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HYPERBOLIC HOMEOMORPHISMS

JonG SuH Park, KEoN HEE LEE AND KI SHIK Koo

1. Introduction

In [ 6 ], we introduce a hyperbolic homeomorphism on a compact
metrizable space and show that a hyperbolic homeomorphism is topo-
logically stable. The purpose of this paper is to study a necessary and
sufficient condition for a homeomorphism to be hyperbolic. We get the
following theorem.

THEOREM. Let X be a compact metrizable space. A homeomor-
phism f : X — X is hyperbolic if and only if f is expansive and has
the pseudo orbits tracing property.

2. Preliminaries

Let X be a compact metric space with a metricdand f: X — X a
homeomorphism. Recall that f is expansive if there exists a constant
¢ > ( such that

dif"(x), fM(y)) <e forall ne€Z mplies x=y.

The constant e is called expansive constant for f. This property is
independent of the metric chosen for X. Recall that a sequence (2:)}.,,,
—x0<m<0<n<oo,in X is a é-pscudo ort it if

dif(zi),rip1) <d forall m—-1<1<n

We say that f has the pseudo orbits tracing property if and only if
for every ¢ > 0 there exists a & > 0 such that any é-pseudo orbit
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(zi)iem: =00 <m < 0 < n < oo, is e-traced by some point z of X |
that is, _
d(f'(x),z;) <e forall m—1<i<n+l.

This property is independent of the metric chosen for X. Let z € X
and £ > 0. We define the stable and unstable set of size ¢ at z:

Wilz.e) ={y € X|d(f"(2), f*(y)) <¢ forall n >0},
Wi(z,e) ={y € X|d(f"(2), f"(y)) <e foral n <0},

We define a closed neighborhood By(e) of the diagonal A of X? by
Ba(e) = {(z,y) € X*|d(z,y) < ¢}.

DEFINITION 2.1. Let X be a compact metrizable space. A homeo-
morphism f : X — X is hyperbolic if there exist a metric d compatible
with the topology of X, constants ¢y > 0,60 > 0,c > 0,0 < X < 1,
and a continuous map [, ]: By(éy) — X such that the following three
conditions hold.

(1) if y € W3(z,¢e0), then d(f"(z), f*(y)) < eA™d(a,y) for all n > 0,

(2) if y € Wi(z,20), then d(f*(z), fM(y)) < cAT"d(x,y) for all n <
0,

(3) if d(z,y) < 8o, then Wi(r,g0)N Wily,eo) = {[r,y]}.

The following lemma is due to Frink ([ 2], [ 3 ]).
LEMMA 2.1. Let (W,)>2, be a nested sequence of symmetric neigh-
borhoods of the diagonal A of X? with Wy = X2 such that
WatioWopi oWy C W, forall n >0,

o0

n w,=A.

n=0
Then there exists a metric d compatible with the topology of X such
that

1
W, C Bq(

on

) CWyoy forall n> 1.
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3. Proof of the theorem

Suppose that f is hyperbolic with respect to a metric d. Let ¢ =
min{eg, 80 }. Hd(f™(2), f*(y)) < eforalln € Z. thenx,y € Wiz, e0)N
Wiy, o) = {{x,y]}. Thus x =y. Hence f is expansive.

To show that f has the pseudo orbits tracing property the following
lemma is needed.

LEMMA 3.1. Assume that for any ¢ > 0 there exists a 6 > 0 such
that every é-pseudo orbit (x;)'_y,0 < n < oo, Is e-traced by some point
of X. Then f has the pscudo orbits tracing property.

Proof. We first show that every é-pseudo orbit (x;)lL,,. —00 < m <
0 < n < oo, can be e-traced by some point of X. Let y; = rj4m,0 <
J < n—m. Then (y]);-';om is also a é-pseudo orbit. Thus (y; k);—';om 18

s-traced by some point y of X. Let @ = f7™(y). For m <1 < n, we
have

= (i(f](y),;r']+,,, )= d(f (;yk.\)v yj) S €.

d(fi(e). i) = d(f ™ (y), xi)

Thus (z;)L,, is e-traced by .

