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ON GENERALIZATION OF THE 
CONVOLUTION THEOREM 

Sujeet Kumar Yadav and S. R. Yadava 

Efros [2J and Yadava μJ have given the generalization of the convolu­
tion theorem and evaluated t he convolution type integral respectively in 
the recent past. ln the present pa.per authors have further generalized the 
convolution theorem involving n functions of which the results proved by 
Efros [2J fo11ow as a special case. 

Introduction 

The Laplace transform of the function f(x) denoted as F(p) is given 
by 

F(p) = 10∞ e-P"f(x)dx, Re(p) > 0 

We shall denote (1) as 

끼
 
” ( 

F(p) = L{f (x)} 

The convolution of n functions denoted as h * !2 * ‘ * fn(x) can be put 
in the form 

h*h* *fn(z) = ELe1 J깐(x - 17tlf2(17\ - (72) 

fn-2(an-3 - an-2)fn-, (an- 2 - a)fn(a)dadan_2 ... dσ， . 

Laplace transform of this has been obtained [1 , p .4이 as 

L{h * h * . .. * fn(x)) = F\ (p)좌(p) .. . Fn(P) (2) 

wh앙e Fi(p) is t he Laplace t ransform of f i( x ), i = 1,2, . .. , η Result in (2) 
ls the well known convolution theorem 
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Recently Efros [2J has given the generalization of the convolution the 
orem (2) with n = 2. ln the present paper we have generalized the con 
volution theorem (2). The result proved by Efros follows as a special case 
of our result. 

Theorem. Let 

L{ j,‘ (x;a)} = e-P;(p)q F;(p) , ... , i = 1,2, ... ,n -1. (3) 

and 

LUn(x)} = Fn(p) , (4) 

then, 

L{1o∞ L∞ L∞ fI (x; al) !2(al; a2) .. . fn-2 (an-3싸2) 
Xfn-l (an-2; o:)fn( o: )do:dan_2 . . . dad (5) 

= Fl (p )F2(Pl (p) )F3 (p2(Pl (p))) ... 건(Pn- l (Pn-2(- .. (Pl(P)) .. . ))), 

where p;(p ), i = 1,2, ... , n - 1 are the analytic functions in the region iπ 
ψhich the Laplace transform of the functions f;(x , a) , i = 1,2, . .. , n exist 
The functions f;(x) are all zero when x < o. Also fn(x ,O) = fn(x) 

Proof Consider the integral 

1 = 10∞ L∞ L∞ fI (x ; ad !2 (al ; a2) ... fn - 2(an- 3; σn-2) 
Xfn-l(an-2; o: )fn(o: )do:dan_2 ... dal. (6) 

Multiplying (6) with e-PX and integrating the resulting expression from 
o to ∞， we get 

1 = 10∞ L∞ L∞ fl(X; adf2(al; a2) .. . fn-2(an-3; an-2) 

X fn-l(an-2; o: )fn(o: )e- pxdo:dan_2 . .. daJdx (7) 

Assuming, that the conditions, that allow the change of order of inte­
grations are satis/ìed in this expression , we obtain 

1 = 10∞ L∞ L∞ {10∞ e- PX f , (x; a ,)dx} !2( a ,; a2) .. . fn-2(an- 3 ; an- 2) 

Xfn-l (an-2; o: )fn(o: )da,da2 . ‘ dan_2do:. (8) 
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Making use of (3) wi th i = 1, from (7) we get 

1 = F1(p) 10∞ j∞ j∞ {10∞ e-P,(p)u, h( (71; (72)d(7d h( (72, (73) 

X ‘ !n-2("n- 3; (7n-2)!n- l("n-2; 0: )!n(0:)d(72 '" d(7n_2do: . (9) 

Now using (3) , with i = 2, from (8) we get 

1 = 진 (p)F2 (Pl(P)) 10∞ L∞ L∞{10∞ e-P， (P，웹(72 ; (73)d(72} 

x !4( (73; (74) ... !n-2( (7n_3; (7 n-2)!n-1 ((7n-2; 0: )!n( 0: )d(73 ... d낭'n_ 2 d.α 

Proceeding this way, after n steps we get 

1 = L{1o∞ j∞ L∞ !1 (x; (71)!2(이; 에 !n-2( (7n-3 ; (7,,_2) 

X!n-l ((7n-2 ; 0: )!n(0: )do:d(7n_2 '" do:tJ 

F1 (p)F2(P1 (p))뀔(P2(P1 (P))) ' " Fn(Pn- 1(P,,-2('" (P1(p))" '))), 

which is the desired resul t that we wanted to prove. 

Particular cases 
Taking n = 2 in the theorem we get 

Cor ollary 1. Let e-P' (p)a F1(p) = L{ !J (x; (7)}, a뼈 F2(p) = L{h(x; (7)}, 

then 
L{1o∞ !I(X; (7 )! 2( (7 )dd = F1 (p)건(P1 (p)) 에

 

( 

ψhere P1(p) is an analytic !unction o! p, which is a know result (2] 

Further taking P1(p) = P2(p) = .. , = Pn- 1(p) = P and 

!1 (X; (7I) = !1 (X- (7I), 
12("1; (72) = 12( (71- (72) , ‘ 

! ,,-2( (7n-3 ; (7n_2 ) !n- 2( (7n-3 - (7n-2 ), 
! "_1((7"_2 ; 0:) = !n-l( (7n-2- 0:) 

in the theorem and also noting that ! n- I ((7n-2 - X) = 0 for 0: > (7n- 2,]n-2( (7n-3-
" n-2) = 0 for " n-2 > (7n-3,'" ,12((72- (71) = 0 for (71 ) (72 and !1 (X- (7I) = 
o for (7, > x , from (5) we get 

L{jfl j on-2 h (z, o1)mol - o2) fa-2(43, on-2) 

X!n - l( (7n-2 - 0: )!n(0: )do:d(7n_2 '" do:d 
= F}(p)F2(p) . . . Fn(P) 
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which is the well known convolution theorem (2). 
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