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A STUDY ON THE GEOMETRY OF
2-DIMENSIONAL RE-MANIFOLD X,

IN Ho HwANG

1. Introduction

Manifolds with recurrent connections have been studied by many
authors, such as Chung, Datta; E.M.Pattersor, M.Prvanovitch, Singal,
and Takano, etc (refer to [2] and [3]). Examples of such manifolds
are those of recurrent curvature, Ricci-recurrent manifolds, and bi-
recurrent manifolds.

In this paper, we introduce a new concept of g-recurrent connection
'z, on a generalized n-dimensional Riemannian manifold X, and
study its differential geometric properties in the first. In the second,
we prove a necessary condition for a g-recurrent connection to be ein-
stein in X,,. The generalized 2-dimensional Riemannian manifold X,
has some particular properties, probably due to the simplicity of its
dimension.

The main purpose of the present paper is to display a precise tenso-
rial representation of a connection in X, which is both g-recurrent and
einstein, using useful and powerful recurrence relations in X, which
do not hold in a higher dimensional manifold. This representation in
terms of the unified field tensor ¢, has been shown to exist uniquely
in X, and is the simplest ever found.
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2, Preliminaries

This section is a brief collection of definitions and notations which
are needed in our subsequent considerations. Let X, be a general-
1zed n-dimensional Riemannian manifold referred to a real coordinate
system z”, which obeys only coordinate transformations ¥ — z* for

which

oz’

(2.1) Det(a) £0

The manifold X, is endowed with a general real nonsymmetric tensor
gxp which may be split into its symmetric part Ay, and skew-symmetric
part ky,:

(2.2) Pap = Mo + kap

where

(2.3) g = Det(ga,) #0, b=Det(hr,)# 0, &€==Det(kx,)
In virtue of (2.3) we may define a unique tensor h*” by

SR Av v
(2.4) hoaph™ =0,
which together with hy, will serve for raising and/or lowering indices
of tensors in X,, in the usual manner. There exists alsc a unique tensor

* _Av

g"" satisfying
(2.5) g9 = guatg = 6

The manifold X, is connected by a general real connection I'y*, with
the following transformation rule:

, O0z" s 0x? 2> . >z
9 /V 5 = 3¢ AN
(H6) r,\ u" s (042’\’ Ot r\ﬂ Y + x> oz’ )

It may also be decomposed into its symmetric part Ax”, and its skew-
symmetric part S, called the torsion tensor of I'x",.:

(27) FAyu = A/\uu + S)\[L”; A/\'//: = F(A“,z); Sz\ftu - F[A[/;I]
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A connection I'y¥, is said to be einstein if it satisfies the following
system of Einstein’s equations:

(283) 6wg/\p - F/\awgap - I‘wa#gXﬂ = 0
or equivalently
(28b) Dngp, = 25wuag)\a

where D, is the symbolic vector of the covariant derivative with re-
spect to I'y”,. The manifold X, in this case is a generalization of the
space-time X4 , and Finstein’s n-dimensional unified field theory 1is
based upon this manifold X,. A connection I'y”, is said to be sema-
symmetric if its torsion tensor Sx,” is of the form

(2.9) S’ = 25[,\'/)(‘,]

for an arbitrary non-null vector X,,. The manifold X, in this case
is called a semi-symmetric manifold. Finally, our new concept of ¢-
recurrent connection I'y”, is defined by the following system of equa-
tions:

(210) Dw{ﬁ\u = —4Xwg,\p

for a non-null vector X,,. The manifold X, connected by this con-
nection is called an n-dimensional g-recurrent manifold. A connec-
tion I'y¥, in X, which is both g-recurrent and einstein is called a
RE-connection, and the manifold X, connected by a RE-connection
is called a n-dimensional RE-manifold. We denote this manifold by
REX,.

The main purpose of the present paper is to find a precise tenso-
rial representation of the 2-dimensional RE-connection in terms of the
unified field tensor ga,. This work will be done by employing powerful
relations including recurrence relations, which hold particularly in X.

