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ON THE VALUES OF p—ADIC
¢g—L—FUNCTIONS*

HaN Sooc KiM AND TAEKYUN KM

Throughout this paper Q, C, Q, and C, will respectively denote
the field of rational numbers, the complex number field, the field of
p—adic rational numbers and the completion of the algebraic closure of
Q.

Let v, be the normalized exponential valuation of C, with |p|, =
p~?(?) = p~1 When one talks of g—extension, ¢ is variously considered
as an indeterminate, a complex number ¢ € C, or p—adic number ¢ €
C,. If ¢ € C, one normally assumes [¢| < 1. If ¢ € Cp, one normally

—
= I — axn -
assumes |¢ — 1|, < p~ 77, so that ¢* =exp(zlog, g} for Iz}, < 1. In

the complex case, Carlitz’s g-Bernoulli numbers 3¢ = f(g) can be
determined inductively by

1 He=1

ol E_ gk _
fo=tatas+ 0t gt =f

with the usual convention of replacing 3* by 3,.
The g-Bernoulli polynomials are defined by

Br(z 1 q) = (¢"B + [2])F,

where [z] = [z : ¢] = _11_—:95‘. If ¢ — 1, we have the usual Bernoulh
numbers and Bernoulli polynomials. Let F(¢) be generating function

of Bi(q):
Fq(t) = eﬁ(q)‘ = z ,3;:(9')?.
k=0
Then this is the unique solution of the following g-difference equation:

Fit) = qe'Fy(qt) + 1 —q—t.
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In {4], Koblitz constructed a g-analogue of the p—adic L-{function L, 4(s, x)
which interpolates the g-Bermoulli numbers. In section 2, we shall
investigate the relation between Carlitz’s ¢—Bernoulli numbers and ¢-
Euler numbers. In section 3 and section 4, we study the valuesat s =1

of the p-adic g-interpolation function I, ;(u,s : x) for generalized g~
Euler numbers constructed by Satoh [6]. From the relation between
Loglu,s  2) and Ly 4(s,x), we calculate the values of Ly q(s,x) at
positive integers.

1. On g~analogue of L—functions

For a primitive Dirichlet character y with conductor f, the general-
ized ¢—Bernoulli numbers ;. ,(g¢) are defined by

By =11 x(a)q“ﬂk(%,qf ).
a=1

If ¥ = 1, then we have

q fk=0
Brx(@)=a,8:(L;q) =< —gbr(q) ifk=1
Be{q) fk>1

This is easily proved [3].
In 1], the g~L-functions are constructed by

Ls) = ha-n Y X 4 Y LX)
n=} n=1

s — n

for s € C.
Thus we see that

L1~ k,x) = ~Pox

for any positive integer k.
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Let u be complex numbers with |u| > 1. Then Carlitz’s the g—Euler

numbers Hy(u,¢) and the g-Euler polynomials H(u,x : ¢) are defined
inductively by

Ho(u,q) = 1,(¢H + 1)* ~uH(u,7:¢) =0 for k>1

with the usual convention of replacing H* by Hy(u,q) and Hi(u,z :
q) = (¢ H + [z])* for k > 0.

Since the generalized Carlitz’s ¢g-Euler numbers Hy ,(u,q) are de-
fined by

Hy \(u.q) = [f]‘zqu “x(a)Hi(v, < - ¢f)

for k > 0.
In [6], the complex function l,{u, s : x)} is constructed by

<

l{u,s:x) = Z u " x(n)[n}*

n=1

for ¢ € C. This function interpolate the ¢—Euler numbers as follows

[5]: ,
l(u,—k:x)= i?_—lHk'x(u,q).

Now we shall investigate the relation between Carlitz’s ¢—Bernoulli
numbers and g-Euler numbers. We take d as an element of positive
integer with (d, fp) = 1 and x(d) # 1. Let (s be primitive d-th root
of unity, then we have

a—-1 o qa (ﬂ.) d—1

Y oL@ s i)=Y : [2]3 i

=1 n=1 j=1
_ f: ¢"x(n) i g"x(n) dilcm
A O R Y St
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Thus we have

—l}Ziq({q s -1 \)~Zz«qedr

1=1
D e oG dnro
2—s g \(n) —et1 g " x{m]
=2 1) @) -1 Y A
‘5___1 T; {n] [d] (q )}:{ qd}‘, 1
= ¢"x{(n) _ — ¢*"\(n)
A Ad i d 3 AT
+nz=:l In}® 197 x )'; [n:q9)®
oo qd?lxtn) > qd'!,\,(n}
= Ly{s. vy —did~ \(d) Z[ Zw}
n=1

= Lqi"? AL — dlCI]-SX(d)qu(é. 192

Weset s =1—-Fkfor & >1.

L,,§1~I.,\;—d[d"‘ X)L a{t ~ koy)

1+% - .
= (- 1)Zlq(<q<§r1.—k )
=1
d—1
= IS 1 = k).
=1

Thus we obtann the following

LeviMA Y For b € Z with | > 1.

N dk‘\{(j !
A.

14k ~ 1
= —lg= 1)) —————Hy (417 )

P d
- dirdj&—l,\!d}ijl.\g(q )
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2. On p—adic ¢—L—functions

In this section, we assurne that ¢ is an element of C, with [1 —¢|, <

p_'i'i"'l'. Let u be an element of C, with [1 — u|, > 1. Then the Euler
measure is defined on Z, by

n

P —u

Eu(a'l'pnzl’) = 1—uwr"

fora € Z with0 < a < p" —1and n > 0. Let f be a positive integer.
We denote

X =lm(Z/ fp~ Z).
~
X* = L! a+ fpZ,.

