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A NONEXISTENCE THEOREM FOR STABLE
EXPONENTIALLY HARMONIC MAPS

SunNG EuN Kon

1. Introduction

Let M and N be compact Riemannian manifolds and f : M — N
be a smooth map. Following J. Eells, f is ezponentially harmonic if it
represents a critical point of the exponential energy integral

E(f) = /A exp(dfl?) a1

where ||df ||? is the energy density defined as Y-, ||df(e:)]|?, m = dimM,
for orthonormal frame e; of M. The Euler-Lagrange equation of the ex-
ponential energy functional E can be written

exp(||df||*)(r(f) + df (V|| df[*)) = O

where 7(f) is the tension field along f. Hence, if the energy density
is constant, every harmonic map is exponentially harmonic and vice
versa.

An exponentially harmonic map is called stable if it represents, fur-
thermore, a local minimum point of the exponential energy. When the
target manifold is the standard sphere S, it is well known that every
stable harmonic map f : M — S",n > 3, is constant [2]. This is not
the case with exponentially harmonic maps since every identity map of
M is a stable exponentially harmonic map [1]. In this note, however,
we can prove the following
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THEOREM. Let M be a compact Riemannian manifold of dimension
m. Every nonconstant exponentially harmonic map f : M — S" is
unstable if ||df]|*(z) < n — 2 for every z € M.

2. Proof

We begin with a property of conformal vector fields on S™. Embed
S™ canonically into R"*!. Let ¢ : R®"! — R be a linear map with
$(0) = 0, ||V3|| = 1. Set V4 = V¢ and let V; and V* be tangential
and normal components of Vy, respectively and v be the outward unit
normal vector to S§", then we have the following lemma. For proof,
refer, for example, to [2].

LEMMA. For any vector X tangent to S,
VxVy=—(Vov) X.

Let f : M — S™ be a nonconstant exponentially harmonic map.
Consider V and the variation of f in the direction of V}, then by the
second variation formula for E (cf. [1]) we have

@By
dr?

(0) = /A expldfI) S (Vayien Vi df(e0)”

i=1

+ I Vasea Vall? — (R(df (&), Vg)df (e:), V) dM

2
where R is the curvature tensor of S™. Write %?Ejl(o) as

d2E N m
dt2¢(0) = /M exp(||df|”) <Z((A) +(B) - (C))) dM

1=1
and now calculate. By Lemma,
IVasien VoIl = (Vi ) Idf (ed)I?

and since

2

(R(df(e:), V)df(e:), Vis) = |ldf(e)IPIVEII® — (df (eq), Vg)®
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we have

> (B)-(C))
=1

=Z(ndf<e NV )2 = IVEIR) + (df (), Vi)?)

Consider now n + 1 linear functions ¢; such that V' := V; form an

orthonormal basis of R"*! and calculate Z"“ 'T{TL(O) From
Y (df(ea), V)P = (df(ei), Vy)? = |ldf (e,

J J

SV =l =1,

i)

(Vi) = IVIP) =Y AV = v
-

J
=3 @IV = IVilP) =2~ (n+ 1)

we have

n+1

> | expllar) )Z(D)cuu— — ) [ P espar ) d

and if |df]]* < n — 2, we have

n+41

+

Zvdf(e,)vgb] df (e:)) ZZ a5 v lldf (ei)||*

1 =1

=Y lldf(el* D (Vo,. v = > lldf(e)l*
i 7 1
< (Z ||azf(ei)u2> = ||df[[* < (n = 2)|ldf|1®
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and consequently we have

n+1 m

3 / exp(dfI)) S (A)dM < (n — 2) / 12 exp([1df |2} dM.
j=1vM M

i=1

Hence, we have finally,

n+1 d2E¢‘ n+1 ' m
S St =3 [ ety (3a)+®)-(©)) ar <o
J=1 j=1v" =1

d’E,; . .
Therefore, at least onc W‘%‘(O) should be negative, that is, a non-
constant exponentially harmonic map f with ||df||* < —2 is not stable.
This completes the proof.
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