
I<yungpook Mat.hemat. ical Jouma1 

Vol.34 , No.1, 43-51 , June 1994 

DUAL OPERATOR ALGEBRAS GENERATED 
BY A JORDAN OPERATOR • 

Kun Wook Choi , Young SOO Jo and 11 Bong Jung 

Let 1í. be a separable, infìnite dimensional, complex Hilbert space and 
let C(1í.) be the algebra of all bounded linear operators on 1í.. Suppose that 
C1 = C1 (1í.) is the von Neumann-Schatten ideal of trace c1ass operato rs in 
C(1í.) under the trace norm. Then it is well known t hat C~ 르 C(H ) under 
t he pairing 

니
 

( 
< T , [L) > = t7'ace(TL) , T E C(H) , L E C1 

Note that the weak* topology tha t accrues to C(H) by virtue of the above 
duality coincides w뻐 the ultraweak operator topology on C(1í.) (cf. [6]) 
A dual algebra is a subalgebra of C(H) that contains tbe ident따 。peratm
I'H and is closed in the ultraweak operator topology on ι(H). For T E 
C(1í.), let AT denote the dual algebra generated by T. Th e t heory of dual 
a lgebras is appJied lo the study of invariant subspaces, reflexivity and 
di lation theory. This theory is deeply related to properties (Åm끼) which 
are the study of the problem o f so lving systems of the predual of a dua l 
a lgebra (cf. [1 ], [3] and [4]) . 1n t hi s paper, we di scuss property (Å m,n) 
of the dual algebra singly generated by a Jordan block part of a Jo rdan 
。perator

The notation and terminology employed here agree with those in [2), 
[4) and [5). vVe recall the essentials nonetheless for the convenience of the 
reader. Suppose t hat A is a dual algebra in C(H). Let 1. A denote the 
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preannihilator of A in C1 . Let Q.A denote the quotient space C1 / l. A. One 
knows that A is the dual space of QA and that the duality is given by 

(2) < T , [L] > = trace(T L) , T E A , [L] E Q.A. 

For vectors x and y in H , we write, as usual , x Q9 ν for the rank one 
operator in C1 defined by (x Q9 y)(u) = (u , ν)x ， u E H. Throughout this 
paper, we write N for the set of natural numbers. For a Hilbert space κ 
and any operators T,‘ E .C(κ) ， i = 1,2, we write T1 2" T2 if T1 is unitarily 
equivalent to T2 ‘ For T E C(κ) we write the n-th ampliation of T by 

(n) 

T(n) =a갱T. 

Let A be an algehra in C(κ). Then we write 

A(n) = {T(n)IT E A} 

Suppose m and n are cardinal numbers such that 1 ::; m , η ::; NO• A dual 
algebra A will be said to have property (Am ,n) if every m x n system of 
simultaneous equations of the form 

(3) [x‘ Q9 Yj] = [Lij] ,O::; i < m , 0::; j < n , 

where {[Lij]}O~’ <m is an arbitrary m x n array from QA , has a solution 
O<,<n 

{X;}O :S i<m' {Yj }o:S j<n consisting of a pair of sequences of vectors from H 
Furthermore, if m , n E N and r is a fixed real number satisfying r 으 1, 
then a dual algebra A has property (Am ,n)(r) if for every 8> r and every 
m x n array from Q.A, there exist sequences {x‘ }O작<m ， {Yj }O :S j<n that 
satisfy (3) and also satisfy the following conditions 

( ) (4) Ilx‘ 11 ::; 1 8 ε II[Lij] 111 , O::;i<m 
O:::;j<n 

and 

( ) 1/2 
(5) 11씨 1 ::; 1 8 ε 11 [Lij]l l 1 , 0::; j < n. 

O<<m 

Finally, a dual algebra A cC(H) has property (Am ,Ho(r)) (for some real 
number r 즈 1) if for every s > r and every array {[L ij ]} O~;<m from Q .A 

。'SJ<OO
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with sumrnable rows, there exist sequences {긴}o잔<m and {ν'i }o5i<oo of 
vectors from 'H that satisfy (3) , (4) and (5) with the replacement of n 
by No. Properties (A No .n(r)) and (ANo.No(r)) are defined similarly. For 
brevity, we shall denote (An .n) by (A n). We shall denote by D the open 
unit disc in the complex plane C and we write T for the boundary of D. 
For 1 ::; p < ∞， we denote by LP = U(T) the Banach space of complex 
valued, Lebesgue measurable functions f on T for which IflP is Lebesgue 
integrable, and by Loo = L∞(T) the Banach algebra of all complex valued 
Lebesgue measurable, essentially bounded functions on T. For 1 ::; p ::; ∞ 
we denote by JfP = JfP(T) the subspace of LP consisting of those functions 
whose negative Fourier coefficients vanish. Let us recall that a completely 
nonunitary contraction T E .c('H) is to be of c1ass Co if there exists a 
non-zero function u E Jf∞ (T) such that (under the fl“unκctμlona외1 ca외lclω띠u비삐뻐1괴싸!tωu 

u띠(Tη) = 0 (cf. [띠데2끽]) . Let 5 be the unilateral shift of multiplicity one 
Then the function 5(0) defined by 5(0) = (5"I( Jf2 e OJf2 ))" , for an inner 
function 0, is called a J07'dan block and that any operator of the form 
5(Od EÐ 5(02 ) EÐ .. . EÐ 5(Ok) EÐ 5 (1) , where 01, 02’ 

