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EVALUATION SUBGROUPS AND CELLULAR
EXTENSIONS OF CW-COMPLEXES

KEer YounG LEE AND Moo Ha Woo

1. Introduction

D.H.Gottlieb [1, 2] studied the subgroups G (X ) of homotopy groups
7a(X). In [5, 7, 10}, the authors introduced subgroups Gn(X, A) and
GRU X, A) of mo(X) and 7,(X, 4) respectively and showed that they
fit together into a sequence

o Js I¢]
e G(A) 5 Ga(X.A) S GRX, A S
co GRYX A) — Go(A) — Gol X, 4)

where #,, 74 and @ are restrictions of the usual homomorphisms of the
homotopy sequence

1] i, ) N
Dl A) S (X)) D (XL A) e mg(A) — (X)),

This sequence are called the G-sequence of (A, A} in [6,10]. We also
showed it i1s exact when the inclusion ¢ : A4 -» X has a left homo-
topy inverse or is homotopic to a constant. From the G-sequence of a
CW -pair, we defined the w-homology of a C'W -pair and identified the
relation between the w-homology and the exactness of G-sequence of a
CW -pair.

In this paper, we introduce the coucept of a wedge compressible
pair and study its properties, especially the relation between the wedge
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compressibility and w-homology or finite exactness of G-sequences. For
any space and any number k, we construct a k-exact G-sequence. As
its application, we calculate the evaluation subgroups of cellular exten-
sions of some CW-complexes and the generalized evaluation subgroup
of a pair which consists of a CW-complex and its cellular extension.
Finally we show that if the w-homology of a pair is niot trivial then the
homotopy group of a space is not trivial in some dimension.

2. Definitions and notations

In this paper, all spaces are connected C' W-complexes, all topological
pairs are CW-pairs and all subspaces mentioned contain the same base
point as their total spaces. Let [A”] be the subspace of the function
space X which consists of f € X such that f(A) < A. Since [44] is
homeomorphic to A4, we use A instead of [A4]. Let us take s as the
base point of " and zy as the base point of X and its subspaces. We
use the same notation w for the evaluation maps of X and X into
X at the base point z¢ and use ¢ as the inclusion map. And we use X
and X4 as the path-components of the function spaces X~ and X4
containing 1y and ¢ respectively. We leave the base points out of the
notation for the homotopy groups when the simplication will not lead
to confusion. Here we recall the definitions of the evaiuation subgroups
Gn(X),Gn(X, A) of the homotopy group 7»(X) and the relative evalu-
ation subgroups GRe{( X A) of the relative homotopy groups 7,(X, A)
for a CW-pair (X, A4)in [2] , [9] and [6,10]. There are two equivalent
definitions for each of these subgroups.

DEFINITION 1. G, (X) = wae(m (XY, 1)) = {[f] € 7n(X)] 3 map
H: X xI" — X such that [Hlzyxr] = [f] and Hlxxu = 1y for
u € 9I™}[2].

DEFINITION 2. G, (X, A) = w.(m,(X*,7)) = {If] € 7o (X)] 3 map
H : AxI" — X such that [H|,;,xn] = [f] and Hiaxy = i for
u € 91" }[9].

DEFINITION 3. G X, A) = w,ma (X4, A% i) = {[f] € (X, 4)| 3
map H : (X x I", A x 9I") — (X, 4) such that [Hleoxin] = [f] and
H|xyu =1y for u € J" 116, 10].
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These groups fit together into a sequence

L3

an+l

i i | :
L Ga(A) o Gu(X,A) — GENXA) —
a8t
Co GRAX,A) — Go(A) — Gol X, 4)

which are called the G-sequence of (X, A) . We can think of the G-
sequence as a chain complex.

DEFINITION 4. If (X, A) is a CW-pair, the w-homology
HE(X, A) = {HE (X, 4), HEZ (X, A) HE(X, 4) o
of (X, A) is defined to be

HIY (X, A) = Ker g7 Im 3™,
(X, Ay = Ker ot jIm jt,

H (X, 4)= Ker o) /[Im O +1

for n > 0. [6]

3. Finite G-sequences and w-homology

We first define the wedge compressibility aad find some equivalent
conditions to wedge compressility.

