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ABSTRACT FUNCTIONAL DIFFERENTIAL
EQUATIONS IN GENERAL BANACH SPACES

BYOUNG JAE JIN

1. Introduction and Preliminaries

Let X be a Banach space with norm || - || and w be a real number.
We let C' denote the space of all continuous function 4 : [-r,0] — X
for fixed r > 0. For ¢ € C, ||9|lc = sup_,<p<o [1P(0)]||. We denote the
symbol z; by z,(8) = z(t + 8), 6 € [—r,0}.”

We consider the abstract functional differential equation of the type

FDE 2'(t) € A(t,z)z(t) + Git,7,), 0<¢<T,
( ) g — QS’ -7 S t S 0,

in a general Banach space. An operator 4 : D C X — 2% is called
dissipative if

<y —y2,7 - 72 >,<0
for every {z1,11), {r2,y2] € A. A is said to be w-dissipative if A —w/ is

dissipative. A 1s called m-dissipative if 4 is dissipative and R(I—AA4) =
X for all A > 0. We recall that

Y.r > = _ 1 ”3“ + iyl - “1“
<Y, T >y "xi] <Y, T >p= fh%l.,_ n
and
x + tyl| —
<y,x >= izl <y,z>_= tlil(])l = yt” ||:c||

For other properties of < -,- >, and < -,+ >, we refer the reader to
Lakshmikantham and Leela([9]) and Kobayashi([8]). Pavel{[10]) has

Received March 20, 1995 Revised May 17,1995
The author was supported by Kor Res Found , Mnistry of Edu ,1994

7



8 B J Jin

obtained the existence of a2 unique limit solution for the abstract non-
linear evolution equation of the type

2'(t) € Alt)z(t), z(tg) = x0, 20 E X,0< $ <t < T

in a general Banach space by the constructing the step functions which
satisfies certain approximate discrete scheme. Kartsatos([4]) and Kart-
satos and Parrott([5]) have studied nonlinear functional evolution equa-
tions by making use of fixed thecerm and Crandall and pazy’s re-
sult([2]). In this paper, we have obtained the existence of a local limit
solution of (FDE) by the virtue of the limit solution for (FDE) with
fixed functional term in A and Banach contraction principle.

We need the following hypotheses in our subsequent discussion
(H.1) For each (t.4)) € [0,T] x C and 0 < A < Ap,Apw < 1, A(2, %) :
D(A{t,¢)) C X — 2% is w-dissipative in X and R(I — MA(%,9)) = X,
where D{A(t,¥)) is only dependent on ¢. We denote D(A(t,¥)}) =
D(t).

(H.2) There exists a nondecreasing continuous function L : Rt x R* x
R* - R =[0,00) such that

<Y — Y2.T1 — Tg >y

< wllzy — 224" + Ll bl oo mind flaa ;s fl2})
(1= sl + {A(s, 2)2a]) + [lbr — allclllzn — 22l
forall 0 < s <t < T, {z1,;) € A(t, %) and [z, yo} € A(s,%2), where
{A(s, )| = inf{{lyll| ¥ € A(s,92)22}-

(H.3) There exist # > 0 and a nondecreasing continuous function
Ly : Rt — R such that

NGt 91) — G, w2l < BllYr — v2lle,
1G(#, %) — G(s, v}l < Lilfelle)t - si,
for each t.s € [0, T, and ¥, v, ¢, € C.
(H.4) ¢ is a given Lipshitz function with Lipschitz constant Ly on

{—r,0] and ¢(0) € D(A(0, ¢}) for every t € [0, T].
Let

M =max{Ly, 1 + 84||4|lc + |G(0,0)]| + | A0, $)5(0)|}.



Abstract functional differential equations 9

We define a set E by
E={u:[-r,T] - X | u(t) is continuous, u(t) = ¢(¢) for t € [—r,0]
and [[u{t;) — u(t2)ff < Mty — t,] for 4,¢5 € [0, T}}.
Clearly E # ¢ since the function defined by u(t) = ¢(¢t) for t € {—r,0],
and u{t) = ¢(0) for t € [0,T] belongs to E. Moreover, the set E is a

complete metric space with supremum norm.
Modifying Lemma. 2.1 in [11},the basic properties are given by

