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ABSTRACT FUNCTIONAL DIFFERENTIAL 
EQUATIONS IN GENERAL BANACH SPACES

Byoung Jae Jin

1. Introduction and Preliminaries
Let X be a Banach space with norm || - || and lu be a real number. 

We let C denote the space of all continuous function p : [―尸, 이 —> X 
for fixed r > 0. For € C, ||W||c = sup_r<^<0 椰(0)||. We denote 나ic 
symbol xt by xt(0) = x(t + 0),0 £ 이.

We consider the abstract functional differential equation of the type

”(')G 4。，+ G(t,叫)，0 < t < T, 
(FDE)

$0 =如-r < i < 0,

in a general Banach space. An operator A : D C X —> is called
dissipative if

< yi -皿斗一工2 >t< o

for every "门,yi], [^2,^/2] C 4. A is said to be u;-dissipative if A — 3I is 
dissipative. A is called m-dissipative if A is dissipative and R(I—XA)= 
X for all A > 0. We recall that

<y,x >s= ||z|| <y,x >+= ^liin_ 土쁴一~—

and
.... ..Ik + iyll — ||3：l|

<y,x >z= II에 < y,x >_= lim --------- ------------
一0- t

For other properties of < •, - >I and < •, - >5, we refer the reader to 
Lakshniikantham and Leela([9]) and Kobayashi([8]). Pavel([10]) has
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obtained the existence of a unique limit solution for the abstract non­
linear evolution equation of the type

xz(i) 6 z(t0) = xo, xq E X.Q < to < t < T
* <

in a general Banach space by the constructing the step functions which 
satisfies certain approximate discrete scheme. Kartsatos( [4]) and Kart- 
satos and Parrott([5]) have studied nonlinear functional evolution equa­
tions by making use of fixed theoerm and Crandall and pazy's re­
sult ([2]). In this paper, we have obtained the existence of a local limit 
solution o£ (FDE) by the virtue of the limit solution for (FDE) with 
fixed functional term in A and Banach contraction principle.

We need the following hypotheses in our subsequent discussion 
(H.l) For each (力矽)G [0,T] x C and 0 < A < Ao,Ao^ V 1, 4(£屛)：

C X —> 2X is s-dissipative in X and R(I —人A(t』)))=_Y, 
where D(A(t. ^)) is only dependent on t. We denote 2)(4。,放))= 
D(ty 、.

(H.2) There exists a nondecreasing continuous function L : 72+ x R+ x 
7?+ t = [0, cxd) such that

<yi-一 叼 >i
< 에:* 一 지* + 乙(IlSlIc，I母이lc，min{|gi||, II：】시|})

• 世 一 S|(l + |&&处)2시) + II访 T이I시||中 一 께,

for all 0 < s < t < T,切G 厶and [叼浦2] € A(s,也2), where 
|&3，例)卫시 = mi{\\y\\\y 6 四邑妁立}.

(H.3) There exist /3 > 0 and a nondecreasing continuous function 
Li : 冗+ -스 冗+ such that.

||G(£屛i) 一 V2)|| < 仞险 - 9시lc，

||G(5) - G(s屛川 < £i(||例c)|t 一 界

for each t.s E [0, T], and 炽 사〉、、加 £ C.
(H.4) <p is a given Lipshitz function with Lipschitz constant Lq on 
[一尸，이 and。(0) G D(_4(0, ©)) for every t 6 [0, T].

Let

M = max{Z，o,l + 04|| 削 |c + 1冏0,。)|| + |4(0, ©)©(0)|}.
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We define a set E by
E ~ {u \ [—r, T] t X I u(t) is continuous, u(t) =(f)(t) for t C [―厂，이 

and — u(*2)i| < M\tx 一 시 for t"? G [0, 幻}.

Clearly E 尹 © since the function defined by u(t) = 0(f) for t E [—r, 0], 
and u(t) = ©(0) for t E [0, T] belongs to E. Moreover, the set E is a 
complete metric space with supremum norm.

