
Kyw멍pook Matbematical J own꾀 

Vol.34. No.l , 1-5, June 1994 

SCALING d-MEASURES 

Hung Hwan Lee and ln SOO Bael‘ 

1. Introduction 

In [2J , the Hausdorff measures which obey a simple scaling law were 
investigated . Recently, d-measure was introduced to overcome difficulties 
in the theoretical development of a dimensional index induced by lower 
capacity [1 J. In this note, we are interested in the characterization of 
continuous increasing functions () by which d-measures dO obeys a scaling 
law. We obtain the exactly same results for dO as those in [2J. Thus we 
could get the inter-relations of Hausdorff measure, D-pre-measures and 
d-measures satisfying a simple scaling law. 

2. Preliminaries 

Let () be a continuous increasing function defined on R + with 0(0) = o. 
We define a pre-measure DO of F c Rm by DO(F) = 딘띤r→oN(F， r)O(r ), 
w here N (F, r ) is the minimum number of closed balls i n R m wi th diameter 
r , needed to cover F . Then DO(tþ) = 0, DO(F) = D8(F) , and DO is 
monotone. We employ Method 1 by Munroe [3J to obtain an outer measure 
dO of E c Rm ; dO(E) = inf{ε뚱 1 DO(En) : U품lEn = E}. In particular, 
w hen ()( t) = t Q , dO is the a-dimens io때 d-measure [lJ . It is not difficult to 
show tbat dO is a Borel regular and metric outer measure (cf. [1]). Clearly, 
dO is a regular outer measure (cf. [1]) . Also, using the subadditivity of 
Hausdorff outer measure 1{o and tbe definition of dO, we easily see tbat 
1{O(E) ~ dO(E) for e、rery set E c R m. We say that dO obeys an order 
a scaling law provided whenever K c Rm and c > 0, then dO(cK) = 
cQ dO (I{) 
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3. Main results 

Throughout this section, we assume that 0 is any continuous increasing 
map of R+ into R+ with 0(0) 二 o such that 0 is strictly concave down on 
a right neighborhood of 0 : there is some {j > 0 such that if 0 :::: X < y < {j 

and 0 < t < 1, 

O(tx + (1 - t)y) > tO(x) + (1 - t)O(y) [2J 

R.D. Mauldin and S.C. Williams construct a special Cantor set 
c = nn[uaEω• ， 1σ l=nJo ]， induced by 0 such that 0 < 1{O(C) < ∞ (See [2J 
for the details.) 

Lemma 1. For the special Cantor set C induced bν o iη [2j, 

0< 1{B(C) = dO(C) = DO(C) < ∞ 

Proof Since 1{O(C) < dO(C) < DO(C) , we only need to show that 
DO(C) :::: 1{O(C). Considering the sequence {껴，} and {xn} induced by 0 
(cf. Lemma 6 in [2]) , we have 

DO(C) :::: 백nN( C , xn)O(xnl 

:::: li핀π rr m;O(xnl = 1{O(C). 

Lemma 2([2)). Suppose that for all c > 0 

1: 9(ct) @ 

꽉t→0따) - <-

때en， for all c > 0, lim• o 웹 = CCl 

Proposition 3. Suppose that for aIl c > 0 

1: 8(ct) a 
.‘… 
z• :ô O( t) 

[f K c Rm and c > 0, then DO(cK) = c"Do (I{) 

Proof Noting N(cK,cr) = N(K ,r) , we obtain the result using the sirr뼈I 

method as the proof of Theorem 4 in [2J. 
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Corollary 4 . Suppose that for all c > 0 

r 8(ct) g 

브Illt→OR5 =c 

lf f{ c Rm and c > 0, then D8(cf{) = c"'D8(f{) . 

Proof It follows immediately from Lemma 2 and Proposition 3. 

Theorem 5. Suppose that for all c > 0 and f{ C RI , d8(cf{) = cO d8(I() 
II( ct) 

Then , for a/l c > 0, 빡t_O~ C 
• o lI(t) 

lI (ct) ~ -'" 
Proof First , we show that lir딘t→o -o(~-í :::: c"'. From Lemma 1, we assure 

that there exists f{ C RJ such that 0 < d8(I<) < ∞. Suppose that 
Ii (ct) 

mhO - '̂,-.-: > Aco .for A > B > 1. Then there exists êO > 0 suφ that 
-• o Ii(t) 
Ii(Cê) > Bc"li(ê) for all 0 < ê < e:o. Thus, 

d8(cf{) = inf{ε D8(cEn) : U뚱IEn = f{} 
n::::;::l 

inf{ε백._oN(En' e:) Ii (α) : U응IEn = f{} 
n=l 

~ inf{ε매e→oN(En ，e: )Bc"'O(e:) : U뚱IEn = f{} 
n=l 

。。

= Bc" inf{ε D8(En): U응JEn = f{} 

= Bc"~(I<). 

Therefore c"d8(I() = d8(cf{) ~ Bc"d8(I(). It is a contradiction. It re
Ii (ct) 

to show lir낀t 으 c". Fix c > 0 and let the sequence {zn} 
‘ o Ii(t) 

decrease to zero with 

"Ii (czn ) ,, __ Ii (ct) 
…-• .. … -
n→~ Ii( Zn) 느스스스t→∞ Ii(t) . 

Here, we consider the special Cantor set C induced by the subsequence 
{μ} of {Zn}' which is constructed from Ii in [2] . Then, from Lemma 1, 
we have 

0< 1{8(C) = ~(C) < ∞· 
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Clearly 

d8(cC ) ~ D8(cC ) 

~ li피n→∞N(cC ， cXn)O(cxn ) 

li믿n→∞ II miO( CXn ) (cf [2]) ‘ 

Thus, 

c"d8(C) = dO(cC ) 

O( c:τ 1 
-그f [O(Xπ) II m‘l 

i∞ 0(Zn) i=1 

O( CX n ) = lIm --Ld。(C) -
-∞ O(Xn) 

Hence, for each C > 0, 

O( CX n ) •• O( ct ) 
ct < lim_ , - \ --HI = lim ，~n - .':-,' 
~n→∞ O(Xn) ~‘_u O(t) . 

Corolla ry 6. The following fiv e sta tements are equivalent 
O( ct) 

(i) / f c > 0, then ~IT} -n'，~-: = C 
• o O(t ) 

(ii ) / f K c Rm and c > 0, then 

'J-í8(cK) = c" 'J-í8(I< ) 

(iii) /f K C R ' a뼈 c > 0, then 

'J-íO (cJ< ) = c" 'J-í8 (I<) 

(iv) /f κ C R 1 and c > 0, then 

D8
( cI< ) = c"D8(I<) . 

(v) /f K C R ' andc > O, th eη 

d8(c/<) = c"d8(I<) 
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Proo f. (i) 섭 (ii) 양 (iii) follows from Theorem 5 in [2]. It follows from 
Proposition 3 and Theorem 5 with Lemma 2 that i) =} iv) and v) =수 i) 
iv) =} v) is trivial by the definition of dO 
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