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Abstract

We find a method finding the steady-state probabilities of M/M/3/3
retrial queueing system.

1. Introduction

Retrial queueing system are characterized by phenomenon that a cus-
tomer who finds all severs busy upon arrival is obliged to leave the system
and to re-initiate his request after a random period of time. Retrial queues
have been widely used to model many problems in telephone switching
system, telecommunication networks and computer networks.

The M/M/c/c retrial queue has been extensively studied by Cohn [2].
He presents a model which includes the possibility that a customer who
becomes discouraged may give up and leave the system. Analytic results
are given for special cases only, including the case of one problem has been
proposed by Riordan [10], but to estimate the accuracy of his method it
is necessary to have exact formulas and conclusions. Keilson et. al. [§]
established a recursive scheme for computing the state probabilities in the
two servers case. Their algorithm is in base on a flow method similar to
that employed in electrical engineering for the study of current flow in
networks of resistor. Some explicit formulas for the steady-state proba-
bilities have been derived by Jonin and Sedol [7]. The solution obtained
provides immediate information on main characteristics of the two servers
system, but no solution was found to simplifying the analytic expressions.
The partial generating functions of the steady-state probabilities were ex-
pressed in terms of generalized hypergeometric functions by Hanschke [6].
In this paper it is shown that the steady-state probabilities of three servers
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system can be obtained by several recursive formulas. The results given
below are supplementary to the investigation of Falin 2, 3, 4].

2. Model

We consider the retrial queueing system with three servers at which
customers arrive according to a Poisson stream with rate A. An arriving
customer starts to get service immediately if upon his arrival there are
free servers, and if upon his arrival all servers are busy he leaves the
system and join the retrial group immediately in order to seek service
facility free. The retrial time of each customer in the retrial group are
assumed to be independent and exponentially distributed with density
f(z) = vexp(—vz), ¢ 2 0. A customer who finds an idle server is served
immediately. The service times of customers are assumed to be mutually

independent and exponentially distributed with mean —’1;

3. Analysis of the steady-state probabilities

The states of the system can be described by a pair X (t) = (L(t), Q(t)),
where L(t) denotes the number of busy servers and Q(t) the number of
customers in the retrial group at time ¢. Then the stochastic process
{X(t) : t > 0} is a time-homogeneous Markov process with state space
{0,1,2,3} x {0,1,2,--- }. And denote by (L, Q) the limiting random vari-
able of (L(t),Q(t)) i.e. (L,Q) is the random variable of steady-state of
(L(t), Q(t)). Define for i = 0,1,2,3, n =0,1,2,- -

Tin=P(L=1,Q =n).

The balance equations are given as follows; forn = 0,1,2,---

(1) A+ nv)mo,n = vmy

(2) (A+p+nv)myn = Ao n + 2umy n + (0 + 17 nt1
(3) (A+2p +nv)myn = ATy 0 + 3um3 . + (1 + 1)y g1
4) (A4 3u)m3.n = Amg 0 + (n 4+ 1)vmg ngy + Ams s

where m3 _; = 0.

To study the equations (1)-(4), we make use of a partial generating
function technique. For i = 0,1,2 and 3, define the partial generating
functions

(5) Gi(2) =) _ Tinz"

n=0
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Since Ei,n Ti,n = 1 these functions converge for at least all |z| < 1. When
we multiply both sides of (1)-(4) by z" and sum over all n, we obtain

(6) AGo(2) + v2Go(z) = uGi(2)
(1) AGi(2) + uG1(2) + v2Gi(2) = AGo(2) + 2uGa(2) + vGy(2)

(8)  AGa(z) +2uG2(2) + vzGy(2) = MGy (2) + BuGs(2) + vGi(z)
(9) AG3(z) + 3pGs(2) = AGa(2) + vGYy(2) + A2Ga(2)

where the prime indicates the derivatives with respect to z. Adding all
equations and dividing the resulting relation by (1 — z) we get

(10) 1{Go(2) + G1(2) + G3(2)} = AGa(2).

By repeated substitutions and differentiations one deduces from (6)~(9)
that

(11)
uGi(2) = (A +v)Gy(2) + v2Gy(2)
(12)
2u%Gy(2) = MGo(2) + {@A+ p+v)z - uhGH(2) + V222GY(2)
(13)

