Kyungpook Mathematical Journal
Vol.34, No.1, 7-10, June 1994

ON GENERALIZATION OF THE
CONVOLUTION THEOREM

Sujeet Kumar Yadav and S. R. Yadava

Efros [2] and Yadava [4] have given the generalization of the convolu-
tion theorem and evaluated the convolution type integral respectively in
the recent past. In the present paper authors have further generalized the
convolution theorem involving n functions of which the results proved by
Efros [2] follow as a special case.

Introduction

The Laplace transform of the function f(z) denoted as F(p) is given
by

Fp) = [~ e f()dz, Re(p) > 0. 1)
We shall denote (1) as
F(p) = L{f(=)}.

The convolution of n functions denoted as f; * f * -+ * f,(x) can be put
in the form

R RS ACRE A AR M ACETATACET AR

fn—?(gﬂ—3 - 0n—2)fn—1(aﬂ—2 - a)fn(a)dadan—2 e

Laplace transform of this has been obtained [1, p.40] as

L{fi* fax -+ fu(2)} = Fi(p)Fa(p) - - Fu(p) (2)

where Fi(p) is the Laplace transform of fi(z),7 = 1,2, --,n. Result in (2)
is the well known convolution theorem.
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Recently Efros [2] has given the generalization of the convolution the-
orem (2) with n = 2. In the present paper we have generalized the con-
volution theorem (2). The result proved by Efros follows as a special case
of our result.

Theorem. Let

L{fi(z;0)} = e FP F(p), -+, 1=1,2,---,n—1. (3)
and
L{fa(z)} = Fa(p), (4)
then,
[ [T [ Ao o0 fa-a(on-5i0n2)
X fa-1(0n—2; @) fr(@)dado,_; - dcrl} (5)
= Fi(p) F2(p1(p)) F3(p2(p1(p))) - - - Falpn-1(pn—2(- - (p1(p)) - --))),
where pi(p),1 = 1,2,---,n — 1 are the analytic functions in the region in

which the Laplace transform of the functions fi(z,0),i =1,2,---,n exist.
The functions f;(z) are all zero when x < 0. Also f,(z,0) = fa.(z).

Proof. Consider the integral
/0 /0 & -_[] fl(v’c;al)fz(ﬂl;az) & 32 fn—2(on—3;a'n—2)
X fne1(0n—2; @) fa(a)dado, s - - - doy. (6)

Multiplying (6) with e ?* and integrating the resulting expression from
0 to oo, we get

]Uoo‘/ow_._j(;mfl(l';al)fg(al;o"z) fn 2( Op_3;0 2)
X fo-1(0n_g; @) fa(@)e P dado,_; - - - doydz. (7)

Assuming, that the conditions, that allow the change of order of inte-
grations are satisfied in this expression, we obtain

= [ /0 T [T e i on)dal falon 2) - faa(0n-s0n)
an—l(an—Z; a)fn(a)daldGZ e dan—2d0’- (8)
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Making use of (3) with 2 = 1, from (7) we get

= P)/ /00 / {.[o C_P](mﬂfz(gl;Uz)dal}fa(oz, 03)
fﬂ—2(o_n-3$ Jn—-?)fn-——l (Jn—ﬂ; C!)fn(a)d()'g e dan—2da- (9)
Now using (3), with 1 = 2, from (8) we get

I = )Fz Pl / / /00{] _Pl[Pl)ﬁfs Oz,as)daz}
Xf4(0'3,<74) * fa—2 (gn-—3:0n—2)fn— (Gn-z, )fn(a)da3 ~do,_oda.

Proceeding this way, after n steps we get

I = L{/Ow /:Q e /ooo filz;01) fa(o1;00) -+ fa2(0n-3;Tn-2)
X fn-1(On-2; @) fr(a)dado,_s - - - day }
= Fi(p)Fa(Pi(p)) F3(Po(Pi(p))) - - FalPae1(Pra(- - (Pi(p)) -+ )
which is the desired result that we wanted to prove.

Particular cases
Taking n = 2 in the theorem we get

Corollary 1. Let e P®l Fy(p) = L{fi(z;0)}, and Fy(p) = L{fo(z;0)},
then

([ Aiwi0)f(0)do} = () Pi(p) (10)
where Py(p) is an analytic function of p, which is a know result [2].
Further taking Pi(p) = Py(p) =+ = Pa—1(p) = p and
filzso0) = filz — 1),
fa(o;00) = falon —02),- -+,
)

fn—2(an——3: On—2 = fn—Q(an—S - 07:—2)’

Fo-alttagsn) = fa1(on—2 — @)

in the theorem and also noting that f,._(on_2—z) = 0for a > o,—2, fu_2(on-_3—
On—2) =0foro,_3 > 0p_3, -, falo2—01) = 0for oy > 0y and fi(z—0y) =
0 for oy > z, from (5) we get

L{f‘: /00] : "_/;n_2 f1(-1"§ U1)f2(01 - 02) e fn—z(o'n—a;o'n-z)
X fn1(0n—2 — a) fu(a)dado,_o -+ doy }
= RF(p)- Fap).
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which is the well known convolution theorem (2).
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