Modifying Lemma 2.1 in [11],the basic properties are given by

Lemma 1.1.
(1) (H.2) is equivalent with
(1-1)

(1 一 人3새;Ei — T2||

<||ci -x2 - A(yx - ?/2)|| + 人以II由 Ilc，w>2llc，min{||0：i||,||z2||})

•世-s|(l + |4(s,©2)") + II饱 - ^2||c]

for all A > 0, 0 < 3 < t < T, [x^yi\ 6 A(/,0X), [x2,y2] £ A(s,^2).
(2) (1.1) implies

(入 +〃 一 人〃3)||牛 — a시I < 세Z2 - ㈣2 — Zill

(L2) +에:知 - xyi 一 却 + 人保(II如I시渺2|冷, min{g|L ||3시|})

• 诉 - s|(l + |4(s,《，2)a시) + IIV'i 一 寸却시

for all Q,0 < s <t <T, 岡,%] e 4伉山), [旺建시 e A0蜘) 
and the above ineqaulity implies

(1 - 入3)||中 一 헤

(1.3) <|ki - Xyi - 헤 + 시，4(s, 寸2)히 + M시物 14II例llc，II헤)

• 世 - s|(l + |4(s,"a시) + 肘1 - 也

for all X > Q, 0 < s < t < T, £ A(t,洌),u € D(4(s,也。)

In view of (H.l) and (H.2), D(A(t, ?/>)) is independent of (t, ip) for 
each (t,物 G [0, T] x C, as in Pavel([11,Remark 5.3]). We denote 

= D The dissipativity of and the condition (44) 
of Kartsatos and Parrott(同)imply (H.2) when the domain of the sin­
gle valued operator 4(t,汝)is independent of (t, ip) and X* is uni­
formly convex. (See pavel[ll].) Thus our results can be considered as 
a slight extenion of the results of Pavel([l 0],[11]) and Kartsatos and 
Parrott([5]).
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2・ Main results
In the following disscussion, we assume that the hypotheses (H.l)- 

(H.4) hold. Let u E E be arbitrary but fixed. We first establish the 
existence result of a limit solution for a* type

(FDE : u) d(t) E A(i, + G(/,xz), t £ [0,T], xQ = </>.

As in TanaJ<a[12], we have the following

Lemma 2.1. Let ｛£；｝；=()be a partition of the interval [0, T], where
= jhn = J 知 j = 0,1, ••- , n. If n > (co + P)T, then there exists 

in X such that for J = 1,2, • • • , n,

zn — zn 1
(2.1) J J e 知，)Z； + 弓、)，

where Zq = 8(0) and

认» t € [-質, 이

弓")= < 기白 捉 (%1 忑] for k = 1,2,--. ,j - 1
、矿 M (垸1幻.

The function w綱(t) = z„(t) is said to be an approximate solution of 
(FDE:u).

zn _ n
LEMMA 2.2. The sequences ｛z；｝ and ｛丄一方里二프｝ is uniformly bounded.

Proof. . Let (아) = max(0,3)and 0 denotes the zero function on. C.
If t e (1.3) and ||"|c < H||c + MT imply

(1 - 3()/&)|R；(t) - 0(O)|| = (1 - 3o扁)||z； -(3(0)11
7n _ n

gf (里즈크

+ /시- 0回心llc，“lie, 肘(0)||)(1 + M+ |4(0,©洒(0)1)

< Ik；-1 -伽0)11 + 相％;,祥)-G(垸 0)11
+ /시 |G(Z；,0)|| + 如|4(0&(0)泌(0)|

+ 如7瑚”|伤 + MT, Me + MT, ”(0)||)(1 + M + |4(0,打商0))1)

< 俱；_1 -火0)|| + 砲3||(祥)弓’ -0(0)11° + 如G

-G(t；,(尋您))-0(0)|| + hn\A(Q,弑0)泌(0)|
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for j — 1,2, • • • , n, where

Cl =/3|g(0)|| +Z£1(O) + ||G(0,0)|| + |&0顽0)泌(0)|

+ T 以 II 씨 c + MT, |g(0)||c + MT、I 杪 (0)||)(l + M+ |A(0,0)©(O)|) 

and
-叩、_ J 如)，t € [t，이，

捉[o,幻.