“ ’ , Eh are nonconstant 
(scalar valued) inner functions and 0 ::; k < ∞ o ::; 1 ::; ∞ is called a 
Jordan operator (cf. [13]). 

We start the work from the following theorem which comes from [9, 
Corollary 4.8] 

Theorem 1. If T = 5(’‘) EÐ 5(Od EÐ . .. EÐ S(Ok) is a Jordan operatoη 
l::;n < ∞， and k E N , then AT has property ( An.“。 )( 1) but not property 

(A n+1.d 

The Jordan block part , 5(01) EÐ ... EÐ 5(Od , of T in the above theorem 
doesn ’t give any role for the property (An.No)(I) . But by considering only 
the Jordan block part without shift part, we obtain the following theorem 

Theorem 2. 1fT = 5(0)(n) for n E N , then AT has property (A n)(I). 

We need severallemmas to prove the above main theorem. The follow
ing lemma is elementary, but we sketch the proof here for the convenience 
of readers. 

Lemma 3.5때pose that A c .c('H) is a dual algebra. Th en the following 
are equivalent: 

(a) For a tκak*-continuous linear funct ional 'p on A and every l > 0, 
there exist vectors x , ν E 'H such that ψ(A) = (Ax ,y) Jor all A E A and 
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Ilxll llyll < (1 + E)I씨 ; 
(b) For a weak*-continuous linear functional 'P 0η A and everν s > 1, 

there exist νectors x , y E 1-{ such that 'P (A) = (Ax , y) for all A E A and 

Ilxl ll lν11 < sll 'P ll; 
(c) For eve대 s > 1 and [L] E QA , there exist vectors x , y E 1-{ sμch 

that [L] = [x@y] and IIxll ll yll < sll[L]11 ; 
(d) For every s > 1 aηd [L] E QA , there exist vectors x , y E 1-{ such 

that [L] = [x @ y ], IIxl1 2 < sll[L] 11 and 11νW < s ll[L]11 ; 
(e) For every s > 1 and [L] E QA , there ex싫 vectoïs X, ν E 1-{ with 

Ilxl l = 1 1 씨 1 such that [L] = [x@] aηd IIxl12 < s ll[L]11 

Proof (a) =? (b): obvious 
(b) =추 (c): Let [L] E QA and let <p :A • C be a weak* -continuous linear 
functional on A defined by <p (A) =< A , [디 >. Then there exist 、rectors
x , Y E 1-{ such thàt <p(A) = (Ax , y). Since < A , [L] >=< A , [x @ ν] > for 
all A E A, [L] = [x@ ν]. Furthermore, since 

(6) 씨 = sup{ I<p(A) 1 : A E A, IIAII :S; 1} = II [L]II , 

we have this implication 

(c) 각 (e) : Consider x' = 펴 새， where À = 싸께폐 
(e) =추 (d) =수 (c): obvious. 
(e) =추 (a): Let <p be a weak*-continuous linear functional on A. Then there 
exist square summable sequences {Xi}응1 없ld {ι}월1 in 1-{ such that 

(7) <p (A) = ε(Ax‘’ ι ) . 

By assumption of (e) there exist x and y in 1-{ such that 

(8) 

and 
(9) 

、.vhich implies that 

ε[Xi @ yj] = [x @ ν] 

IIxl1 2 
= IIy l12 < (1 + E)I I[x @ ν]11 

(10) <p(A) =< A , ε[Xi @ 씨 >=< A , [x @ y] >= (Ax , ν) . 
i=l 

Moreover, by (6) and (9) we have IIxl1 2 < (1 + E)I I'P II. Hence the proof is 
complete 
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The following comes from Had、vin-Nordgren [7] 

Lemma 4 . Let M be a weak*-closed subspace oJι(H) and 'P be a weak*
continuous Junctioπal on M with ] ]ψ 11 ::; 1. Then Jor eve7-y ( > 0, there is 
aη extension φ oJ <p to C(H ) such that 

씨
 

( 
여(T) = ε(Txn ， Yn) 

and 

(12) (흘 11τn 1l 2) , (효 IIYnIl
2

) ' < 1 + ( 

ψhere {Xn }얻1 and {Yn }풍1 are sqllare summable sequences in H. 