DEFINITION 5. A CW-pair (X, A) is said to be k-wedge compressible
if for every positive integer n < k and for every map H 1 A x 5" —
X such that H|axs, = ¢, there exists amap H' : 4 x §" — A such that
H'|Axs, = 14 and t 0 H'|;;xs» is homotopic tc H|;yx s relative to sg.

We say that a CW-pair (X, 4) is wedge compressible if (X, A) 1s k-
wedge compressible for every positive integer k. By definition, if (X,4)
is k-wedge compressible then (X, A) is r-wedge compressible for every
positive integer r < k.
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EXAMPLE 1. If X is contractible, then (X, A) is wedge compressible
for any subspace 4. Let H : AxS™ — X isa map such that H|s.,, = .
Since X is contractible, H is homotopic to ¢,,(the constant map at zy).
Define H' : AxS™ — A by H'(a,s) = a, then 10 H'|,;, xgn is homotopic
to ¢z, and hence is homotopic to Hioxsn.

If we consider the commutative diagram

(A% 14) 5 ma(XA, )
1w, lw*
(A, 20) <5 70 (X, 70)

where i(g) = ig for ¢ € A then the k-wedge compressibility is ex-
plained by the above diagram as follows:

THEOREM 1. A CW-pair (X, A) is k-wedge compressible if and only
if 1o(XA,1) = Imi, + Ker w, for every positive integer n < k.

Proof. Suppose that (X, A) is k-wedge compressible. Let n <k and
[] be any element of 7n(X4,7). Then there is a map H:4x 8" 5 X
given by H(a,s) = h(s)(a). Since H|ax,, = 2, there exists a map
H': AxS™ - 4 such that H'|Axs, = 14 and 1o H'|;, < sn is homotopic
to H|ryxsn relative to sy. Define ' - (8™, 80) — (A4, 14) be a map
given by h'(s)(a) = H'(a,s). Then we have

weliulW]) = i [h) = [i 0 H'lsyesn] = [Hlugx50] = wa ]

This implies that [h] - 7, [A'] belongs to Ker w,. Therefore [A] = 3, [h']+
[g] for some [g] in Ker w,.

Conversely, let H : 4 x S™ — X be a map such that H| ., = i.
Then the adjoint map A : (S, s0) — (X4 4) given by h(s)(a) = H(a, s)
is represented by (h] = i, [h'] + [g] for [B'] € (A%, 14) and lg] €
Ker w,. If we define a map H' : 4 x S — A given by H'(a,s) =
h'(s)(a), then we have H'|4,,, = 14 and

(60 H'lrgxan) = s (1] = i 1] = w.[h] = [H sy 0],
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Thus 10 H'|;, xs» is homotopic to H|;,«xsn relative to sg. Hence (X, A)
is k-wedge compressible.

In Lemma 2[3], it is shown that if X is asplerical, then X is also
aspherical and w, : m1(X*,i) — 71(X, z¢) is a :nonomorphism. There-
fore w, : (X A,4) > 7a(X, 20) is a monomorphism for any positive
integer 7.

COROLLARY 2. Let X be aspherical. A CW -pair (X, A) is k-wedge
compressible if and only if i, : m{A4,i4) — 7, (X 4,1) is surjective for
every positive integer n < k.

COROLLARY 3. Let X be aspherical. If a CW -pair (X, A) is 1-wedge
compressible,then (X, A) 1s wedge compressible.

The following theorem shows a relation between the wedge compress-
ibility and the evaluation subgroups.

THEOREM 4, A CW -pair (X, A) is k-wedge compressible if and only
if 1,(Gn(A)) = Gu(X, A) for every positive integer n < k.

Proof. Suppoqe that { X, A) is k-wedge compressible,

Since 7,{Gn(A)) C Go(X, A), it is sufficient to show that G, (X, A) C
t(Gn(4)). Let [£] € Gal (X,A4). Then there exists amap H : AxS" —
X such that H|ax,, =1 and [Hlz,xsn] = [f]. Since (X, 4) is k-wedge
compressible, there is a map H' : A x S™ — 4 «uch that H'| 144, = 14
and 20 H'|;, xs» 1s homotopic to H|;,x s relative to so. Thus we Lave
L H |roxsn] = [0 H'|sgxsn] = [Hlzyxsn] = [J']. Therefore we obtain
[ﬂ = l*[H, .roxS”] € l*(("n(‘l))

Conversely, let n < & and H : 4 x 8" — X be a map such that
Hlaxs, = i. Then [H|yxsr] € Gu(X,A) = 1,(Gn(A)). Therefore,
there is an element [¢] € G,(A4) such that i,|g] = [H|.,xsn]. Since
[9] € Go(A4), thereis amap H' : A x " — A such that H |4xe, = 1a
and H'|z,xs» 15 homotopic to g relative to sg. Therefore i o H'|;, xsn
is homotopic to H|, «xsn relative to sg and henee (X, A4) is b-wedge
compressible.