3. The n-dimensional g-recurrent connections

This section is devoted to the investigations of the differential geo-
metric properties of g-recurrent connections.
The following two theorems will be proved simultaneously:
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THEOREM 3.1. The system (2.10) may be decomposed into

(3.1a) Douha, = —4X ki,

(31b) DukAy = ’"4-ka/\#

THEOREM 3.2. The system (2.10) is equivalent to

(3.2) D, g™ =4X "¢V

Proof. The equations {3.1a) and (3.1b) follow from :2.10) and
Dyhay = Dugong, Dokap = Dugpnyg
In virtue of (2.5), multiplication of *¢*” to hoth sides of (2.10) gives
(33)  —gauDu"g™ =79 Diga, = —4Xogn "9 = —4 X0,

The equations (3.2) may be obtained by multiplying *¢* again to both
sides of (3.3). Conversely, start with (3.2), and multiply this equations
by g, to get (2.10).

REMARK 3.3. The form of equations (3.2) may be used for the
study of g-recurrent connections in the Einstein’s n-dimensional *¢-

unified field theory (Refer to [6]).

THEOREM 3.4. If the system (2.10) admits a solution T'\" ,, it must
be of the form

(3.4) T =0+ 50" +U0"

where { z u} are the Christoffel symbols with respect to hy, and
(3.5a) UVsp =U"00 = =250 +4X (08" — 2X hay
or equivalently

(35b) U'DA[L = U’u(/\p) = —2511()\;1) + 4-Y(Ah;1)u - :Z—XVhAp
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Proof. In virtue of
Dby = Ouhap —Ta%hap — Tp%hira
we have
h**(Dahay + Dyphaa — Dahay)
(3.6) = {/\yu} = 2R Saamy = Fa"

= {17} =250 —Ta¥u + 52"

On the other hand, the relation (3.1)a gives
1 v v
(3.7) §hua(D,\ha“ + D‘uh,\a — Dah)‘,,) = —-4.\’(,\6#) + 2X h,\“

Comparing (3.6) and (3.7), we finally have (3.4) in virtue of (3.5).

REMARK 3.5. In virtue of (3.4) and (3.5), we note that the inves-
tigation of the g-recurrent connection I'y”, is reduced to the study of
the tensor Sx,”. In order to know the g-recurrent connection I' A, it
is necessary and sufficient to represent the tensor Sy, in terms of gy,.
This is an open problem. Probably, the precise tensorial representation
of $»,” in terms of g, may be obtained by starting from (3.1b).

THEOREM 3.6. If a connection I'sY, in X, is both g-recurrent and
einstein, then it is semi-symmetric.

Proof. The equations (2.8b) and (2.10) give
(3.8) Sun®Ira = —4Xugns
Multiplying *¢*” to both sides of (3.8) and using (2.5), we have
Sxa” = 4" X ).

This implies that the connection I'y¥, is semi-symmetric in virtue of

(2.9).
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4. 2-dimensional RE-connection in REX,

This section is devoted to the derivation of a surveyable tensorial
representation of 2-dimensional RE-connection. The representation
obtained in this section is the simplest ever found. Our investigation is
mainly based on the results obtained in 1. It should also be remarked
that all indices in this section are restricted to take the values 1,2 only.
The following Mishra’s abbreviations (refer to [7]) will be used in this
section:

000 pqr } ) ) , )
(41) T wpy = Twuua T wpy = Tcxﬂ‘y(p kwa(q' k’pﬂ[‘ r)ku~y

where T,,,, is an arbitrary tensor and
Oy =62, Wk = k",

(4.2) .
' Py = P D0, (pog,r=1,2,--)

We also use the scalars g and k, defined by

4

~ g
4.3 =2 k=
(4.3) 9="1 b

The following two lemmas were proved in 1.

