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ON BAER-*-SEMIGROUP, NEARLY RANGE 
CLOSED, STRONGLY BOUNDED AND 

ATOMISTIC BAER-*-SEMIGROUP' 

S. H. Raza 

In this paper var ious forms of new Baer-*-Semigroups are introduced . 
New concepts of nearly range closed, strongly bounded and atomistic Baer
*-Semigroups are given . It is shown that a *-regular multiplicat ive Baer-* 
Semigroup is nearly range closed and a *-regular strongly bounded Baer-*
Semigroup is also nearly range closed. Further it is proved that a *- regular 
(SSC)-Baer-*-Semigroup L (X , Y ) of bounded linear operators from X to 
Y is an atomistic Baer-*-Semigroup 

1. Introduction 

The purpose of t his paper is to introduce various forms of new Baer-*
Semigroups called nearly range closed semigroup , strongly bounded Semi
groups and an atomistic Baer-*-Semigroup. These semigroups are not 
merely of mathematical interest but these are also useful in quantum me
chanics [5] . It is generally agreed that quantum propositions form Baer
*-Semigroup. 1 shall give the concept of an atomist ic Baer-*-Semigroup 
which is based on an atomistic lattice [3]. It is observed that a *-regular 
multiplicative Baer-*-Semigroup is nearly range c10sed and if a *-regular 
strongly bounded abelian Baer-*-Sernigroup is modular, then is is nearly 
range closed. 

In this paper 1 suppose X and Y are complex Banach spaces, write 
ι(X， Y) for the set of bounded linear operators from X to Y and abbre 
viated L (X , X) t。 ι(X) [이 

We recaU that T E L (X , Y) is said to be bounded below if t here is 
k > 0 for which 
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for all x E X and is said to be regular if and only if T(X) is c10sed and 
both T-1(0) and T(X) are complemented and that (0,1): T regular and 
one-one 추 T bounded below =추 T(X) c10sed [6]. (cf. [2페. Recall also, 
that T E C(X, Y) is said to be Fredholm if T-1 (0) and YjT(X) are fìnite 
dimensional. If T E C(X, Y) is Fredholm then the index of T is defìned 
by 

index (T) = dim T-1 (이 -dimYjT(X) [6]. 

Further we show that a *-regular (SSC)-Baer-*-Semigroup of bounded 
linear operators from X to Y is an atomistic Baer-* -Semigroup. 

It is my original contribution in the fìeld of “ Ordered Algebraic Struc
tures". 1 would Iike to express my thanks to the referee for his remarkable 
and valuable comments. 

2. We generally follow in the sequel, Foulis [1] , [2] , 
Maeda [3] , Schelp [5] and Woo Young Lee [6 ], for the defìnitions and 

notations. However, for the sake of completeness we give the following 
definitions. 

A *-sernigroup is a semigroup 5 with an involuterial anti-automorphism 
z • x* such that (i) (xy)' = y‘ z ‘ and (ii) x** = x for 따I x ,y E 5. A 
projective in such an 5 is an element e in 5 with e = e2 = e*. The par
tially ordered set of a11 projections in 5 is denoted by P(5) , the partial 
ordering being defìned by e < f if and only if e ef (e , f E P(5)). 
A Baer-*-Semigroup is a *-Sernigroup 5 with a two sided zero 0 with the 
property: For each element a E 5, there exists a pro jection a' E P( 5) such 
that {x E 5; ax = O} = a'5. We define P'(5) = P(5) by the condition 
P’(5) = {a' : a E 5} ‘ 

A projection e E P'(5) is c10sed if and only if e = a' for some a E 5 
An element a E 5 is said to be right-*-regular in 5 if a5 = (a*)" , a is 
left-*-regular in 5 , then a is said to be *-regular in 5. 

A slight different but equivalent definition of *-regular in 5 as defined 
that if a is an element of a Baer-*-Semigroup 5 , then a is *-regular in 5 
if there exists a unique element a+ in 5 such that a = aa+a , a+ = a+aa+ , 
aa+ = (a*)" and a+a = a" [1] 

Let b be an element belonging to Baer-*-Semigroup 5. If for every 
e,f E P(5) , we have (eb)" ^ (J b)" = ((e ^ J)b)", then we say that b 
i생s mu비llt“Ip미lica따ti\、ve [때2끽]. Ba앓er-* -Semi멍grou때Ip having mu빠1 
called mu띠t!μtμIp미띠lica때tμive Baer갑*-Sem찌rug망roup [때2찌]. We give the following defìni 
tions which will play main role in proving the theorems 
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Definition 1. An element a in a Baer-*-Semigroup S is nearly range 
closed if the following condition holds: 1 폼 9 E P'(S) with a" t. 9 ε 1, 
9 S a" and (ga*)" = (a"η7γ)'γ" necess앓an테l“ly im깨1 

A Baer-*-Semigroup in which all elemenLs are nearly range closed is 
called nearly range closed Baer-* -Semigroup 

Definition 2. A projection 9 in a Baer-*-Semigroup is called strongly 
bounded if 1 ￥ 9 E P'(S) with a" t. 9 'i. 1, 9 S a" and (ga")" = (a’)" 
for every a E S . A Baer-*-Semigroup in which all projection are strongly 
bounded is called strongly bounded Baer-* -Semigroup 

By using above definitions and different techniques we derive the fol
lowing results: 