23Gl(2) = (N + 20+ v + v)Gl(2)
+{@A + p+ )z — ulvGY(2) + 122Gl (2)
6u’G3(2) = A*Go(z) + {(3M2 + 3Au + 3Av + 24 + 3uv + %)z
(14) —3Ap — 2p% - 2uv}vGi(2)
+ {800 + p +v)2? - 3uz}?Gy(2) + 222Gl (2)
Substituting (6), (11)-(14) into (10) leads to a third order differential
equation for Gg(z);
v (Az - 3u)22Gl(2)
F UM+ g +1)2% = (X + p + 1)z - 3u2}Gl(2)
(15) + 2{ABA? +3Au + 3Av + 24 + 3uv + 12)2
~ (6M%u + 8Ap? + 8huv + 9uv + 643 + 3ur?)}Gy(z)
+ MGo(z) = 0.
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Let
Ag = M, Ay = 3w, Ay = 3A\+ v+ p)?,
Az = 9u(A + v + p)?, Ay =322,
As = A3A% + 3u + 3w + 2u% + 3uv + )y,
Ag = (627 + 82 p? + 8uv + 9p’v + 64° + 3ur?),
A7 = 24
Then we can rewrite (15) as follows;
(Agz® — A122)GY'(2) + (Ag2® — A3z — A4)GG(2)
+ (Asz — Ag)Gy(z) + A7Go(z) = 0.

By substituting Go(z) = Y nep To,n2", We get the equation

n=0
oo oo
Ag Z n(n — 1)(n — 2)my,n2" — A; Z(n + Dn(n — 1)my np12”
n=3 n=2
(16)
+ A, Z n(n — 1)men2"™ — Az Z(n + 1)nmo nt12"
n=2 n=1
— Ay Z(n +2)(n + 1)mo,n422" + As Z nwenz"
n=2 n=1
— Ag Z(n -+ 1)7\’0,".*_12" + Ag Z TI’Q,nz" = ().
n==0 nw=2

By equating the coefficient of z" in (16) being zero, we obtain the recursive
relation for {mo n} forn=20,1,2,---

{Agn(n +1)(n — 2) + A2n(n — 1) + Asn}mon
(17) - {Aln(n + 1)(77. - 1) + Aan(n—l- 1) -+ As(n + 1)}7('0,,-,_;.1

-— A4(n + 2)(1’1 + 1)7"0,n+2 = 0.
For simplicity, let
Aln(n - 1) + Azn + Ag

A.;(n -+ 2) ’
Aon(n —1)(n —2) + Aan(n — 1) + Asn
Y, = .
As(n+2)(n+1)

Xn+1 ==
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Then

(18) Mo, nt2 = "'Xn+17fo,n+1 + Yn‘ffo,n-

By succesive substitution in (18), 7y , can be expressed by linear combi-
nation of 7 o and 7y ; as follows

(19) To,n = —HpTo,1 + Kn7o,0.
H, 42 and K, have the following recursive formulas

(20) Hpy2 = —Xay1Hag1 + YoHa,
(21) Kn+2 = "'Xn+lKn+1 + YnKn.

In this expression, we have the below proposition:
PROPOSITION 1. The limp—oo —’5—: exists.

Proof. Since mg , is the probability of the steady-state,

0= lim Ton
n—oco

= ’}i_{féo(-'ﬂu"foa + Kamo,0)

. K
= nll?lw H,(—mo,y + -ﬁsﬂo,o)
We know lim, o H, = 00 since limy—co Xn = 00, iMoo ¥Yn = o0 and
X, Y, are different type functions of n. So lim, oo(—m0,1 + %:Wo,o) =0.
Since both mg o and 7g,; are not zero, limg_.o %: must be exist. [

Let L = limy oo %;1 Then by Proposition 1, 751 = Lwgo. Let W, =
—H,L+ K,. Then

To,n = —Hamo,1 + Kamopo
(22) = (“”HnL + Kn)ﬂ'o,o
= WnaTo,0
By (1)
Min = At nV"o,n = A +nVWn7Fo,o-
W W
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By (2)
A + nv v (n+ 1)
=[{(A+u+nv)—5—5 EE}W" o Wat1lmo0
By (3)
O 2u+n){(A 4+ p+v)(A +nv) - Ap} _AMA+ny)
T3.n = [{ 63 32 1Wa
_{(+2p+ny) -—Gi(;\ +nv)}(n+ 1) Wost]mo0

(A + 2 + nv)(A? + 2ndp + npd + n?v?) — 22p(X + nv)
7(3’,., - [ 6#3 Wn

+1)(2u — A —
_(n+1X :ﬂ ") W sa]moo-

By the normalizing condition 3 _; , ™i,n = 1 we obtain

[Z[ {n®v® + 3n?0 2 (A + 2p) + nw(3X7 + 114° + 9p)

n=0

‘ 1
+ 2%+ A2+ O 6P YW, - E;ﬁ(n + Du(5p — A — nv)Woyi]]h
Thus we have the following theorem;
THEOREM 2. The joint probabilities of (L, Q) are given by

To,n = WaTo,0,
A4 nv

Tin = Wamo,0,
A + nvo v n+1)v
(A+2p+ nu)()\2 + 2nAv + npv + n?v?) — 22pu(A + nv)
1r3,,, [ 6# W
_(n+ Dv(2p — A — nu)
Wat1]mo,0-

6u?



(8]
(9]
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