LEMMA 4.1. If the condition

(4.4) g#0

is satisfied in X,, the system (2.8) of Einstein’s equations admits a
unique solution

1
(45) Sw;w = "vukwu,
q

where V,, is the symbolic vector of the covariant derivative with respect
to {)‘U u }

REMARK 4.2. The condition (2.3) imposed to X, shows that the
condition (4.4) is always satisfied. Therefore, we may remark that the

system (2.8) of Einstein’s equations always admit a unique solution of
the form (4.5) in X,.
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LEMMA 4.3. If T,,, is a tensor skew-symmetric in the first two
indices, the following recurrence relations hold in X,:

(10)r 11r 00r
(4-63') T wpy = 0, T wpy = k Tw;w
r(10) ri1 700
(46b) T v[wp] = 0, T vwp = kT viwpn]» (7' =0,1,2,--- )

LEMMA 4.4. If T,,, is a tensor skew-symmetric in the first two
indices, then the following relations hold in X:

pqr qapr
(47) T wpr — — T pwy
Pqr qrp TPYq
(48) Twuu+ T;ww+ Tuwn:()’ (p~q’T=0’172a"')

Proof. The relation (4.7) is a direct consequence of (4.1). The re-
lation (4.8) for the special case p=q=r=0, that is Tj,,,=0, follows
easily since all indices take the values 1,2 only in X, and Towpw is skew-
symmetric in the first two indices. The relation (4.8) for the general
case may be proved from the above special case as in the following way:

0= (Tupy+ Taye + T‘yaﬂ)(p)kwa(q)kyﬂ(r)ku.y
pqr qrp pg
= Tw;n/ + Tuuw + Tuwu

LEMMA 4.5. If the conditions (2.8) and (2.10) hold in X,, they
admit a unique 2-dimensional solution of the form

(4-9) gswuu = 4hu[wku] a-Xa - 4ku[u-X;t]

Proof. Employing the abbreviations (2.11) and (2.12) and using the
relations (3.4), we have

Dukwy = aukuu - Fwaukau - Fuowkua
- aukw;t - ({wa,,} + Swua + anu)ka;t

(4.10) ="} + S + U hwa
001 001
= V”k“»’ll + ( S Wy S ;uzu)

+ (Uvawukuo - Urxuukwa)
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Using (4.8) and (4.6a), the second term of the right-hand side of (4.10)
may be written as

010 ‘100 010 100
(second term) = (— Svpw— S [Lwll) + ( Svop— S .ww)

(10)0 010 010
=25 wpr + 28 viwp] = 28 v{wp)

(4.11)

Using (3.5b), (4.6a) and (4.8) again, the third term of the right-hand
side of (4.10) is
(4.12)

(third term) = (~28a(ur) + 4X (whoye — 2Xalus k.

— (=2Sa(uvy + 4X (Whoya — 2Xahpu )k
= - 20§U,,[W,L] —4X ko — dhyuk) X + 4k, 0 X )
We now substitute (3.1b), (4.11), and (4.12) into (4.19) to obtain
(4.13) Vikey = 4hy(ok) " Xa — 4k Xy

Now, the solution (4.9) is the result of (4.13) and (4.%).

LEMMA 4.6. If the conditions (2.8) and (2.10) hold in X, the tensor
U¥ .. Is given by

4
Uuw = —-(k WVJX ) b wuk . a“ra - hw,tkau—"(a)
(4.14) u g(( py — O Ry ,

+ 4,Y(w5u)y — 2,\”)}1“,”

Proof. Using (4.9) we have
(4.15) =295 (o) = k" Xy = 8 k)  Xa — hupke” X)

The representation (4.14) follows immediately by substituting (4.15)
into (3.5)a.

Now that we have obtained the tensor S,,” and U”,, in terms of
gap, 1t 1s possible for us to determine the 2-dimensional RE-connection
T.”, by only substituting for S and U into (3.4). We formally state
our main theorem as follows:
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THEOREM 4.7. In X, there always exists a unique 2-dimensional
RE-connection I'\" , represented by

v v 4 v v v o vy o
(4.16) Ty, = {» #}+§(kw X, =6, kX o = hopka”X®)

+ 4X(w(5#)u — 2thwﬂ
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