If i G [一?微;—J, then

(1 — 凹)如)|标扣) 一 6(0)11 < II引，) 一 ©(이II = 11^7-1(0 — 8(0)11
< ll^-i-WIIt,

where ||'||t = sup垢幻 ||W(£)||・ Thus we have

(1 — 3Mn)||考—。(0)|” V H^P-l —。(0)||丁 +，2頒||歹；一。(0)||f + hnCi 

which yields

[1 —(叫 + /3)”』1为—^(o)||r < II方;-1 — S(0)llf + 如c”

for j = 1,2, • • • , ?2. Applying the above inequality, we get

II 球一©(0)阮
< 2||0||C + TG
—[1 —(3o + /3)An]n

If we take (以)十 d)hn < (1 — 3)+ }3)hn)~n < 評心+仞丁 since
(1 — h)T < 謝 fg h £ [0, *). Consequently, there exsits a constant 
Mq = M()(0)T) such that

sup ( 호nax |g：||} < Mq,
卩>2(3。+"厂

where Mq = e3(^o+/?^r(3j|0||c + C\T).
Now we have a bound for {-匕~片2二브} with similar steps. Precisely,we 

note that from (1 3), we have

'留「제' < e23oL(/3M()+(&)
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From (1.1),

-弓‘一2 + (节您)一 G(弓H,(弓、)弓」))11

+ /京2乙시쎄C + MT, ”||c + MT, Mo)
一 Zn

• (I + M + II：으그L二却 + IIG世T,(学I)曲)II)

<(1 + 如以”lie + MT, ”||c + "厂,M)))||z；_i - "一圳

+ "2区“Mo) + 以”||c + MT, “||c + MT, Mo)

• (1 + M + /3Mq + Lj(O)T + ||G(0,0)||)]

+ h„/3( max \\zf — + Lohn)

Here we used the facts that

(弓\)")|| < 仞Wo +3(0)7 + ||G(原川 

and
10；成；-(考T)%J|C= SUp II弓一 驾0)|| 

g-r, 이
W 깟涉 II 成 - 球_11| + 乙0 如

(See Kartsatos and Parrott[6]). Thus we have

[i 一 3)+ 月)7시 ;- maa ||成 - ^Lill
hn i<k<J

S厂! I成一成—111(1 + hnC2) + hnc2,

where
C2 =細 + L^Mq) + L(MC + MT, ”||c + MT. Mo)

• (1 + M + 仞％ + 3(0)7, + ||G(0,0)||)

Setting p几=1 — «3 + 例)/侦 G (0, |), The above inequality implies

끄 max II 成 -次_』
hn i<t<7 1 K 1,1

< h C 1 + 如％ S , (] + 力*2)I I同-瀏I
_ n —] "2 房一
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for j = 2,3, •, n. It follows that

土盤戶；-心II

n
<hnC2^

8=1
1 + hnCa

1 + hnC2 \l + hnC2]
Pn

Pn

Pn 
n
(CM+QMq + CWwT.

n
WMo + CDe&o 如

s

+

Since (凹쁭으그)” < 貯+23。+20)七 we conclude that there exist a con- 
stant Mi such that

sup U- max II-成_』｝ <

n>2(w0+3)T l<*<n-l

where

M = 罪3。+"+弓)邛削州 c + ||G(0,0)|| + |A(O0) 如시 + C3T] 

and

C3 =gC\ + Gz + -ti(O)
+ (1 + M + |A(0,勿机0)|)以“北 + MT.时||c + MT, “(0)||).

LEMMA 2.3. Let 舟')(t) be an approximate solution of (FDE : u) 
with n > 2(/3 + u)o)T. Then there exists a constant 1匹2=肱2(©二「) such 
that for t, s € [—r, T]

(2.3) |kln)W -舟Dll < M|Z — s| + 2M2hn.

proof. We define the function

⑴ _ f 仰)' t € [-「.이,
24 J = l 考—]+ (t —弓写)(2；-弓顼hn、t e (%1，堺,j = 1,2,…，n.
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Then zn(t) is Lipschitz continuous with constant Mq = max(Mi,Lo}- 
Moreover, since

ll4n)(0 - 시圳 I = 114 - - (s 頌一1、闵 - 如 II

= 11(如—

= ^-t)\\^-z；-1)/hn\\<hnM2

for t e (弓二,堺，

ll4n)W-4n)(^)ll

Mil死‘W) - Zn(圳I + Ikn(i) - 시s)|| + II标(s) - *n)(s)||

MZM사f + M2 — s|

for f, G T].

The following gives an important estimate for the difference between 
the approximate solutions.