By Theorem 4 and the definition of w-homology. we have the follow-
ing corollary.
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COROLLARY 5. If a CW-pair (X, A) is k-wedge compressible, then
the w-homology H3“(X, A) is trivial for every positive integer n < k.

Proof. Let (X, A) be k-wedge compressible. Then by Theorem 4,
1(Gn(A)) = Ga(X,A4). Since i.(Gn(A)) C Ker j, C Ga(X,A), we
have 1,(Gr(A)) = Ker j., where 7, and j,are homomorphisms in the
G-sequence. Thus H9*(X, A) is trivial for every positive integer n < k.

COROLLARY 6. If X is a k-connected space, then (X, A) is k-wedge
compressible for any subspace A of X.

Proof. Since X is k-connected, we have m,(X) = 0 for n < k. This
implies 1,(Gr(A)) = Gn(X,A) = 0 for each n < k. By Theorem 4,
(X, A)is k-wedge compressible.

The following theorem shows that for a given space A and a given
positive integer &, we can construct a proper super space X such that
(X, A) is k-wedge compressible.

THEOREM 7. Let A be a CW-complex and X be an m-cellular ex-
tension of A for m > 1+dimA. Then the pair (X, A) is (m—dimA—1)-
wedge compressible.

Proof. Let n < m —dimA — 1 and H : A x S" — X be the map
such that H|4x,, = i. Then H may be considered us a pair map H :
(AxS™ Axsg)— (X, A). Since me(X, 4) = 0 for & < m (Proposition
16.4,in [4]), A x S™ — A x 3¢ has cells in dimension < m and n < m, there
isamap H' : Ax S™ — A such that 10 H' is homotopic to H relative to
Axsg (Theorem 16.6, in [4]). Let the homotopy F : (A xS" x I, Axsqx
I) — (X, A) be the map such that Flaxsnxo = H, Flaxsnx1 = H' and
Flaxsoxr = H|axse = H'|axs,- Thus H'(a,s9) = H(a.sy) = a and
10 H'|;,xs» is homotopic to H|;,xs» relative to sg by the homotopy
F' = Flyyxsnxr: 8" x I — X. Thus (X, A) is (m — dimA — 1)-wedge
compressible.

By Theorem 7 and Corollary 5, we have the following corollary

COROLLARY 8. Let A be a CW-complex and X be an m-cellular
extension of A for m > 1+ dimA. Then HI¥(X, 4) = 0 for every
n<m-—dmA-1.
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DEFINITION 6. A CW-pair (X, A) is said to Liave k-ezact G-sequence
if the following finite G-sequence is exact;

( - ’ ¢ 1. Rel i
Gr(A) = G(X, 4) — GEI(X 4) —
— Gll'?rl(‘\", A) = Gy(A) — Go(X.A4).

A CW-pair (X, 4) has the exact G-sequen-e if and only if it has
the k-exact G-sequence for every positive integer A If (X, 4) has the
k-exact G-sequence, then it has the n-exact G-sequence for n < k.

THEOREM 9. Suppose (X, A) is a CW-pair vith cells in X — A only
int dimension > k. Then (X, A) is k-wedge corapressible if and only if
(X, A) has the k-exact G-sequence,

Proof. Consider the following finite G-sequence of (X, A4)

GrlA) 5 GR(X, ) 2 Gl x4y -
= G A) = Gu(d) — Co( X A),

If (X, A)1s b-wedge compressible, then 1,(G, (1)) = G,(X, 4) for n <
k. Since (X, A) is a CW-pair with cells in X - 4 only in dimension
> k., we have 7, (X. 4) = 0 for n < k and hence GR‘I( X.A4) = 0. Thus
Ker jo = Gu(X,A) = i,(G,(A)) = Im i,. Morcover, 0 = 0 and i,
is monomorphism in the finite (-sequence, so “he finite G-sequence 1s
exact until G1(X, 4). Finally, we will show the finite G-sequence is
exact at GIU( X, A ). Consider the following ladder

(XY A Ay D
1w 1 wa [w. | w.
ENVENS GRS LI LT G L R ——

then j, and w, are surjective. Therefore j, @ G (X, A) 3 GFX, A)
is surjective and hence the proofl 1s complete.