We now show that f has the pseudo orbite tracing property. Let
()% __. be a é-pseudo orbit. For each n > 0, the é-pseudo orbit
()" _, is e-traced by some point y, of X. Since X is compact, the
sequence (y,) has a convergent subsequence (1, ). Let yn, — y. For

cach 7 € Z, since _fi(;l/nj) — fY(y), we can choose j such that
(](fi(z/)-,fl(?/nj ) <e and  —n; <i<n,
Then we have

d(fi('.‘/)v fi(ynj )) -+ di fi(ynj ), (Ei)

2.

d(f'(y), )

A IA

Thus () is 2¢-traced by y. Hence f has the pseudo orbits tracing
property.
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Let us show that f has the pseudo orbit tracing property. Given any
e>0,let0<p< mln{ce )‘)5} 0 < é; < min{eo, 4, 2}. Then

d(z,y) <6 implies Wi(z,p) 0 Wi(y.p) = {[z,y]}.

Take m > 0 such that A\™ < —1;)- and let 6y = —-'-L There exists a § > 0
such that

d(z,y) < é implies d(fi(x),fi(y)) <éy forall 0<i<m.

Given any é-pseudo orbit (z;)"_,,0 < n < oo, choose k > 0 such that
n < km and let
T for 0<:<n
= i (an) for n<:i<km.

Then (y;)5™ is a 6-pseudo orbit. Let 1 < j <m. For any 1,

d(fj(gli):yi+] Z Jz+9 fj_snl(yzk{-s-f—l))

< by <

]S

Let 2 2y = [y]m,f"’(‘] 1), z0 = yo. Let w = fk’"(’k) For (: — 1)m <
J <wm,1 <i<k, wehave

d(f7(w),y;) < d(f74" (ze), O ()
F AT ), PTG ym)
+d(f]_(l-l m(y(i—l)m%yj)a

(f] Icm( f] (1— l)m(zz_l))

Ee

-1

Zd( f]“(k—é’)m(’~ »_s)v fj—(k—(i~1)M)(Zk_ s—1 ))

Z P/\(k s)m— J

IA

;..
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(f] —{t—1) 777(~l__ ) f] (i— ])m t/(z'—l)m)) S Cp/\j——(i—-l)m S ep

—(i—-1)m 6
(=™ (Y nym) i) < 5

. o0
Thus d( f7(w),y;) <epd  A* + %J- < e. Hence (), 1s e-traced by w.

By Lemma 3.1, f has the pseudo orbits tracing property.

Suppose that f is expansive and has the pseudo orbits tracing prop-
erty with respect to metric d. To show that ; is hyperbolic we need
some lemmas.

We define a nested sequence of closed symmnietric neighborhoods of
the diagonal A of X? as follows. Set Vi = X? und for n > 1 define the
set 17, as follows:

V= {(z.y) € X7 | d(f'(2). f{ly) <e Tor |i|<n—1}.

LEMMA 3.2, For each ¢ > ( there exists 17 > 0 such that V,, C
Bd (5)

Proof. Suppose that Lemima 3.2 does not hold. There exists 2y > 0
such that V, ¢ Dg(¢) for all n > 0. For each n > 0 there exists
(20, yn) € Vi — Ba(ey). Since X? is compact, the sequence ((zn,Yn))
has a convergent subsequence. Let (r,,y,) — (x,y). For any n € Z,
take m > |n|, then

Al f"(2m), fMym)) < ¢ because (2, Ym) € Vo

As m — oo, d(f"(x), f*(y)) < ¢. Thus z = y. 3ince d(xn,y,) > €o for
all n > 0, take n — oo, d(x,y) > ¢¢. We have a contradiction . Thus
Lemma 3.2 holds.

5.% r
LemMMa 3.3, NV, = A,

n=>0

Proof. Tt is obvious that A C i Voo Let (r,y) € (F)WOOV’,,,. For any
n=

n—

n € Z, since (a q) € Vg, dif"(2), f"(y)) < e Thus v = y so
{(z,y) € A. Hence ﬂ ¥V, =A

n={)
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By Lemma 3.2, there exists m > 0 such that V41 C Ba(5) C
By(e) = Vi. We define a new nested sequence of closed symmetric
neighborhoods of A as follows. Put Wy =V and Wi = Vig_1ym41-

LEMMA 3.4.

(1) ?1" Wi =A
(2) W’k+1 oWipr10Wig1 C Wy forall k>0

Proof. (1) It is obvious that A C ?w"OWn. Let (z,y) € ?w°0W,,. For
n= n=—
any n > 0, there exists k¥ > 0 such that n < (k —1:m + 1. We have
(z,y) € Wk = Vieetyms1 C Va. Thus (z,y) € ‘Fivn = A. Hence
ﬁ W’n = A.