LEMMA 1.1.
(1) (H.2) is equivalent with
(1.1)
(1 = Awlllzr — 72}
<fier — 22 = Auyn — w2)ll + AL ll s 12ll oo mindla f, (221}
It = si(1+ JA(s, h2)w2]) + 193 — Wallc)
fOI’ aH /\ > 0, 0 S 5 S t S T, [.’B], y1] € A(t,d)l), [Ifg,ygl (S A(S,d)g).
(2) (1.1) imphes
(A4~ Apwifizy — 22| < Allzz = py2 — 24
(1.2)  +elles = Ay — 2l + ApL(finfl s 2]l oo minjlaff, [l22]})
It = s+ [A(s, )2 ]) + Hlyr ~ 2l ]
forall \,p>0,0<s <t <T, [a1,01] € A(t,¢1), [22,%2) € A(5,%,)
and the above ineqaulity implies
(1 = Ay — ulf
(1.3)  <[lws = Ayy —alf + MA(s, v2)@] + AL([[91 |l 192l o, llall)
It = sI(1 + [A(s, ¥2)z2]) + 191 — %2l )
for all A > 0; 0 S. s S t S. T) [3311111] € A(ta'(bl): u € D(A(3>¢'2))

In view of (H.1) and (H.2), D{A(t,%)) is independent of (t,v) for
each (t,%) € [0,T] x C, as in Pavel({11,Remark 5.3]). We denote
D(A(t,%)) = D The dissipativity of A(t,v) and the condition (A.4)
of Kartsatos and Parrott([5]} imply (H.2) when the domain of the sin-
gle valued operator A(t,v) is independent of (t,%)} and X* is uni-
formly convex. (See pavelfl11].) Thus our results can be considered as

a slight extenion of the results of Pavel([10],{11]) and Kartsatos and
Parrott([5]).
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2. Main results

In the following disscussion, we assume that the hypotheses (H.1)-
(H.4) hold. Let v € E be arbitrary but fixed. We first estabilsh the

existence result of a limit solution for a-type
(FDE : ) z'(t) € A(t,u)z(t) + G(t,z¢), t€[0,T], zo=¢.

As in Tanakafl2], we have the following

LEMMA 2.1. Let {t}‘}}’=o be a partition of the interval [0, T, where
G ]%’ j=0,1,---,n Ifn > (w+ B)T, then there exists
{z;’ j=o In X such that forj = 1,2,--- ,n,

n_ .n

(21 ) Z3-1 A" 2™ 4 G, 37T
. ) TG ()7ut;‘)~}+ (113])

where =3 = ¢{0) and
¢(t)7 te [—7‘, 0]

z}(t) =< zp, te(tp l,t;:} for k=1,2,---,3 -1
Z?’ te (t] 1 ]

The function )(t) = z[(t) is said to be an approximate solution of

(FDE:u).
LEMMA 2.2. The sequences {2} } and {f"-l—;-?li} is uniformly bounded.

Proof. . Let wy = max(0,w) and 0 denotes the zero function on C.
Ifte(t7_ 1,7, (1.3) and fjus]lc < ||d|lc + MT imply

(1 = wohn )iz () = (0} = (1 — wohn)llz} — S(0)]]

<l — ha(Z 2~ GU#,(2}))) = SO + hal (0, 6(0))4(0)

+ halt? = OIL(fuer |, 6l (0L + M + |A(0, $)(0)])

< 2y = SO+ halIG(E], 27) — G(E5, 0)

+ hallG(E2, )]l + Al A(0, 6(0))(0)]

£ B TL(6llg + MT, [9llc + MT, [[6(0))(1 + M + [A(0, $)6(0))D)
< ey — O + haBI(E )y — SO, + By
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for 3 = 1,2, - ,n, where

=Bi¢(0)ll + TL1(0) + IG(0, 0} + | A(0, 6(0))(0)|
+ TL{||ollc + MT,{|o(0}||c + MT.[|6(0)[)(1 + M + |A(0, 6)$(0)])

E"(t) . { é(t)! te [_?,7015
T #(0), telo,T].
Iftel-rt; ] then

(1 —wokn)|z7(2) — S(O} < ||27(2) - ¢(0)!! 1(t) — $(0)]

— ¢(OMir,

Nr Nl

where |7 = supse[, 71 ¥(t)]|. Thus we have
(1= w2 — o(O)l7 < 27y — GO)r + hnBYET — S(O)]Ir + hnCy
which yields
[1 = (wo + B)n]llZ} — (07 < |27y — S(O)lI7 + AnCry,
for j =1,2,--- ,n. Applying the above inequality, we get

