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THE EIGENVALUE ESTIMATE ON A
COMPACT RIEMANNIAN MANIFOLD

BaANG OK KIM anD KwoN Wook KiMm

1. Introduction

We will estimate the lower bound of the first nonzero Neumann
and Dirichlet eigenvalue of Laplacian equation on compact Riemannian
manifold A with boundary. In case that the houndary of M has posi-
tive second fundamental form elements, Li-Yau[3] gave the lower bound
of the first nonzero neumann eigenvalue 5. In case that the second fun-
damental form elements of M is bounded below by negative constant,
Roger Chen[4] investigated the lower bound of 7. In [1]. [2]. we ob-
tained the lower bound of the first nonzero Neumann eigenvalue my and
Dirichlet eigenvalue A} under the condition of [4]. In this paper, the
lower bound of the first nonzero Neumann eigenvalue is estimated under
the condition that the second fundamental form clements of boundary
is bounded below by zero. Morcover, I realize that “ the interior rolling
¢ — ball condition " is not necessary when the first Dirichlet eigenvalue
was estimated in [1].

THEOREM 1. Let M be an n-dimensional compact Riemannian man-
ifold with boundary OM. Let R and A be positive constants such that
the Ricei curvature of M is bounded below b —R, the sectional cur-
vature of M is bounded above by A, the sccond fundamental form
elements of OM is bounded below by zero.

If u 15 a solution of the equation

Au+mu=0m M
Qu

—é—; = ( on OM,
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where v 1s the unit outward normal vector to M. Then

1+ V1+2(n—1)d’R

"= (n—1)d? exp(—(1 + /1 +2(n — 1)d?R)),

where d is the diameter of M.

Proof. Let ¢m(r) be a nonnegative C*-function cefined on [0, o)
such that, for ¢ < ﬁ—/—l— and any positive integer m,

i) = { TEm(efaay forele
1

2m 7‘6[5’00)

Define ¢m(z) = ¥m(r(x)), where r(z) denotes the distance function
from boundary M to z € M. For 3 > sup u, we define the auxiliary
function

Vuf?
(B —wu)?
By the compactness of M, there is a point zp € M such that Gnn(z)
achives its supremum. Suppose that ¢ is a boundary point of 9M. At
zo, we may choose an orthonormal frame field e;,es, ..., e, such that
€n = —3‘9—", where % 1s the unit outward normal vector. Then we have

Gm(z)=(1+ ¢m)? on M.

2
0<8G (10):_1 [Vu|” 1T

v 2(B-u)?m <0

which is a contradiction. Therefore z¢ has to be an interior point of M.

From the fact that AG.n(z0) < 0 and VG m(zo) = (t, we obtain that
(1)

1
03(
—

_ 2 _ 2 2 —
a )1177,(370)2_ {(2n 3)? + a®(10n ]1)(1+ém?'%lv¢mlz

16a2(n — 1)
21+ ¢m) P (R+m) + ’““(1+¢m)‘ —%A¢m(1+¢m)-%}cm(mo>

2(1 + ¢ )niu? i
—_——(ﬂ——up(n-l)‘ for 0<a< —.

&.

If r(x9) > ¢, then Ag,(z9) = 0.

20



The eigenvalue estimate on a compact Riemannian manifold

If r(20) < ¢, then Ar(zo) > (—1)(n — 1)V tan VAe.

Hence we have
1 A
(2) Adm(ro) 2 —— — (n — 1)—\-/—: tan v Ae.
em m
Substituting {2) to (1), we obtain that
(1—a?) 2 28 ¢ € \2
02 ———=Gnlr - T——— ) ] miT
T (n-—-1) Gom(0) C+ 3 —sup u Kl + om/) M (o)
201 + 5= m¥?
(3 —sup u)?(n -1y’

(3)

where
c _(2n =38 +a*(10n - 11) 1
- 16a%(n — 1) m?
+2 ,/1+——-R+——-——\/_ta1 VAe +
2y m "777
We can assume that sup v = 1 and inf u = -k > —1. From (3). we
obtain that
1 1~ a?
> 1+ Blexp{—(1+ B)!.
AT (o p s TP B
where /
_ (n—1)d?
B =4/1 :
\/ t 1—a?
Let

1 1 —a?
VIt (n- 1)d?

Since {a,,} is an increasing scquence and 7; > a, for all positive
integer m, we have that

(14 Blexp(—{1+ Bj).

Uy =
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Let f(a) be the function defined on [0, \—}-;] by

1—a? n — 1)d? D2
m(1+\/l+2'(—f—:a)TR)exp <—-(1+\/1+2(1_a)2 R)) '

Then f(a) is a continuous and decreasing function on [0, %]

Hence D = {f(a)|0 < a < —\—}-5} has the least upper bound
1

m (1 + \/1 + 2(n - 1)d2R)

exp (——(1 +/1+2n— l)dzR)) .
It follows that n; > f(0).

THEOREM 2. Let M be an n-dimensional compact Riemannian man-
ifold with boundary OM. Let R, K, A and H be positive constants such
that the Ricci curvature of M is bounded below by — R, the sectional
curvature of M is bounded above by A, the mean curvature of M is
bounded below by —K and and the second fundamental form elements
of M is bounded below by —H. If u is a solution of the equation

f(0) =

(1.2) Au+Au=0in M
u=0ondM,
where A; is the first Dirichlet eigenvalue. Then
1 (1-a?)
A > 14 B)exp(—(1+ B)),
Y /T 2(n 1)k (n—l)ﬂQ( yexp(~{ )
where
_ (n—1)p* 3
B*{1+ 1—a? C} ’
2 — 3)? + a(10n — 1
c=n-3 “; Q0 = 1Y) 1)K? 4+ 2(1 + KR
a
H+ VAt A
+4(n—- 1)K -1-+(n——1) +\é_"m(6v_) ,
£ l—ﬁtan(a\/A)
1 H
0<a<—, —— tan VAr < 1.
T V3 VA
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and p is the radius of the largest geodesic ball rontained in M.

Proof. Let v(r) be a nonnegative C*-function defined on [0, c0) such
: e c <
that, for A tan vV As < 1,

: —2(n—=1DHR(r—c) +2(n-1Dek if 7‘6[0,6)
$(r) _{ (‘

2(n—1)= ¥ if ré€lz,00)
Define ¢(x) = #(r(x)), where r(z) denotes the distance function
from boundary a.M to x € M. For 2 > sup u, we define the function

1 |Vu
(1+¢)2 —-—l——-—-—l——7 on M.
u)?
Then G has a maximum at an interior point of M. Using the same
method of [1] or theorem 1, we obtain the resut.

G(z)

REMARK. By [5], If \/— tan(evA) < 1. we can choose a geodesic
from boundary to x{r(x) < £) which has no focal point. Hence the
interior rolling condition in [1] is not necessary.
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