 1 highly perturb the postulated model when variable
Q« comes into the model. The values of Car , Caz and Car) for observation 1 are distinctively larger
than others. And last note that SDx¢ = 4794 closed to Cqqs = 49.81 ,which implies that statistic
Cay almost measures the original influence of a variable,

I1. A case of the outlier_induced collinearity

Here, we consider the influence of X4 on the postulated model with a independent variable Xs;. To
pretend that the collinearity is induced by observation 1, [y; Xa xul=[78.5 6 60] is modified to

{0 100 200], and let's say y,Xs and X4 to u, Q; and Q. respectively. The variable X3 and X, are
little correlated each other. But the correlation coefficients between Qi and Q. is 0.95 , this make it
induce the collinearity. While the real partial F-value used original data set is 10036 , the partial
F-value used modified data set is 588. Note that the correlation coefficients for (1,Qs) and (u,Q.)
are -0.94 and -095 repectively. So we can say that the partial F-value is apparently decreased
becaused of the collinearity induced observation 1. Under the postulated model with independent
variable Q3, Cous) = 17.58 < 3065 = SD¢( , which implies that observation 1 is able to be suspected
to an observation that induces the collinearity.

Table 3. Cus, 2Csz and Cur) , where A = Q On Q;

obsi 1 3 5 7 9 11 13
statitics
Cu 2264 000 002 008 018 036 005
2Caz -3575 019 -150 321 464 662 -224
Caw - 1758 3052 2920 3398 3550 37.66 28.49

All of Cus) are apploxmately same as SDqs = 30.65 except for the observation 1. And the values of
Car , Caz and Cui) are distinctively larger in magnitude than others in Table 3, which implies that
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the observation 1 highly perturbe the coefficients estimates when the variable Q4 comes into the
postulated model with the independent variable Qs;. Also, note that the real influence of Xy in
original data set, SDxs = 1743 is very closed to Cg«n = 17.58. This means that statistic Cum
almost measures the original influence of a variable.
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APPENDIX

For the variable Z = [X:Alnpa ,well-known updating formular for the LS coefficients estimates
is given by

=T+ (272720 U - VYo - Zik) (al)
, where y; and Z; are the subvector of y indexed I and the submatrix of Z indexed I
respectively and V; = Z/(Z'2)"'Z;. Let L = (Z’2'ZrI - V)'or - 2z ) = Ly, LY,

where L; and L; are the first (px1) subvector and the last (kx1) subvector of L . Note that
B~ T = d gl) = L/, L]

where dy = B - By and gr = X - Xy . So that dy = L; . And for I =i; i=1,---n,

d; = L; , where L; is the first (px1) subvector of
L=Z2"2 - 251 - va) (a.2)

;where vj; is the ith diagonal elements of the hat matrix V = Z2(Z'2)'Z".