LEMMA 2.4. . Let {z；}；=()and {zf}終二q be so constructed in 
Lenuna2.1 and let x^\t) and x^\t) be the corresponding approxi­
mate solutions of (FDE : u). Then there exist constants C4 = 6(奴 T) 
하^d {€%m}n,m£N With ^oo > 0) Slich that
(2.4)
(1 — 3(仇"(1 — — 2饥| < C^Cik+Ej + j/lrJ(C4CJ)fc + en)m),

for j = 0,1, ■•- and k = 0,1, • • • , m, where

Cjtk = (t；—母)2 + hnt^ + hmt1̂  2,

and
玖=疙，SUp II 戒”)(Z)— Rm)(圳I 如

1=1妇-r,弓习
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Proof. . From （1.1）, we have

（1 一扌普f。）崎-負

十几m

늑手느+ G（母, （乏"）||

+ £므쁘-乙 （ll"|c，llyllc，l|z 饥 I）

zV^ — 2件 1
• " - Z 饥（1 + M + II 서 J|| + IIG（粉,（乏器版 ）||）, 

“n

We set r3ik = （1 — 3（仇昨卩（1 一 ^hm）k for k = 1,2,…,m and j = 
1,2,• • - ,n. Since rJtk < max（l -^ohn,l 一例/蜘） < 1 - 寿뽀常細, 

we obtain

易絳f J 峙 - 成如| + 产므厂七一顼내*] - 渭

（2.5） + hnh + m + Mi + /3M0 + 金（0）丁 + ||G（0,0）||）
~r hi

• L（y\\c + MT, ”北 + MT,M0）\q -建|

+ 1"（母,（弓允）-％3譚屉）||

By （H.3）,（2.3）, and lemma 2.1,

IIGW，弓W；） — G ㈤,*.母）II

</3 sup II舟）（t） —我％）|| +斜却；一母| + ¥场檢 
妇-项

and note that

|t； — f^| < ~ t^\ + hn < G-i,赤 +，如. 
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Set A3 — r3 对|弓’ 一 기fl" By the above estimates and (2.5) imply 
(2-6)，，

如 力盐:侦7 + 瓦뜨"*

+ 4쁸」(8 沖 II那)0)-2顼)(圳|+0乌_景+5次).

*^n十圮[_以*

where

C5 —(1 + M + Mi + + Li (Q)T + |)G(0,0)|j)

•以肘||c + MT,忡||c + MT. Mo) + ^M2 + L^M.)

and €n)r?1 = Cshn + 2/3M2hm. In the proof of Lemma 2.1, since

(1 一 30如)吋-0(0川 < II遺_1 -如))11 +"(仞養 + G),

for j = 1,2, ■ • • , 72, we get

J—1
(1—危|切；—。(0)|| M h7j(/3Af()+Ci) y^(l~iv()hn)3 <

3=0

Therefore, the inequality (2.4) is shown to be true for j = 0,1, • • • , n 
andk = 0, where C4 = max｛/幻V£ + , C5) In 산xe same way, we can
show the inequality (2.4) holds for j = 0 and A: = 0,1. • - ,m. Now let 
1 < k < m and 1 < j < ?^, and suppose that (2.4) holds for the pairs 
(j — 1, fc) and (j, k 一 1). Since

h * G, j 十 标如甘(丄_讳< G,&,

(2.6) implies (2.4)

We now prove a convergence theorem for differenceapproximations 
relative to (FDE : u).

THEOREM 2.5. There exists a limit solution xu(t) of (FDE : u) on 
[—r,T] for fixed u E E. Moreover^ xu(t) is Lipschitz continuous with 
Lipschitz constant M2 on [—r, T].

Proof. We assume that n and m are sufficiently large so that n,m > 
2(u;o + /?)T.Let and ｛粉｝I二。be two arbitrary partitions of
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[0, T], where = jhn =件，项=0,1, • • • , n, = khm = k = 
0,1< • • ,m. Let Z C 盘;)「1 (垛罗].By the virtue of lemma 2.4,
we have

牋綱⑵一成血)(圳| = ||Z； — Z哉'

< e43T0{(如 + hm)2 + (如 + hm)Ty

■ +/或: 'sup II那)(Z)- 成찌(圳膈

/=1 妇-r,肆]

+ T{Ci{(hn + hm)2 + (hn + hm)T}^ + en,m}]

since -hm < = (t； 一 t)-(母—0 < hn. We now define the
functions

f 0, t = 0,
[ SUpy_r，片]II：舟)(S)-z"(S)||, 丁 £ (建= 1,••- ,n.