2|[¢llc +TC,
[1 - (“’0 + 6)}?,1,1" '

If we take (wp + B}k, < %, (1 = (wo + 3)hy)™" < eHwot BT gince
(1—=h)y" < cfor h €0, %). Consequently, there exsits a constant
My = My(¢, T) such that

Iz — ¢(0)lir <

sup  { max [[27||} < Mo,
n>2wo+ /T 05180
where My = 3o +BT (3141~ + CIT)

Now we have a bound for {_z___z-_l} with sinular steps. Precisely,we
note that from {1 3), we have

”21 -

hn

b4 " < 62"""“([1}\»‘[0 +Cr1)
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From (1.1},
(I=wohp)llzy — 24|l
ey = 5y + hal G (e ) — GHET_ (57 e D
+ ha2L(|l¢llc + MT, ||¢|lc + MT, My)

LM M n -
{14+ M+ ||—’-——l-h—m’—2¥l +HGE 1 (7 e DD

il S
<(L+ hoL(l|dllc + MT, {6l + MT. Mo))|[z]_y — 2] off
+ ko [Li{Mo) + L8l + MT, igllc + MT, My)
(14 M + My + Li(0)T + ||G(0,0){)]

/ ¢ lzp — 2
+ ha B max iz — 20yl + Lohn)

Here we used the facts that
1G] (2 e Nl < Mo + Li(0)T + |G(0,0)]
and

1(27)er = (7)o = sup [IZ7(t] +8) — =74 (t]_; + 8)]
o€[—r,0}

7

< . ':l — hn L h
< 12‘?2) (B i1l + Loky

(See Kartsatos and Parrott[6]). Thus we have

1
{1 —(wo + ﬂ)hn];;: X 28 — 28l
1

Sqo e el = 2o haCa) + haCo,

where
Cs =BLo + Li(Mo) + L{|¢llc + MT, |$llc + MT, My)
1+ M+ My + L, (00T + ]fG(O,G)”)

Setting pp, = 1 — (8 + we ), €(0,1), The above inequality implies

p;" v nmo_ o
AL B St

}_‘Z . s ~ -
1+ 1, Co (14 R, Co Y~ lzp ~ 23
< P .
< hyCh E [ o ] + = .

=0
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for 7 =2,3,-,n. It follows that

1 n n
}7-_:1 112'?2} u“’] - "]—l"

i1+ h, ? 14 h,C2 1"
< hnczz[“-‘tﬁ] + [_+_.C_2.} (BM(J +Cl)62wohn
p" n

s=1
_ [ 14+ h,C5

Pn

] (C2T + BMq + Cy e oT,

Since (li’;’}l‘ﬁl)" < e{C2+2wot28)T e conclude that there exist a con-
stant A, such that

sup —_— max z',‘ . z'.‘_ S Ml
O Pt L S ST

where
M, = 6wot1B+CIT g1 4l o 4 [|G(O,0)]] 4 |4(0, $)8(0)] + C3T)

and

C3 =,801 + Cg + Ll(O)
+ (1 4+ M + A0, )OI L(l|¢llc + MT, lislic + MT,{is(Oi).

LEMMA 2.3. Let xi")(t) be an approximate solution of (FDE : u)
withn > 2{ 8 +wo)T. Then there exists a constant My=»M,{(¢,T') such
that for t,s € [—r, T}

(2.3) 2 (2) — 2{V ()] < Mot — 5| + 2Mo .

proof. We define the function

(t) { o(t), te [_]-*0]7
zil = n n n n n n -
<3 +(t_t3—l)(2] _Z]—])/hﬂ* te(t}-']’tj]S.? :1123"'
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Then z,(t) is Lipschitz continuous with constant M; = max{M;, Lg}.
Moreover, since

125() = 2nl)l = 2] — 272y — (¢ =71 )(z7 = 27-0)/ P
= ||(hn — (t = 7_)(2} — 271}/ a]
= (17 = Ol(z7 — 7= 1)/ hall < ha My

fO[‘ t € (t; lvtn],

JelP(#) — =M (s))
<Yz (@) ~ 2]l + llza(t) — za()f + fzals) — 287 ()]
<2Myhy + Myt — 3|

for t,s € [—r,T].