Theorem 1. A *-regular multiplicate Baer- *-Semigroup is neal.ly mnge 
c/osed Baer- *-Semigroup 

Proof. Let 1 -# 9 E P' (S) with a" t. 9 'i. 1, 9 S a" and (ga*)" = (a")". 
Then from Theorem 3[4], 

(g’a ‘)’ ^ (a")" = (ga+)" for 1 -# 9 E P(S) 

So by theorem 2[4] , 

a 
u / 

( 

(ga ‘ )" = (a ‘ )" 써
 

( 

as 1 폼 9 S a" and (ga‘)" = (a")ι From (i) and (ii) , weget (g'a")^(a‘ )" = 
(a")" , which gives ([g'a") ’ ̂  (a*)"]a)" = ((a*)a)". By multipli cativity, we 
。btain

((g'a*)'a)" ^ ((a")"a)" = ((a*)"a)" 

Not by corollary of Theorem 11[1] 

((g'a")'a)" ^ a" = a". 

Therefore a" S ((g'a")'a)". But ((g'a")'a)" S a" by Theorem 1[1 ]. Finally, 
we get 

a" = [(g'a*)'a)'a]". 

Hen ce the result. 

Theorem 2. J[ a is *-π:gulal. strongly bounded abelian Baer- *-Semigroup 
S is modular, then S is neadν mnge c/osed Ba el‘.- *-Semigroup. 

Proof As S is strongly bounded , so 1 폼 9 < a" , (ga ’)" = (a*)" and 
a" κ g ε 1 for all projections 9 E S . By Theorem 12[1], 

(ga+)" = [(g’ ̂  a")a*J' ^ (a*)". 、
니
 

( 
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Let h = [(g' ^ a")a‘ J. Hence h' = [(g' ^ a")헤" which gives h' 으 (a-)" 
by Theorem 1[1J . Now we get hC(a*)" . By defir삐00 of bounded Bae갑
Semigroup 1 ￥ h 으 a", (ha*) = (a*)" , a" 1 h 1 1. Therefore by Theorem 
7[4J 

([( h^ (ga‘ )"a)J ’ )" = [(éh )J" and by Theorem 2[4], (ha+)" = (a*)" 
Hence (a*)" = ((h ^ ((ga-)"a )*)" 

a" = ((a*)"a)" = ((h ^ ((ga*)"a)")"a" = (a-(h ^ (ga-)") 
((a*)"(h ^ (ga")")'’a)" = ((a딩)"( h ̂  (ga*)")")" 
(( a‘ )"(h ̂  (ga*)")"a)" = ((a*a)"(h ^ (ga‘)")")" 
((h ^ (ga*)"a)"a)" by Theorem (i) [1J 

Further by Theorem 3[4J , (gé)" = (g'a*)' ^ (a-)끼 so we get 

(g'a‘)' ̂  (a*Y' = [(g' ^ a")a*]' ^ (a-)" from (i) 

Therefore by modularity; 

(g'a*)" V (a*)'J V (a*)" = {[(g' ^ a")a-r V (a‘)'} ^ (a-)" 

and (g' a*)' = [(g' ^ a'껴γ Now a" = ((g'a’)' ̂  ((ga-)"a)"a)" which gives 

a" = [(ga*)((ga-)"a)"aJ" = [(g'a* )'a]"((ga*)"a)" 
[(g'a-)'a]((a*)"a)" = [(g'a-)'a ]'μ-a)" 

[(a"((g'a-)’)"이" = [(g’ι)' a]" by Theorem 1 [1]. 

Hence a" = [(g' a*)' aJ" 
Here we are defining an atom때c Baer-κSemigroup and (SSC)- Baer

*-Semigroup 

Definition 3. A Baer-*-Semigroup is an atomist ic Baer-'‘-Sem igrou p if 
the following condition holds: For every non-zero element a E S , 

a = V(x/x :::; a) for 1 f x E S. 

Definition 4. A Baer-*-Semigroup is an (SSC)-Baer-*-Semigroup if the 
following condi t ion hold: For any a, b E 5 , if bia, then there exists a 
project ion e f 1 > e 즈 a and e ^ b = 0‘ 

We give the following theorem on the basis of above definitions 



On Baer-*-Semigroup 57 

T h e o rem 3 . A κregular (SSC) -Baer- *-Semigroup L(X, Y) of bounded 
linear operators on complex Banach space X to Y is aπ atomistic Baer
*-Semigroup 

Proof Suppose T E L (X , Y) is regular and T - 1(O) n T(X) is finite di 

mensional by (0.1) [이. We have T reg비ar ~ T bounded below 읍 T(X) 
closed. Since T E L(X, Y) is regular, so it is bounded below. For every 

non-zero element a E S , we have a lower bound 1 ￥ x E S such that x is 

contained in α S 드 L (X , Y). From this , we have 

v(x/x ~ a) ~ a. 

If we had v(x/x ~ a) < a, then there would exist a projection c such that 

1> c > a and 

c ^ {V(x/x ~ a)} = 0 by d ef 4 

It gives (a , V(x/x ~ a))M by (1.2) [3], (c,a)M by (1.2) [3], and c ^ {a V 

(V(x/x ~ a)} ~ a. Hence by 1.6[3], we oblain 

(cV a) ^ {V(x/x ~ a)} = a ^ {V(x/x ~ a) }, 

which gives {V(x/x ~ a)} = O. It is a contradiction. Therefore V(x/x ~ 
a) = a 
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