Then we obtain that

(2.8) Fn,m(r) < sup ||#)(s) —戒C(s)|| + 4M2扃+ 2Mh 
s€[-r, 디

for r € [0, T]. Indeed, let r C (iJLT, note that
(2-9)
Fn,m(r) = max{ sup ||成功槌)-坤)侶)||, sup 眼;)(葯-蛆)侶)||}.

3E[~r,r] se[T,t^]

Let s € By (2.3), we get

II 迎(s) —成)(s)||

< II空)⑺一站m)⑺II + II成n)(s) - 4n)(^)ll + I薦冲⑴-蛆)(7)||
< sup II舟)(s) - $9"(5)|| + 21诺시5 - 丁| + 2迅(如 + ") 

sC[ —r,r]

< sup ||瑚)侶)一£仪)(£川+4肱2如+ 2“2如" 
s€[-r,r]
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Combining this with (2.9),we have(2.8). Now, by (2.8),

疙 sup II迎(S) -我也1)

1=1 响-r,坪]

=l3 虬顷心皿京[F^m(r)dr + 2Mo0hn

1=1 J%】 Jo

<0 [ sup II瑚)(s) 一私m)(s)||心 + (4心2徧+2/2如)定+ 2M0/8 
Jo s€[—r,r]

From(2.7) and the above inequality,

腿响一：此)(圳心吋 + 舛件广 sup "(S) -成찌(에打, 

Jo sE[—r.r]

where

&项n =/이)흐 [C4{(扃 + hm)2 + (hn + hm)T}^

+ T{C4(hn + /zm)2 + (hn + hm)T} 2 + €n)m]

+ (4几&如 + 2M사+ 2A£ 伊z』.

We actually get that

sup II戒")(s) —：舟"(s)|| M &削+伐43。7、/ sup 眼;)(s)一戒m)(s)||< 
sG[—r,tj JQ 妇一r,이

for t E [0, T] which implies that Xu )(t) converges to a function xu(t) 
uniformly on [—r, T]. Finally, by (2.3), z亳(')is Lipschitz continuous 
on [—r, T] with Lipschitz constant

Now we show the relation between the limit solutions of (FDE : u) 
and {FDE : v) for u, v G 玖 From this result, we finally have the 
existence of a limit solution for (FDE).
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THEOREM 2 6. Let xu(t) and xv(t) be the limit solutions of (FDE :
u) and (FDE : d), respectively. Then
(2.10)
j|xu(£)-Tv(t)||

< e(4sT) — 払(圳| + 7瑚|g||c + MT, "lie + MT,M0)\\u - 이”

+ / < G(ri，(xu)v) - G(i], (xv)^), xu(7]) - xv(i]) >+ dr]) 

forO<t<t<T

Proof. Let be an approximate solution for xu(t) such that

，丄€4（弓顷时球+ G（飾（弓为）,丿=1,2,・../

如二W on [-r,0],稀=0,础=^（0）,如=奸一弓（以 +/3）hn <

（ S（이, t € [―?\ 0],
玲0）=｛吋，提（电"孔J = 1技…，j — L

I吋，捉（E以

and limn—8 乏：(t) = xu(t) on [—r, T\. Also, we have an approximate 
solution 乏3(Z) for xv(f) simh that

勺l 一2人_1 
宾一也1

J4（母，四了）成'+G（建，（愛）燈）,

= 1,2, ■ • ■ ,m, x0 =。on [—r,이, 埸 =0, Xq1 = 矶0), (w0 + /3)/im <
~ lk ~

(。(0), t £ [~r?0],
罕(t)=(叭 /£(弓、.VL 7=1,2,…丄一 L

I v 提

and 11口侦一 °。•緖(t) = rv(t) on [-r, T\. Let 8 e (0, £). and assume 
that n and m are sufficiently large so that max{/in, hm} < 6. Then
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there is a constant C? such that

（1 一 30如）宀（1 一 30诚）1||玲-次||

3 k
Z9in < 略 - 明I + c6c},k + £ 8：hn + £ 理나临
（, 丿 x—p i—q

+ jhn{（6-1p（T） + Cg讳 + 幅一坍I） +。（泌）+ C6hn

+ 以II州u + MT, "||c + MT, Mo）||u - 이片},

for ] — 2）, …」捉 k = q、…，?n,p — 0,1, ••- , ?\q = 0）1, •…,/nowhere

C6 =（1 + M + A/】+ 2/3Mq + 2TZi（0） + 2||G（O,0）||） 

•d + 以II씨 |c + MT, ”||c + MT, Mo））.