The following gives an important estimate for the difference between
the approximate solutions.
LEMMA 2.4. . Let {z"}"_o and {z*}7L, be so constructed in

LemmaZ2.1 and let :r(")(t) and z (t) be the correspondmg approxi-
mate solutions of (FDE : u). Then there exist constants Cy = C4(¢,T)
and {€n,m }n,men With limy, m—oo €n,m = 0(€n,m > 0) such that

(2.4)

(1 — woln ) (1 — wohm)* |28 =217 € C4Ch s+ E, +jhn(CaCy it +€nm).

fory=0,1,--- ,nand k=0,1,--- ,m, where

1
Cix=(t] — 1) 4 Aot} + bt} 2,

and

B, =8 sup f20(0) 2Ol

=1 t€[~r t’
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Proof. . From (1.1}, we have

hn

(-2l —

h.h z?! — 2"
DL ( G (20)er)

hn + hm hn
_“k h’:k—l -I—G(t:‘,(fk }tin)"
 huhn
+ oo Lleglle: luglle, llz1)
2k — %k m gz
Itn _ tml(]_ -}—M 4 "L_h"..]_“ + ”G(fk ‘,(Zk )tf‘)”),

We set 7,1 = (1 — woha (1 —L‘Jghm)k for k =1,2,--- .m and 3 =
1,2,--- T2 Since ;1 € max(l —wohn,l —wohn) < 1 - h—tnff‘;wo,
we obtain

ryellizy = 28l
hn m hm

S——“hn e rya-1l2) =zl + m"J_l'kllz?"l -zl
(2.5) hphoy,
TZCT[“ + M + M, + Mo + Li(0)T + ||G(0,0)]|)

L(I$llc + MT, gl + MT, Mot} — 1)
FIGEN (0 ) = GE, Gl

By (H.3),{2.3), and lemma 2.1,
IG(t7, 27,47 — GUT, 27 40|
<B S I (8) = S @) + BMalt} — 7| + 28Mahu,
+ E}(-"Wo,)ff;' ~ '},
and note that

|t; _tx | < |t3 1 "t?’ + by < CJ-LK + hn.
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Set A, r =7,xltz] — z{"ll. By the above estimates and (2.5) imply
(2.6)

hn
Ak SmA;L 1+

hnhm n m
+ (8 sup Il*xf, Wty ~ 20O + CsCr ik + €nym).
hn + hm te[—'f,t;‘}

where

Cs =(1+ M + M, + M, + L, (0)T + || G(0,0)]))
-L(\ldllc + MT, || d||c + MT, My) + fM; + L (M)

and €,y = Cshy + 26M3Am. In the proof of Lemma 2.1, since
(1 = woha)lz] = GO < {27y ~ SO + ha(BMo + C),

for j =1,2,-- [ n, we get

-1

(1—woltn ) [l2] —@(0)]| < hn(BMp+Cy) Z(l—woh CLo(BMy+Cy).

=0

Therefore, the inequality (2.4) is shown to be true for j = 0,1,-- |n
andk = 0, where Cy = max{8M; + C;,Cs} In the same way, we can
show the inequality (2.4) holds for j =0 and k = 0,1.- - ,m. Now let
1<k <mand1l <) <n, and suppose that (2.4) holds for the pairs
(g —1,k)and (3,k — 1). Since

ha [
ot

{2.6) implies (2.4)

~C,_+<C.;,
ho + by LR =

We now prove a convergence theorem for differenceapproximations

relative to (FDE : u).

THEOREM 2.5. There exists a limit solution x,{t) of (FDE : u) on
[, T} for fixed v € E. Moreover, z,(t) is Lipschitz continuous with
Lipschitz constant M, on {—r,T).

Proof. We assume that 12 and m are sufficiently large so that n,m >
Awp + P)T . Let {t;‘};;o and {t'}_, be two arbitrary partitions of
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[O’T], where t';' = jhy ZJ%,J =0,1,---,n, t;' = kh, = k%, k=
0,1,---,m. Let t € (¢7_,, 7] N (¢ |, t7]. By the virtue of lemma 2.4,
we have
B2l () — 2O = 2] - 22|
< e “TCH(hp + B )’ + (hn + Bm)T}?
J
+8° sup [|2{M(t) — 20 (1)) o