(2) Trivially, W, o Wy o Wy C X? =V = Wy. Let (z,y) € Wao
Wao Wy = Va1 © Vine1 © Vine1. There exist z,uw € X such that
(,2),(z,w), (w,y) € Ving1 C Ba($). Since d(z,y) < d(z,z)+d(z,w)+

(w,y) < s +5+ 5 =¢(z,y) € Byle) = V1 = W,. Thus we have
WyoW,o0W, C Wy. Now suppose (z,y) € Wk+1oW’k+] oWy for k > 1.
Then there exist z,w € X such that (z,z),(z,w),(w,y) € Wig1 =
Vim+1. If (p,q) is any of those three pairs, then d( f* (p) fi(q)) < e for
li| < km. If |¢] < (k- 1)m and |j| < m, then |t + j| < km so we may
compute as follows:

AP ), P (FH (@) = dif (), fH (@) S e
Therefore, (f}(p), £ (¢)) € Viny1 = W, and hence
(Fi(2). fi(y) € Wa o Wyo Wy C Wy = Vi = By(e).

That is d(f'(z), fi(y)) < e for |i| < (k - l)m. Therefore (z,y) €
V(k—-l)m+] = Wy. So Wiyt 0 VV;\-_H o Wiy C Wi

The following lemma is an immediate consequence of Lemma 2.1 and
Lemma 3.4.

LEMMA 3.5. There exists a metric D compatible with the topology
of X such that

1 , 1 .
BD(W) Cc W, CBp (—é;;) for n > 1.
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LeMMa 3.6.

FW(z,e)NaVy) = Wi(f(x),e) N fr)Vag,
FH Wi e)naVy) = WE S N x), e 0 fHz) Vg

for all n > 1.

Proof. Let y € f(VV" ,e)NzVy,). Then f- (1) € Wile,e) NV,
For i > 0,d(ff(x), f1(y)) = d(f™ " (x). f'f'(y)) < e. Thusy €
Wif(2),e). For—n < i < n,d(f f(x), F'(y)) = d(fF (), £ F1(y))
< e since —{n — 1) < ¢+ 1. Thus (f(z),y) € Voas1. Hence y €
I'Vj(f(;zr),(,)ﬂf(.r)lﬁtﬂ. Let y € Wi(f(z). e)Nf(x) Va1 Then d(r f?

ﬁ(](f e )fll/))<c andforI> Lodifia), fAfYy)) =
(I(f’ V() f 1(y ) < e. Thus f~'(y) € Wilz,e). For ~(n—-1) <
1\/1—1(1' fa ff ()-'dfl)f f’l‘y) ) < e since —n <
7 — 1. Thus (u, f "(y)) € V. Hence f~ (y) € Wiz, e) NV, that is

yE FW3 (e e)naly).

LEMMA 3.7, If 0 < D(x,y) < % then there exists n > 2 such that
(ryy)e Wiy — W,

Proof. Since x # y,(r,y) € A° = ( %OW'”)‘ - U We. Thus there

exists n > 1 such that (z,y) ¢ W,. Let k = 11111;{77 > 1| ( r y ¢
Wy}t Then (r,y) € Wiy — W’k Since (z,y) € Wy and Bp(5z
Weo(r,y) & Bpf 2k+1) Thus z*“ < D{z,y) S-i— Hence k> 2.

Let us show that f is hyperbolic with respect to D. There exists e >
0 such that D{a,y) < g implies d(x,y) < ¢. Therefore U'f)( ,Ll\ C
Witr.e). Let 5y = min{s],%}. We first show that if v € W} (x, 2q).
then

o] —

DUf*™ (), 7 (y)) < s D(x.w).

If v =y, then this is obvious. Let @ # y. Sitce 0 < D(a,y) < g9 <
7+ by lemma 3.7, there exists 1 > 2 such thar (2,y) € W,_; — Wi,
For ¢ > 0,d(f'(x). f{{y)) < e since D(fi(a), f'(y)) < c0 < £1. Thus
y € Wilr.e). Since (r.y) € Wo_y,y € 2Wy,y. Thusy € Wiz, e) N
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xWy,_1. By Lemma 3.6,
FPy) e Wiz, e) N aWasy)
= P (Wi(z,e) N zVino2ymtr)
= Wda(fsm(l’)» 6) N fsm(‘r)‘/(n+l)m+1
= Wi(f*™(2),e) N 2" (2) W2

C ™ (@)Waga C fgm(m)BD(z—n]_;;)-
Thus (f3"‘(.t) fs"‘(y)) € BD(—:;:g) . Therefore D(f*™(z), f*™(y)) <
-2-7,—;7 —:pr < D(.’L‘ y). By induction,
D(Fm(2), 5™ (y)) < 5 D(x,y).