Here the symmbols used above are defined by

C 如={（（奸-t；）-（燈-妒））2 + （弓-t；）hn + （母-娑膈}*

+ {（卩；— ip）—（母—坍））~ + — tpVln + （母—tjgm},

蝉=< G（罗，㈤）~ — （財"2亨一我（t；） >A,

2
笙=iig ㈤,（■窄屉）-g（母,m 屉）|| + -i^r - &（母）II,

2
£0） = sup {||G（r,（Zu）r） - G（7-,（j,）r）!| + 〒||：上，（丁）一:项r）||} 

\r-r\-Ct 入

and < y,x〉入= + Ay|| — |k매），fbi A > 0 In fact, we let
a = hnhm/（hn + hm） and choose 0 < A < 1. Since

/ xn — rn zin — zm
可 一成 — aX（.J，,^1 - G（/（.祥）兮） 一 -소一厂上그 + G（切,（窄屉）

=（1 _ 人）（z； _ 成'）+ - ---------- --  z£_i） + T—-y—（a^j-1 -成）
} hn + hm J hn + hm

+ b人（G（罗㈤肉）-G（建,CQ）,
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(1.1) implies

(1 - u?o<tA)(1 - A)||xy - z口I + (1 - 3()b人)세:- z饥I
=(1 一 300•人)||z： - 2们|

< 11(1 - A)(4 - z") + C(G，e，(耳)E - G(母,(愛* )) H

+ 兄쓰』吋 - 之5 + K씊브;崎T - 観

bM 시 Ug||c, II呻 ||c, ||z 饥|)[|£； — 燈1(1 + |4(建,。f『)2幻) + ||«tn - Utm||c
and then dividing this by A, we have
(2.12)
(1一 3旳)|同一次I

< 打I㈤ - O + 风((구(奸, ㈤均 ) 一 G(燈, (愛)吧)|| - II吋 - zf II)

+ 瓦쓰灣宀5 + 寿二岭】*||

+ c顽II州° + MT, y\\c + MT, Mo)

吟-燈|(1 + 饥)+ II" - ％阮],

where g = A/(l — A). We set Aj^ =厂— z芝|" Dividing (2.12) by
1 一 and 人 t 0+ in (2.12), we obtain
(2.13)

4册-r \ Aj,k-1 + -r-~j—Aj_lik
f^n 十”m nn 十 /Im

+ 7쁲甘 G传，㈤)$) - G(母,戚屉)，吋 - •次 >+

+ 乙이州c + MT, 肘||c + MT, + \t； - 妒I + 如)

‘ (1 + M + Mi + 0M° + TLi(O) + ||G(0,0)||) + ||u — 에:r]

Here we used the fact that rhk 5 max(l — 3사曲 1 — "m } < 1 — 3()。\

V ]|如；—wt^||c + Igt? — vt^\\c

J呻; 一£1 + 脸 一매 T
< m(iq； -1；) 一 (燈 一妒)一 hn\ + \t； - 甲 + hn)+ 肚 - 에 t

M - 妒I + hn) + ||u — 에T,
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and m _ zm
母,%，）招 < II스爲즈그II + 的（母, ㈤）时I 

<M. + 双° + TZi（O） + ||G（0,0）||.

Noting that < b, a >+<< b,o >x<< d,c >\ 뉘" — 헤 + j||a — 이|,

<%；,（可用）一 G（母,㈤廊），吋-图>+

< < G传,（弓*Q - G（燈,（蓦时）,吋-:顽；） >入

+ IIG同,（愛屁）- G電,（"版）|| + ||G（母,（為）母）-如；,（外）时|

2 9
+ vlkr — £“（母）II + vlkvGD —我,（奸）||.A A

Since

p（啰-zri）< 尸半3）（|t； - 母I —如）+ p（26）

J $一项厂）（0-项 + 忡一妒I） + P（25）,

（2.13） is written as follows
（2.14）

A / hn A h，m .
* - 心 + hn+hm

j쓰丄{奸 + 鞏 +（c6 + 8Tp（T））（Cjfk + 咐 - 妒 I）
"n 十"m
+ p（26） + C6hn + 以”||c + MT, "He + MT, 楠）加 - 메g

