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ON nK-CONFORMAL KILLING TENSOR IN
COSYMPLECTIC MANIFOLD WITH VANISHING
COSYMPLECTIC BOCHNER CURVATURE TENSOR*

JAE-BOK JuN AND UN Kyu 1M

1. Introduction

S. Tachibana [10] has defined a conformal Killing tensor in a n-
dimensional Riemannian manifold M by a skew symmetric tensor uj,
satisfying the equation

Vi + Vi = 2pige; — p3gx: = pkdji.

where g;; is the metric tensor of M, V denotes the covariant derivative
with respect to g;, and p; is a associated covertor field of uj;. In here,
a covector field means a 1-form.

Also, in a Sasakian manifold M with struciure tensor (p;-’. striucture
vector £" and 1-form n,. the following equation is satisfied:

Vi + Vior = = (207 = 1576 = 76V )

where we put 4y = g5, — 90,1, = ¢;E" and g;i being the metric
tensor of M.

In relation to this fact, Eum (3] has defined an y-conformal Killing
tensor by a skew symmetric tensor field u;; satisfying

Vicuzi + Vg = 2pi%k; = pjvee — Py

in normal almost contact manifolds.

On the other hand, S. Yamaguchi {12] has irtroduced a K -conformal
Killing tensor in a Kaehlerian manifold and ol-tained analogous results
to a conformal Killing tensor({11],{12]).
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Recently, in almost contact metric manifolds, one of the authors [4]
has introduced a nK-conformal Killing tensor uj; satisfying the condi-
tion

(*) Viugi + Viuki =2pivk; — pivei — pe7si
+ 3(pidji + pjdri),

where pr = ¢4 p, and proved the following.

THEOREM [4]. If there exists a horizontal tensor field uj; whose
horizontal associated vector field p; satisfying the condition (*) which
takes any preassigned skew symmetric value at any point of a n(> 3)-
dimensional cosymplectic manifold M, then M has a vanishing cosym-
plectic Bochner curvature tensor.

We call p; in the above theorem, the associated vector of uj;, and if
pj vanishes identically, then u;; becomes a Killing onc.

The purpose of this paper is to find the existence of a n K -conformal
Killing tensor in a cosymplectic manifold and investigate some geomet-
ric properties of the manifold with 5K -conformal Killing tensor.

2. Cosymplectic manifolds

Let M be an (2n+1)-dimensional differentiable manifold of class C>
covered by a system of coordinate neighborhoods {L" : z"} in which
there are given a tensor field ¢! of type (1,1), a vector field ¢* and
1-form 7; satisfying

(2.1) Bipf = —6F +n;€", NI =0, nigh =0, n =1,

where, here and in the sequel, the indices h,1,7,... run over the range
{1,2,3,...,2n+1}. Such a set of a tensor field ¢ of type (1,1), a vector
field ¢ and 1-form 7 is called an almost contact structure and a manifold
with such a structure an almost contact manifold.

If, in an almost contact manifold, there is given a positive definite
Riemannian metric tensor gj; satisfying

(2.2) 9Bt = vii, M = gin®,
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where 7}' = g™y, then the almost contact manifold is called an almost
contact metric manifold. By virtue of the last equation of (2.2}, we shall
write n* in stead of £ in the sequel. An almost contact metric manifold
M with an almost contact metric structure (g"')j", n*, 7;,95:) 1s called an
almost cosymplectic manifold if 2-form ® = ¢;;dr? A dz' and 1form
w = n;dr? are both closed, that is, d® = 0 and dw = 0.

If the structure ('(,65-', nt.n;) satisfies Nt (9 i~ Do, " = 0, where
]V'jih 1$ the Nijenhuis tensor formed with qb;-', then the structure is said
to be normal.

A normal almost cosymplectic manifold is seid to be a cosymplectic
mantfold. It is well known that the cosymplectic structure is charac-
terized by the following ([1]):

Viow =0 and V;n, = 0.

We denote by Rk]-,'" the curvature tensor in a cosymplectic manifold
M. It is well known that Rk_,,"' and Ryjin = Riji%gan satisty

(2.4) VaRiji" = ViR — ViR,

(2.5) 9V, RY = ViR,

where Rj; and R are the Riccl tensor and the scalar curvature of A
respectively.

By the Ricci identities and {2.3), the following identities are well
known :

(2.6) Riji®ne =0, Rjna =0,

(27)  Raju"¢i" = Ripn = 0. R + Riju“oioy =0,
(2.8) Riyin — Rijsadidy = 0,

(2.9) Rioh — Ri¢Y =0, Ryt + Ria¢? = 0.