Let A = 273w, Then 0 < A < 1. Let us show that if y € Wi(x,ep),
then D(f"(z), f"(y)) < 8A\"D(z,y) for n > 0. If £ = y, then the
above inequality holds. Let z # y,n = 3km + ¢,0 << i < 3m. Since
0 < D(f¥*m(z), fF*m(y)) < g0 < %, by Lemma 3.7, there exists
p > 2 such that (f**™(z), f3*™(y)) € W,_; — W,. Since f3*m(y) €
Wa(fEm (), e) 0 25 @)Wy,
') =) € POV (@), e) 0 FA™ (@) Wpmy)

= FWI(F (@) e) N F5™ (@)W —aymen)

= Wif"(2),e) N [ (@)Vip-21mti1-
Thus (f™(z), f*(y)) € V(p 2)m+i+1 C ‘(p 2ym41 = Wy_1 C BD('z—pL—T)'
Since (f3™(z), 3™ (y)) ¢ W, and Bp(54r) C Wy,

(F3*m (), Fm (y)) ¢ BD(2p1+1 )

Thus

D(f*(=), ") €

< 8A"D(z,y).
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By the same way, we can show that if y € Wh(r,e0), then
D(f"(z), f"(y)) <8A7"D(zx,y) for n <0.

f is expansive with respect to D. Let e be an expansive constant for
f. We may assume that g < £. There exists C < é; < £9 such that

D(z,y) <6 implies D(f(z),f(y)) <eo

Since f has the pseudo orbits tracing property ‘with respect to D, there
exists 0 < 8y < é; such that every dp-pseudo orbit is §,-traced by some
point of X. Let (2,y) € Bp(éo). Define a p-preudo orbit (r,)nez by

{ fHz) for n>0
Tn =
M (y) for n < 0.

There exists z € X such that
D(f™(z),zn) < &b forall n€Z.

It is easy to show that z is unique. Define a map [, | : Bp(d) — X
by [z,y] = z. Since
D(f*(z), f*([z,y])) = D(an, f"(2)) < 61 < &0 forall n=0,
DUf"(y). f"([x,9])) = Dixa, f*(z)) <6 <o forall n<0, and
D(f~ (y), f ([, y])) < & imuplies

DU ) fUF (s u]))) = Dy, [z, 9)) <€ <o,

[T,y] € Whle,e0) NV Wh(y,e0). Let 21,20 € Wph(x,e0) N Wh(y,€0).
Since

D" (=), 7(2)) + DU () £ (22))

2¢p <e forall n>0

IAN A
Q]

and

D(f"(z1), f"(y)) + D(f"(y), f*(22))
2¢p < e forall n <0,

D(f"(z1), f"(z2))

FANRVAY
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z1 = z2. Thus Wp(z,e0) N W§(y,€0) = {[z,y]}. Let us show that [, ]
1s continuous. Given any ¢ > 0, by lemma 3.2, there exists m > 0 such
that V41 C Bp(g). We can choose § > 0 such that if D(z,y) < 6,
then D(f*(x), fi(y)) < eo for all —=m < i < m. Let (r1,11),(x2,y2) €
Bp(do). D(x1,22) < 6,D(y1,y2) < 6. Since D(fi(xl ),fi(flfg)) < gq for

—-m <1 <m,
D(fi(xl),fi([;rl,yl])) <eg for ¢>0, and
D(fi($2),fi([$2,y2])) <é for 220,
D(f'([z1.91]), fi([x2,12])) SBco S e for 0<i<m.
Since D(fi(yl),_fi(yg)) < go for —m < i < m,
D(f'(y1), f{[z1,;1]) <o for i<0, and
D(f'(y2), f'([22,42])) S &9 for <0,
D(f'([x1,31]), f'([r2,92])) < Bep < e for —m <i<O.

Thus ([z1,y1],[22,¥2]) € Vg1 C Bp(e). So D([z1. 1], [z2,92]) < e
Hence [, ] is continuous. Therefore f is hyperbolic with respect to D.
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