I=1 fe[—f‘,l;‘l

by
+ T{C{(hn + b ) + (hn + b )T} + €n.m )]

since —h,, <[t} — it = (7 — ) = (tF —t) £ h,. We now define the
functions

Fomir)=d 0 770
T =
" sup,eqrer 1240 (s) — 2 ($), 7 € (F o 71U = 1o

Then we obtain that

(2.8)  Fam(r)< sup ||J2{M(s) = 2l™6)|| + 4Mohy + 2Moby

s€[—r,1]

for 7 € {0, 7). Indeed, let 7 € (t7,,t]], note that
(2.9)

Fom(r) =max{ sup [2{V(s)=a{™(s)ll, sup [l (s)=zi™()]]}.

s€[—r.7] s€[r,t7]

Let s € {r,t}]. By {2.3), we get

lel () = e
< Jal(r) = 2]+ 2l = 2D+ [2s) — 2]

< sup 2l (s) = 2™ + 2Ma|s — 7| 4 2Mo(hn + i)
.!E{vr,r}

< sup  [J2(s) - 2V ()| + 4Mahy + 20k,
s€[—r.r]
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Combining this with (2.9),we have(2.8). Now, by (2.8),

J
B> sup [eV(s) — UM — )

i=1 86[-T,t?]

J t} t
=3) / Fom(r)dr <8 ] Fom(7)d7 + 2My b,
=1 tJn—l 0
¢

<B [ sup |2l™(s)— ™ (s)|ldr + (4Mhy + 2Moh )BT + 2My 8
0 s€[—r,7]

From({2.7) and the above inequality,
t

4() = 2O < b+ 878 | sup o) - 2™ (s)dr,
0 sg|—r.7

where

bnm =X TIC Ay + hm)’ + (Bn + b )T}

i
4+ T{Cy(hn + hn)* + (h + )T} + €nm)}
+ (4Myhy, + 2Maha )BT + 2Mo Bl

We actually get that

t
sup ||z (s)—2{™(s)) S5n,m+.364“’°T/ sup [z (s)—2 ™ (s)
s€[—r¢ 0 s€[—r,7]

for t € [0, T} which implies that xsln)(t) converges to a function z,(t)
uniformly on [—r,7T]. Finally, by (2.3), z,(t) is Lipschitz continuous
on [—r,T] with Lipschitz constant M,.

Now we show the relation between the limit solutions of (FDE : u)
and (FDE : v) for u,v € E. From this result, we finally have the
existence of a limit solution for ( FDFE).
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THEOREM 2 6. Let z,(t) and x,(t) be the limit solutions of (FDE :
u) and (FDE : v), respectively. Then
(2.10)
||$u(f) — zo{E)|

< glhen® (Ill’u(i) —z(t)| + TL((|¢llc + MT. ||¢lic + MT, Mo)||w - v|ir

+ / < Gm(zu)g) — G0, (xo)g)s 2uln) — Tu(n) >4 d??)

for0<t<t<T
Proof. Let (%) be an approximate solution for z,(f) such that

AL

...1 ¥ n —1 .
ﬁ € A(t], up )2y + G, (27 )en), 1=1,2,---,n

zo = ¢ on [—r,0}, t§ =0, 2§ = ¢(0), b, =17 — 17, (wo + B)hn < 1,
j?(t): 37?, tE(tl l’ ] I:]'*"'a]_l’
‘T?v te(tj 1 ],

and imp_oo Zn(t) = z4(t) on [-r,T}. Also, we have an approximate
solution z[1(t) for ,(t) such that

27—z
ﬁ’_——t:‘_ € At vep )z + GUET, (2 ey ),
-1
k=1,2,---,m, xo = ¢on[—r0], t& =0, 25 = ¢(0), (wo+B8)hm < 3,
hm =130 — 131,

¢(0)$ te {—T',O],
AW =94  teli. ], =12 k-1
213’11 te(tk 13T]s

and My, oo 57t} = 74(t) on [=r,T). Let & € (0,%). and assume
that n and m are sufficiently large so that max{h,,hm} < 6. Then
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there 1s a constant Cy such that

(1~ wohn) "P(1 — wohm ) ™42} — 27|

< e ~ 2™ + Co ,;+Z§"h +Z$‘“h

w=p 1=q
+ 7ha{(87p(T) + Co )(Cy ke + Ity — 271} + p(28) + Cohn
+ L{||¢lic + MT, |¢llc -+ MT, M)l ~ vl1},

(2.11)

forg=p, -, k=¢, - ,mp=0,1,--+ ;ng=0,1,--- ,m,where

Co =(1 + M + M; + 28Mo + 2TL(0) + 2)|G(0,0)])
(14 L(||¢llc + MT,|¢llc + MT, My)).