We define H by

(2.10) 2H! = Ryt o
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where qSkj = gk“qﬁg. Then H;p, = HPgqp is given by

(2.11) 2Hip = —Rosind® = —Rinasd™®.
Taking account of (2.6) and (2.11), we can find
(2.12) Hi; =—Hji, Hin®=0.
From the first Bianchi’s identity and (2.11), we obtain
(2.13) Hip = Roins0™”.
We have from (2.6), (2.8) and (2.13)
(2.14) Hji = ¢7Rai, Rji = Hjudi,
and from which
(2.15) R:Hui + R{H,; = 0.

Taking account of the second Bianchi’s identity, we get, from (2.11)
that

(2.16) ViHi, + ViHp; + Vi Hj; =0,
and from (2.4) and (2.5),
(2.17) OV, HE = (V.R)¢¢.

Differentiating covariantly the second equation of {2.14) and making

use of (2.6) and (2.9), we find

(2.18) ¢Z(VJ~HM — V,’Hja) = V]-R,-k — ViRjk,
and from (2.12), (2.16) and (2.18),
(2.19) PrVaHji = ViR — V;Rix.

If we denote by 8(7) the Lie derivation with respect to the vector
field ", we have formally 8(n)g;i = 0 with the help of (2.6). From
this result, we get using formulae on Lie derivations, 8(n)Ri;i" = 0,

8(n)R;i = 0 and 6(n)R = 0. Therefore we have

(2.20) “VeRe;:" =0,

(2.21) N°VaR;; = 0,

(2.22) N"VaR = 0.

Taking account of (2.12), (2.14), and (2.21), we obtain
(2.23) 0"V Hyi, = 0.
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3. Cosymplectic Bochner curvature tensor

In this section, we introduce the so-called cosymplectic Bochner cur-
vature tensor ([2]) defined by

(31) Bk‘jl‘h = I?k"‘ih + '7;,ij: - -)/)}'Lkz - L]\’\ [ J Yhki Ok 7\[]2

FMP i — ST Myi — My — 2 Mijel + o, M.

where we put

(3.2) L, = __mlnj, - I(}%IIT’?‘]* I' = g" L, and
(3.3) My = ~Ly¢t. M =g"" M.
From (2.21). {2.22) and (3.2}, we have
(3.4) n'Nal,i=0.
From (2.5) and (3.2), we can easily obtain
(3.5) ViLi = g ?”];V(I}Jr 57V R
Substituting (2.14) into (3.3). we find
1 R

(36) A/[]l e ——————-——-—H]z ,+4

; ‘ Ojis
2n +2) 8+ 1n+2)

and from which

1 , "
VkM,-,- — v]‘f\/fk,' = - m(V};H}'. - "’A)Hki)

(3.7)

| IR R )
f &(n 4+ 1)n + 2)(01 k $riV;R)

Transvecting (3.7) with ¢** and making use of the skew-symmetrics
of Mj; and Hj;, we obtain
{3.8) VoM = ! V.HT 4 ! dIV LR

: LT 42y T T 8+ ) 42y e
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By virtue of (2.17), the euation (3.8) is reduced to
2n+1
8(n+1)(n+2)
Furthermore, we have from (2.3) and (3.6)
1
2(n+1)

(3.9) Vo M} =

$IV R

(3.10) $xVaMji = — ¢xVaHji

26 VaR.
P ST ) 13y kY

Substituting (2.19) into (3.10), we obtain

1 \
2 e Vot = ViRt

(3.11) ¢r VoM = 50

P

1
+ 8(n+1)(n 1 2) $rdjiValRR.
On the other hand, from (2.3) and (3.1), we have
VaBiji® = VaRi;i® +7iVaLlj — viVaLii + (VoL )y
(3.12) = (VoL{) ki + 95k VaMyi — 65V My,
+ (VoMb — (Vo M} )i
= 2[(VaMiy)f + da(Va M),
Taking account of (2.4), (3.4), (3.5), (3.9) and /3.11), the above

equation (3.12) is reduced to

VaBiji® = —2n[ViLji — VL
(3.13) b n[Vil, Ik +8(n+1)(n+2)

(Skdji — 05 bri — 207 dx;)VaR],

or equivalently

(3.14) VoBiyi® =

n

n-+4+ 2

By,

where we put

1 a a
Bka' = VkRji — VJR]” — m(’)’k’}/“ - 7] Tki

+ Bidii — TPk — 2¢F drj)Va R,

(3.15)
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4. Main theorem

In this section, we assume that M is a (2n -+ 1)-dimensional cosym-
plectic manifold with vanishing cosymplectic Bochner curvature tensor.
First of all, we have from (3.14) that By;; = 0. Thus we obtain, from
(3.15)
1
4(n + 1)
0%k — 2606k, )Va R.