Go(X,A) by exactness and GRYX, A)y=0fcr 1 <n <k Thus by
Theorem 4, (X, A) 1s &- wedge compressible,
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COROLLARY 10. If (X, A) is a CW-pair with cells /in (X — A)) only
in dimension > k, then w-homology

H:(Xa A) = {H}qlil(XsA)a ;il(‘Y’A) and H:W(XwA)}

is trivial for n < k if and only if (X, A) is k-wedge compressible.
The following two equivalent corollaries follow from Theorem 9.

COROLLARY 11. Let A be a CW-complex and X be an m-cellular
extension of A where m > 1+dimA. Then (X, A) has (m —dimA —1)-
exact G-sequence.

Proof. Since X — A has cells in dimension > m and (X, A4) is (m —
dimA — 1)-wedge compressible, (X, A) has the (m — dimA — 1)-exact
G-sequence by Theorem 9.

COROLLARY 12. Let (X, A) be the pair in Corollary 11. Then the
w-homology

HE(X, A) = (B2, (X, A), H%, (X, A) and HI*(X, A)}

is trivial forn < m — dimA — 1.

DEFINITION 7. A CW-pair (X, A) is k-absolute wadge compressible
if for every subcomplex B of A with the same base point 2y, every
n < k, and every map H : B x §™ — X such that H|pxs, = ¢, there
exists a map H' : B x S™ — A such that H'|gxs, =t and i 0 H'|;, x5~
is homotopic to H|;, xsnrelative tosy.

By definition, if (X, A) is k-absolute wedge compressible, then (X, A)
is k-wedge compressible. A triple (X, A, B) is called a CW-triple if
(X,A), (X,B) and (A, B) are CW-pairs|6].

LeMma 13. Let (X,A,B) be a CW-triple. If (X, A) and (A, D)
are k-absolute wedge compressible, then (X, B) is k-absolute wedge
compressible.

Proof. Let C be a subcomplex of B and H : C' x 5™ — X be a map
such that H|cxs, = 7. Since (X, A) is a k-absolute wege compressible,
there is a map H; : C x S™ — A such that Hy|cxs, = tca : C — A and
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taXx 0 Hy|zoxsn 1s homotopic to H|.,xsn relative to sg. Moreover, since
(A, B) is k-absolute wedge compressible, there is a map Hy : C x S™ —
B such that Hy|cxs, =icp : C — B and igaoHz|z,xs» is homotopic
to Hi|z,xsn relative to so. Now ipx 0 Halzoxs+ = 14x 01340 Ha|zgxsn
and hence is homotopic to i4x 0 Hi|zyxsn. Therefore igx o Holzyxsn
is homotopic to H|,, xs» relative to sq.

THEOREM 14. Let X = A U™ U 2mdimA . hm=-(k=1)dima
for m > 14 dimA. Then (X, 4) is (m — ditnd — 1)-absolute wedge
compressible,

Proof. We can prove that (AU €™, A) is (in — dinA — 1)-absolute
wedge compressible. Moreover, (A U e™ U 2™ ~4™mA 44 e™) is (2 —
dimA) — dim(AUe™) — 1(= m — dimA — 1)-absolute wedge compress-
ible. Thus (A Ue™ U e?m—dmaA 4y g (m —ditn A — 1)- absolute wedge
compressible. By induction on k. (X, 4) is (11 — dimm A — 1) absolute
wedge compressible.

The following corollary follows from Theorer 4, Lemma 13 and The-
orem 14.

COROLLARY 15. Let (X, A) be the pair in Theorem 14. Then the
following equivalent statements hold:

(1) 1(Gr(A)) = Go( X, A) for n < m — dim A — 1,

(2) (X, A) has the (1 — dimA — 1)-exact G -sequence,

(3) the w-homology Hy/ (X, Ay = {HI (X, ), H}S (X, A) and H*
(X, A4)} is trivial for n < m — dimA — 1.