0<a<fp
(Gai’)=l

a+ f}i)NZp ={z € X|z = a (mod pr)},

where a € Z lies in 0 < a < fp?.
Note that the natural map

2/ foNZ - Z/pNZ

mduces

. X - Z,

I ¢ is a function on Z,. we denote by the same ¢ the function go 7 on
X Namely we consider ¢ as a function on X {2],[3].

We can express the g-Buler numbers as an integral over X, by using
the measure F, . that 1s.

/, \(J‘)[J,‘]&dEu(r) =

X

imar Hen(u,q) if x #1

o Hi(u,g) i x=1
Let w denote the Teichmiiller character mod p( if p = 2, mod 4).
For2 € X*, weset < ¢ >=< z:¢ >= L Note that | < z > —1, <

w(zy”
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p_P_i_‘, < z >? is defined by exp(slog, <z >) for |s;, < 1. In [6], an
interpolation function I, 4(u, s : x) for g-Euler numbers is defined by

lpolu,s:x)= jx* <z > x{(x)dEy(r)

for s € Z,.
It is known in {6] that

lp,gu, —k: xw*)
! *x(p .
T 1- u;Hk,x(us‘I) - %}Hk,x(up,qp) if x#1L
We define the operator x¥ = x¥* on f(g) by x*f(¢) = w]*™* x(v)
. !0

f(q"), and we define multiplication of these symbols by x¥x¥ = y>*¢
Xy,k.q — Xzy.

Koblitz constructed a p-adic ¢—L-function, for arbitrary fixed a €
X™, as follows:

1
Lpa(1 = kyx) = =2 (1 = x2)(1 -

where xx = xw ¥(z).
Now we refine the above result

Lpo(1 ~ F, xw")

= — 2 (Beld) ~ P X D)Brle?) ~ SIS B (a)

+ <121 D) BinlaB)).

Here we shall investigate the relation between I, ,(u,s : x)} and
Lyo(3,x). Weset 1 =d.

Ly q(1 ~ k, xw*)

= “‘%(ﬂk,x(‘i’) = 1" () Brald”) — dld]* " x(d)Br,x(a?))
+ dlpd]* " x(pd)Br x (¢*)

= %h’]kﬂx(?)(ﬁk,x(q") — d[d - ¢"}* " x(d)Br 1 (¢"))

= T Bx@) ~ dd X )i x(g).

1 1
EX: )ﬂk'xk’



ON THE VALUES OF p-ADIC ¢-L-FUNCTIONS* 61

By using Lemma 1, we have

Ly (1— k,xwk)

14k 2 He (@) e P e (@) eP)
= ————— -1 —_
;4 );( (¢¢3) 1 -1 (g¢H~4 -1 )
I E LR (Tt B e (L. SO it 0}
= (@G-t (¢ -1
k d—1 ’
=1 D3 hallac)™ ke xeh
d—1
+ Z lpo((gC3) ™11 — k2 xw¥)
=1
1+ k d-1 ‘
- __Z_(q - 1);])@ x(@)al dE ) ()

d—1
+Z/X‘ x(@)e) T E ooy (2)-
=1

Since we see that |1 — (7'}, = 1 for {d, fp) =1 in [35].
Therefore we obtain the following

PROPOSITION 1.. For any positive integer k, we have

Lf’,q(l —k, X"-’k)

1+ k & .
= "—:“(q - anx, x(@)[2} dE -1 ()

d—1
(2)[z]F ! 11l 2).
3 [ X@alt B g -1 (2)

For y a primitive Dirichlet character mod f, (s a fixed primitive
f-th root of unity, 7(x) = > x(7){}, € # 1 a d-th root of unity, and
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(d, fp) = 1, we have for any continuous f : X* — C, [5}

7(z) _
[ K@@ = L2 5 x0) [ e o)

f 0<al f
Let f(2) = [2]* and e = (;'. Thus we have
Lp o1 ~ &, xw*)

14k i
= G- [ x(@)el i g (2)
=1

d—1
3 [ X@FE g (@)
=1

14k i, .
= _(_“%:_"(q_ I)T(x) Z X(a)ZL'[x]kdEc;‘*(qci)-l(x))

f 0<a< f =1
7{z) - = £—1
+ T2 3 @Y [ B gy (o)
0<a<f yj=1vX"

PROPOSITION 2.. For any positive integer k,

L, (1 =k, xw®)

kT s S
Fre-nTE Y sty JER )
7{z) c(a & SLE

L K@ [ B g o

3. The value at s =1 of [, ,((;',s: )
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lpq(2,5 : X) is constructed in [6]. In particular we take u = (7.

Then
l,,,q(gl.i % xw")
= [z] k (x)dE _1(3,)

“ ) x(m/ [o# " E s o (2).

e<a< f

Thus we have

V(SRR )"——‘ Z Ma [L]" ldE -t -q.b)
0<a<f

Now we define the function logg,; as follows:

)
Y 1 - )~ —
I.Og{m\.. Ti= .

It 1s easily proved in (5] that

/ —dB 1 -a(a)
v
om0 = GG + o8y (1 = (77

Therefore we obtain the following

THEOREM 1. Fory a primitive Dinchlet { mod f), (¢ a fixed prim-
itive f-th root of unity, 7{x) = Zx(j)ﬁ}, Ca # 1 a d-th root of unity,
and (d, fp) = 1, we have

Lot 1 x)

- ) > xla)—logy (1~ ;‘(}“Hf—log;p.q»;(l—(C;‘CI“)”))-
f el

8<a<f

In particular
t}{}}} lp,q((‘;l; 1? \) = IP(CEI Al 17 \)
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