Here the symmbols used above are defined by

1
2

CJJ\' = {((t? - t;) - (5 - t;n)}Q + (t? - t;)hn + (¢ — t;n)hm}
F T =) = O =)+ (] = ) + (I — 17 Dhm },

6? =< G(tfa (3—‘; )t;‘) - G(t;la (‘?:v)t;' )s 3'?' - lv(t_’;) >/\’
Sm m 2 m m
8¢ = NGET, (e ) = GUE, (wodep )l + Sz’ = 28I

2
o) = sup (GG (wa)r) = Gr (o)l + Tllae(r) = 2ol

{r—r]<

and < y,& >x= A7 '(Jle + Ayl = lizl), for A > 0 In fact, we let
g =hpyhn/(h, + hy) and choose 0 < A < 1. Since

In — ..ﬂ_ " n zﬂ? — m_ " o
;r;' - zp = JA(—Jh—“ - G(t]. (3] )1;‘) — “Ll'l'—*l' + G(t1', (2 )i;"))
Ah Ao
=il — X ﬂ_zrfl 0 n_zm. _m
{ ) = =)+ 5 +hm(a, Pe) + ™ +hm (x5 —2)

+ UA(G(t;',(f;’):;) -G, (2 ) }) ;
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(1.1) implies
(1 = oo X)(1 = M = = + (1= woo DA — 2]
= (1 —wooA)||z} — 2"}

<L~ A)a? — =) + ax(G(t;’, (@)~ GUT, ()ep )) i

M Mmoo
h + h ” zk 1“ + 77— hn + B "%—1 2k “
oAL(lueplle, lloep llo, |20 DT — 681 + JAGT v )22 ) + llug —veplle

and then dividing this by A, we have
(2.12)
(1-— woa)H:c;‘ -z

1
< ZU? = =) + 06(G(E7, (25)g ) = GUT, (e — N2 = 271D
i
iy — il +

h T B e LA
+oL{lillc + MT, [glic + MT, My)
(187 — 810+ AQT v )2l D) + ey = vl

where £ = A/(1 - A). Weset A, =7, xfjz} — 2f"||. Dividing (2.12) by
1 —wpo and A — 0+ in (2.12), we obtain

(2.13)
A <_ili_A _]____E_A
)ak—hn+h nk—1 h +’m =1,k
hnh —n m ¢ -m n m
+h_1_)_ G(t7, (27 ) ) — G (B g )y 27 — 2" >

+ L{li¢llc + MT iglic + MT, Mo)[{Cy—1i + |t — 7] + ha)
(T4 M+ M, + My + TL(0) + [|GO,0|]) + [l — 2]|7]
Here we used the fact that r, ; < max{l —wph,, 1 —wh,} <1 —w,o,
fluer —vipllc

< e —wplle + lugp —vepllc

< M|t} =7+ lu —vlir

S M([(1] —15) — (8 —tg') = ha| + |t — [+ A} + |l — v|7

SM(Cy ke + ity — 17|+ ha} + lu — vilT,
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and
rn

zm
AT v )| < === NG Gl
< My + Mo + TLi(0) + [|G(0,0))).
Noting that < b,a >4 << b0 >3<< d,c > +ib —d|| + ¥[la — <,
<G(7,(27)en ) — GUT, (20 )ep )y 2] — 20 >4
<< G(t?’(jy)t:") - G(t?a(xv)!;‘ ))x? - xv(tn) >
FNGEE, (Z)ep) — GAT (o) M + HGET s (z0)epr ) — G (20) e )
2 2
2l 2P + e = 2]
Since
p(lty — ) < 67 p(TY(t] — 7| = ha) + p(26)
<ETP(THC -1k + 165 — 71) + p(26),
(2.13) 1s written as follows
(2.14)

4 hn P

2k S m%k 1+ e
PR (58 6  (Co+ 67 pT)Cpm e+ e — 1)
+ p(28) + Cshn + L{||$|lc + MT,||¢llc + MT, Mo)||u — |7}
At this moment, by (1.3)
(1 —woha)llzy — zp|
<llz7-1 = 23l + ha(BMo + TLy (0) + | G(0,0)]]) + hni Aty uep )yt
+ L(|[¢llc + MT,||éllc + MT, Mo)}(1+ M + |A(t;, ueg )z DIE; — t5[R
which yields