4. Applications

As an application of the results of the preceding section, we calculate
the evaluation subgroups and the generalized evaluation subgroups (or
w-homology) of some pairs which consist of C'W-complexs and their
cellular extensions.

Let 4 be a CW-complex and X be an m-celular extension of A for
m > 14 dimA.
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THEOREM 16. Let X be an m-cellular extension of A and n < m-—
dim A. If G,(A) =0, then G,(X, A) = 0 and hence (G,(X) = 0.

Proof. Since i, : G(A) — Gn(X, A4) is an epimorphism by Theorem
4 and 7. Since Gn(X) C Gu(X,4), Gr(A) = 0 implies Gn(X, 4) =
0 =Gn(X).

COROLLARY 17. G,(S" Uy e™) =0 if n is even ar.d m > 2n.

Proof. By Theorem 5.4 in [2], G,(S™) = 0 if = is even. Thus
Gn(S™ Uy €™) = 0 by Theorem 16.

COROLLARY 18. If CP™ is the n-dimensional complex projective
plane and m > 2n + 3, then G2(CP" U, €™, CP") = 0 and hence
G2(CP"Uq e™)y =0

Proof. By Theorem 3.6 in [5], Go(CP™) = 0 for all ». Thus G(C'P"
Uae™,CP™) = 0 by Theorem 16.

THEOREM 19. If X is an m-cellular extension of a G-space A, then
Gn(X,A) =7a(X) for n < m.

Proof. Since X — A has the only one cell ¢”', we obtain mx(X, A) =
0 for & < m. Thus 7, : 7,(A) — 7,(X) is an epimorphism in the
homotopy sequence of (X, A). Since A is a G-space, we have G,(A) =

(X)) and
Tn(X) = tu(mn(A4)) = 1u(Gn(A)) C Gu(X, A) T ma(X).

Therefore we have G,(X, A) = m,(X).

Since every H-space is a G-space, S* is a G-space if k = 1,3,7. Thus
for m > &k we have

COROLLARY 20. Let k¥ = 1,3.7 and m > k. Then Gn(Sk Ug
e™ S*) = To(S* Uy €™) for n < m.

THEOREM 21. Let m > dimA +1 and f: S™~' — 4 be a map.
Then G,(AUs ™, A) is isomorphic to G,(A) forn < m — dimA - 1.

Proof. The pair (AUje™, A) has the (m—dimA—1) exact G-sequence
by Corollary 11. Moreover, GR(A Uy ¢™, A) = 0 for n < m because
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this is a subgroup of an(AUse™, A). Thus s : G {A) — Gu(AUsc™, A)
is an isomorphism in the G-sequence for n < m — dimA4 — 1. Thercfore
Gr(AUjse™ A) is isomorphic to G, (A4) for n < m — dimA — 1.

COROLLARY 22.

0 ifn 1s even
Gn(S" Uy e™, S") = 22 ifnisodd,n# 1,3o0r 7
Z ifn =130 7.

ifm>2n+1.

As an application of w-homology, we investigate the relation be-
tween w-homology and a homotopy group in cellular extensions of C'1V-
complexes.

THEOREM 23. If f : S”7' —» A is null-homoropic, then (AUpe™ | A)
has the exact G-sequence and hence the w-homology H7 (A Uy ™. A)
is trivial.

Proof. In [7,10], we have proved that if the inclusion ¢ 1 4 — X has
a left homotopy inverse, then the pair (X,A) has the exact G- sequence.
Thus it is sufficient to show that the inclusion 1+ 4 — AUy ¢ has a
left homotopy inverse. Since f 1s null-homotopic, there is an extension
F:CS™ ! 5 Aof fand 1,0 F : ATTCS™ ' — A induces a map
r: AUy e™ — A such that » 07 = 1,4. Therefore 115 a left homotopy
inverse of ¢ and hence the pair (A Uy ™, A) hac the exact G-sequence.

In [6], we Liave showed that if the inclusion 70 A4 — A Ujs ™ is mull-
homotopie, then the pair (4 Uy ™, A) has the exact G-sequence. So
we can conclude that if 7 is null-homotopic or f s mull-homotopie, then
the w-homology HX (A Uy ™. A) is trivial.

CoroLLAry 25. If HY (A Uyp ™, A) # 0,then w1 (A) # 0.
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