(4.1) ViR;i — VR = (Yevsi = v vki + Pk

Transvecting (4.1) with ¢! and making use of (2.19) and (2.23), we
can find

1
4.2 Hip = =~
(4.2) Valyi A(n+ 1)

+ dﬁi’m - @;')’évk + 2(#51\]'7.2‘ )WVa Rt

(W'EQSM' - '7(, Ok

By interchanging the indices s and j at (4.2) and adding each other.
we have, from (2.22)
1
4.3 V.H, ViH. = ——————(2pi%s: — PeYik
(4.3) jk+ Vi 4(n+1)( PiYsy = PsYik
— PjYsk T 3(¢k]qu + Qﬁ;\‘,V)R)),

where we put ¢V, R = pi.

Since ps = ¢Lpr = —V,R by virtue of (2.22), the equation (4.3) is
rewritten as

1

4(n +1)
— PiYsk + 3(;;)/3(;’)11;' + ?)/j(obsk ))

(4.4) Vel + VHy = — (2p1785 — PsVik
If we put ujx = —4(n+ 1)H;; = —4(n + 1)3] Rep. we have
(4.5) Viswjk + Viusk =2pr7sj — PVt — Pj7sk
+ 3(padjr + Pjdak )

Therefore we can find that —4(n + 1)@’3]?,,‘ 1 a 57N -conformal Killing
tensor field with its associated vector ¢fV,i2. Thus we obtamn the
following.
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THEOREM 4.1. In a (2n + 1)-dimensional cosynplectic manifold
with vanishing cosymplectic Bochner curvature tensor and non-constant
scalar curvature, —4(n+1)¢%Ry; is a nK -conformal Killing tensor field.

COROLLARY 4.2. In a 3-dimensional cosymplectic manifold with
non-constant scalar curvature, —8¢?Rm- is a n K -conformal Killing ten-

sor fleld.

REMARK. Eum(3] has found an example of n-conformal Killing ten-
sor field in a cosymplectic manifold of constant curvature with respect

to Yji-

5. The converse case

In the last section, we consider the converse case of the prior section.
That is, we will investigate how the cosymplectic Bochner curvature
tensor roles when the cosymplectic manifold admits a 5/ -conformal
Killing tensor field.

At first, we suppose that —4(n + 1)of Ry; is a nK-:onformal Killing
tensor field in a (2n 4 1)-dimensional cosymplectic manifold.

Hereafter, we put @i Ra; = Hj;, then from the definition, we have

(5.1) —4(n+ 1)(VieH;i + V;Hi)
= 2pivk; = PRYji — pivki + 3(Prdji + P 0ki),
where pg = (n_-lu_i(’:(n)f’)”k —2V%H t and pr = ¢4pa and i(n)p = n%p,.

If the scalar field i(n)p vanishes identically, then w2 call p, the hor-
1zontal vector field.

In the first place, contracting (5.1) with »* and using (2.1) and (2.23),
we have (i(n)p)y;; = 0. By the way, in [7], we have proved that v;; is
positive definite for any vector X* # (1, X")'. Thus we have

LEMMA 5.1. The associated vector field of a nk -conformal Killing

tensor field —4(n + 1)¢5Rai in a (2n + 1)-dimensional cosymplectic
manifold is horizontal.

Transvecting (5.1) with g’ and taking account of Lemma 5.1, (2.5)
and (2.9), we obtain

(5.2) pr = G4V R.
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Hence we have from (2.22)
(5.3) 5k = ~ViR.

If we substitute (5.2) and (5.3) into {5.1), then it follows that

—4(n+ 1)V Hj, + VjHi)
=207k Val — ¢{7;iVuR — 651 VR — 316, ViR + 04,V R).

Furthermore, making use of (2.14), (2.19), (2.22) and (5.4). the follow-
ing equation holds good:

(5.5) ~4(n+ (ViR - 2V, Rp)
:(Qﬁ‘f’kj@;l - ék‘i@b; + '7]1272- - 3952({5)1' =+ 37’&1(";‘ )vu R.

Interchanging the indices & and 7 at (5.5) and subtracting the resulting
equation from (5.5), we find
=4 3 l @ ra g
('JG) v R -V, Rkj T T (’71\’721 Yi Yk + Qi
4(n + 1)
“(ﬁ'),', ¢k] “‘ 20?@’.1 )va R = 0,

from which, we obtain By, = 0, where we have used (3.15).
Thus we have from (3.14) the following.

THEOREM 5.2. Let M be a (2n + 1)-dimensional cosymplectic man-
old admitting a K -conformal Killing tensor field —4(n + 1) @ Ras.
Then the cosvmplectic Bochner curvature tenscr satisfies the lmuuonu'
condition, that is

vz‘t]-}kjia = {).
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