(1~ wohn Y "Plla — 2]

AJ—l,k

7 7
< S Cohat Y Colt? —thlhn < Co(lth —t2] + |t] — t517)
=p+1 t=p+1

< CSCJ,k
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Thus
(1~ wohe 7P|z} — 27|l < flzp ~ 27| + (1 — wolta )’ 7P|z} — ||

< GGy + llzy — 2|l

for 3 = p,--- ,n. This implies that (2.11) holds for p < 37 < n and
k = ¢.In the same way,{2.11)holds for ; = p and ¢ < k < m. Next,let
p+1< ) <nand ¢g+1 <k <mand suppose that (2.11) holds for the
pair (7 —1,k) and (7, % — 1). Since (2.14) and

hn C hm
hn + hvn J’k_l + hn + hnl

it turns out that (2.11) holds for the fair {j, k). Hence, we conclude

(214) holdsforp< j<nand ¢< k < m. Lett € (t]’,‘_i,t;}ﬂ(t;"_l,t;“

and t € (¢, 17" ] N (t7_;,t]]. Letting n,m — oo in (2.11),

iz (t) — &v({)u

C)-——l,k S C},k?

J
<exp(dwoT)[flzu(t) — 24(t)]| + lim sup > 1A,
(2.15) . =P
+ lim supZé," "ha + Tp(26)

n—od
1=q

+TL(li¢llc + MT,[[¢lic + MT, Mo}l — v]|7].

Since

{
lim 03:,,5:'}% = ] < G(n~(‘rn)u} - G(’?1(33v)u)~l'u(7?) - 10(7?) > dy
t

n—00

and lim, — o af":qb":" =0, let 8 | 0in (2 15), we have

“lu(z) - lv(t—)“
< exp{dwo T){||vu(t) — zo(DITL(|[lic + MT,|[¢llc + MT, Mo)||w — vliT

;
-i~/; < G(n.(xu)y) — G0, (20)y), () — zu(n) >,dyl.

By letting A | 0 for the above inequality, we finally have the desired
inequality.
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THEORM 2.7. There exists Ty € (0, T such that (FDE) has a limit
solution On {0, T }.

Proof. Let Ty € (0,T] be sufficiently small so that
Ty expldwo Ty + BT expldwo T L{{{dllc + M Ty, ||lic + M Ty, Mo) < 1
and M; < M. Then by (2.10)and(H.3),

fu(t) — zu(t)]
< e®NTL(iiglc + MT||¢llc + MT, Mo)|ju — v||7

+ [ 166 za) = Gzl
O

< glweT) [TL(lld)ﬂc +MT, |¢llc + MT, My)lju — vlir

y ] Iz )y — (@ o)altcdn]-

for t € [0,T1]. Thus we have

sup ||z (t) — ()]
s€f—~rt]

<TiL(fgllc + MTy, ||4]lc + MTy, Mo)e* ™) ||lu — v||,

+ 8T [ sup[(za)(o) = (@)

"e[_rt’?}

for each t € [0,T1). Consequently, ||z, — z,||1, < [|v — v|l7, .Moreover,
the limit solution z,(t) of (FDE : u) satisfies

lzu(?) = zu(s)f] < Mjt — 5| < M|t — 5|

for t,s € [-r.T}] and v € E. Therefore r, € E for all «u € E. If we
define an operator S : £ — E by u +— z,, where z,(t) is the limit
solution of (FFDE : u). then § is a strictly contraction on a complete

metric space E. By the Banach fixed point theorem, there is a unique
fixed point of S in E, say 2(t) for £ € [—r,T;). Then such z(?) is a
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limit solution of (F DE) which is Lipschitz continuous with Lipschitz
constant M.

REMARK. It is obvious from the proof of the above theorems that
the interval {0,7) can be replaced by [T, T]. Then the solution z(#)
of(FDE)exists beyind T. With this processing, we may have the ex-
istence of a maximal interval of existence of solutions of (FDE) on
[0,7). Furthermore, using the result of Theorem 2.6 we can obtain
the uniqueness of the solutions of (FDE) with the concept of integral
solution defined by Benilan as in Ha,Shin and Jin [3]
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