At this moment, by （1.3）

（1 一3사、）服； — W；||
- £；|| + 知（仞血 + TL\{Q） + ||G（0,0）11） + hn\A（tpyutn）Xp\

+ 以“||c + M厂 ”||c + M「M））（l + M + |40；,^）z；|）|t；T；|K 

which yields

（1一3赢厂却可一州|

< £（錦膈 + £ 이罗 T；|如 *6（啰 一 爛 + 枠 — 坍2）

?=» 十 1 Z=p+1
< C©,k
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Thus

(1 - II吋-Z^\\< \\X； - 明I + (1 - 3。如广，|时-理

京侖6 + ||啪-辭I

for j = p, • • • , n. This implies that (2.11) holds for p < j < n and 
k = q.In the same way,(2.11)holds for :j = p and q k < m. Next Jet 
p+ 1 < j < n and 5 + 1 < A: < ?nand suppose that (2.11) holds for the 
pair (j — 1, k) and (j, k — 1). Since (2.14) and

h 2h Cj'k~1 + h +h C]~1'k - C册'
,{jn ■ lLm ,Irn i "m

it turns out tliat (2.11) holds for the fair (J, k). Hence, we conclude
(2.14) holds for p < j <n and q <k < m. Let t 6(言;—"；]二"月 

and t 6 (匕-》埒]Cl (弓、*；]. Letting n. m t 00 in (2.11),

|两⑴一史(£)11
3

<exp(4u；oT)[||2：a(f) 一 妇(圳| + lim sup，、8^hn 
n—*00 di—p

k
+ lim sup，" ^'hm + Tp(28)

n—*oo < 、4

+ TZ("||c + MT, 时||c + MT, M0)||u - 에t].

E프成 =*"n = L < (:r—) - G(7?,(:上,)")」:*(“) 一 :上3)

and linim—8 ai=g^ = 0, let 6 j, 0 in (2 15), we have

||$u(£) -Z”(베

< exp(4u,，0T)[||.ra(t) - xv(t)\\TL(\\^\c + MT, 肘阮 + " M0)\\u 一 이|丁

+ / V G(4(23)〃)- 一 Tt,(?7)>xdT]].

By letting A | 0 for the above inequality, we finally have the desired 
inequality.

(2.15)

Since
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THEORM 2.7. There exists T\ € (0, T\ such that (FDE) has a limit 
solution On [0,7ij.

Proof. Let R € (0,T] be sufficiently small so that

L exp[4a?o7i + exp(4cuoTi)]L(||^||c + ||(机|c + A/Ti, Afo) < 1

and Mi < A/.Then by (2.10)and(H.3),

lku(i)-站(圳

< e(-^)[TZ(||0||c + MT, 时||c + MT,M0)\\u - 메丁

+ 丄 "W"爲) 一 이,

< “me TL^Wc + MT, I渺lie + MT, M0)\\u - 에T

+ /3 / IK")i -(队)打化汕7、 

丿0

for t € [0, 2i]. Thus we have

sup ||xtt(t) - xv(t)\\
sG[—nt]

< 7甘시。lie + "京 "||c + "G,M))e(43。幻)也 _ 메幻

+ 陀43。幻)/ sup |限《.)(幻一(心，)(s)||d??

Jo sE[—r, 끼

for each t £ [0, Ti]. Consequently, ||tu — 시珍 < ||tz — rjl^.Moreover, 
the limit solution xu(t) of (FDE : u) satisfies

- ^u(5)|j < M2\t - s\< M\t - s\

for /, s G [—r, Zi] and u E E. Therefore xu E E for all u £ E. If we 
define an operator S : E i E by tz i it* where wjt) is the limit 
solution of (FDE : u). then S is a strictly contraction on a complete 
metric space E. By the Banach fixed point theorem, there is a unique 
fixed point of S in £*, say x(t) for t € [—r,7\]. Then such w(f) is a 
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limit solution of (FDE) which is Lipschitz continuous with Lipschitz 
constant M.

REMARK. It is obvious from the proof of the above theorems that 
나le interval [0, T] can be replaced by [T, T]. Then the solution z(£) 
of(FDE)exists beyind T. With this processing, we may have the ex­
istence of a maximal interval of existence of solutions of (FDE) on 
[0,T]. Furthermore, using the result of Theorem 2.6 we can obtain 
the uniqueness of the solutions of (FDE) with the concept of integral 
solution defined by Benilan as in Ha,Shin and Jin [3]
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