Without loss of generality, we can assume that 11에 1 in Lemma 
3 (a) (because, consider 'P' = 폐 ). Hence if we follow the proof of the 

implication (a) =} (d) in Lernma 3, we can restate Lerruna 4 as following 

Lemma 5. Let <p be a weak*-continllolls linea7' Jllnclional on a dμal algebm 
A c ι (H). Then Jor every s > 1, there is an exlension <p oJ 'P 10 C (H) 
with 

페
 

( 
φ(T ) = ε(Txn ， Yn) 

such that 

(14) ε IIxn ll 2 < s] ]'P ]] 

and 
∞ 

(15) ε 11씨]2 < sll 'P lI , 

ψhere {x，‘}풍 1 and { Yn}뚱1 a7'e sqllare summable sequences in H. 

Recall that if 0 is an inner fun ction , then it follows from [2, Proposition 
III 1.21] (or [11 , Theorem 2]), the dual a lgebra A s(o) has property (A ,) ( l ) 
The following proposition improves [2 , Proposit ion III 1.21 (iv)] (or [11 , 
Theorem 2]) 

Proposition 6. For an inner Jllnction 0 and any n E N , the dual algebm 
As(o) has properly (A1 ,n) (1) and prope7'l y (A n,d(l) 
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Proof Note that 

(16) 
、
‘
，
，
，
，

/
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relative to a decomposition κ =11.0 명 11., where S is a unilateral shift of 
multiplicity one. Suppose that 'P. is a weak*-continuous linear functional 
on A S(B) and s > 1, i 1,2," ' , n. By Lemma 5, there are sequences 

{샤)}뚱 1 and {싸‘)}폴 1 in 11. satisfying 

(17) <p.(A) = ε(A래 따.) ) 

for all A in AT such that 

(18) ε 11쇄)11 2 < sll 'Pdl 

and 

(19) ε lIyi') 11 2 < sllμ 1 1. 

We denote by 

K= 찌1) $ · $ κr) $ 씨I) $ · $ κ?) $ · , 
(n) (n) 

(20) 

('-1) U- l) 

x(‘) = (F깐B， 쇠’) ， · ， 0 ，r깐R，쇄) ， ,o,· ) 
-、 ’、.
(n) (n) 

and 
(21 ) ;:; _ [ • . (1) • .(n) •. (1 ) •. (n) 、

ν =(νì ' , . .. , Yì " Yì " .. . , Yì ' , ' , .) 
(n) (n) 

where κC) = κ， 1 ~ i ~ n , k E N. Let M = V뚱1 Ski, where 

(22) S = SP) 명 . . Ell sin) Ell S~I) EB ... EB S~n) Ell ... 

(n) (n) 

where Sii) = S, 1 ~ i < n , k ε N. Since SIM is a cyclic completely 
non-unitary isometry, it is uni tarily equivalent to S. Then there is an 
isometry W from κ into κ such that Wκ = ιf and 

(23) lνS =Sw. 
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Then 
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Let T~’) = Pk
’‘
W , where Pk •‘ is the pro jection from. i:. ’onto κ낀 

c1early T~’) E .C(κ ) and for every x E κ we have 

Wx=TP)xEÐ ... EÐ 지(n)I$혜I)x $ - $TJn)Z$ --(24) 

(n) (n) 

It follows by (23) and (24) that 

때’)5 = 5돼‘) 

for any k , i . Let Yo = W'y. Then πi) Yo = 싸’) for any k E N. Furthermore, 
by (19) we have 

(25) 

yoll2 = 1페1 2 = ε ε 11야’)11 2 < s ε lI'Pi (26) 

(W녕(i)， z) = (조(l) ， Wz) = ε(zC) ， Ti’)z) = ε(T~’)·xC)， z) 

Since 

(27) 

for every z E κ， we can assert that the series ε뚱1 날‘).쇄) converges 

weakly to some 쇄)(= W념(i)) E κ ， i = 1,"', n. By (18) we have 

11쇄)11 2 = 11찬)11 2 = ε 11쇄)11 2 < sll 'Pdl (28) 

Moreover, 'H is a hyperinvariant subspace for 5', so that xði
) E 'H by (25). 

Now for every A E AS(8) we have 

찌
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(29) 

쇄，i) E 'H 

i = 1,2,." , n . Hence the dual algebra A S(8) has property (AI.n)(l). Fur

thermore, since S(O)" = S(O) (see [2, Corollary III 1.7]), where O(eit) = 

Slllce 
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O( e "), and since AS(히 has property (A 1,n)(1) , the algebra AS(B) has prop 

erty (A n ,l)(1). Hence the proof is complete. 

Pro%/ Theorem 2. If A is a dual algebra with property (A
"

n) for some 
positive integer n , then it follows from [10, Proposition 2.21J that the dual 
algebra A(n) has property (A n). Since 

Aπn) = (AT)(n) 

for any positive integer n , Proposit ion 6 implies t he theorem. 
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