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NC End Milling Strategy of Triangulation-Based Curved Surface Model
Using Steepest Directed Tree

Hee-Young Maeng
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Abstract

A novel and efficient cutter path planning method for machining intricately shaped curved
surfaces, called the steepest directed tree method, is presented. The curved surface is defined by
triangular facets, the density and structure of which are determined by the intricacy and form
accuracy of the surface. Geometrical form definition and recognition of the topological features
are used to connect the nodes of the triangulated surface meshes for the successive and intercon-
nected steepest pathways, which makes good use of end milling characteristics. The planetary
cutter centers are determined to locate along smoothly changing paths and then the height values
of the cutter are adjusted to avoid surface interference. Several machined examples of intersect-
ing and intricate surfaces are presented to illustrate the benefits of the new approach. It is shown
that due to more consistent geometry matching between cuttef and surface(in comparison with
the current CC Cartesian method) surface finish can be typically improved. Moreover, the
material in concave fillets which is difficult to be removed by ball mills can be removed efficient-
ly. The built-in positioning of cutter to avoid interference runs minutely in the sharp and
discontinuous regions. The steepest upward movement of the cutter gives a stable dynamic
cutting state and allows increase in the feedrate and spindle speed while remaining the stable
cutting state.
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(c) Steepest downward directed tree

Fig. 1 Configuration of steepest upward and down-
ward directed tree
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Table 1 Types of geometrical form and features
f T f Pi
Typg ° .opology ° ieces of Other features
geometric form directed tree edges
UTo 1
i : Any DTi’s set are not one-
UTi 0
Sink V sided for any half planes
Ko DTo 0 . . .
s “\ bisected by arbitary DTi
DTi >=3
UTo 1
UTi 1 . .
Valley At least, 2 DTi’s exist
DTo 1
DTi >=2
UTo 1
Ridge UTi >=2 At least, 2 UTi’s exist both
g : DTo 1 side respect to the UTo line
’ DTi 1
) UTo 1
. UTi 2 Only 2 UTi’s exist in the one
Combine . .
DTo - side respect to the UTo line
DTi -
UTo 0
A UTi >=3 At least 3 UTi’s must exist
ex eas i’'s must exis
P 7 DTo 1
DTi 0
7 UTo >=2
Divide point VUTo S, UTi 1 Always occurr after the
P DTo _ VUTo is applied
DTi -
UTo 1
UTi 1 General case which is not
Normal- / aplied to the above geometric
DTo 1 form
DTi 1
$EHL 2E ol AHIo Wel DTiE ek 22 wr AAREE AdAA 43 =9 A=
AN AA A% 22Tz ol FEHL I4 & AAL do] 742 F4H(path start point)E 2
Hol5 & sixel, d4doz 9RW UTosel AL 4+ 9ok
AgE ARE B8 AA =E UTos 27 4+ 74
A A (boundary vertex)ol] =%t® 4 SQich, =3 2.1.4 Hz| 4
UTig 27 9t AAAE 34 Hodx & 714 3o AP g4t slgate] 2E HAS2
o, d4dez AR UTosd 4% 42%F § UT 9 VUTSY 444 d424 T4 4
3 AW =L UTod 24 %t 4Ade] 532 o734 4% Zelo oA goidch 223 3=
T sheh zuwdoz e AA(EL UTod ZA oe %A
o| 7o Ao TAZte EBuw) FEAHN UTiE Aol olEr RE A2E A wAAde ol



Hl B A 2o g o) &3 AdHeas) Fuw

Branch |Individual | Sequence of
path No. | path No. | directed tree
1 1 1-2-3-4
2 2-5-6-3 &D: Path start Point
2 3 7-8-5 @ : Apex point
3 8:9-10-6 ® : Check point
3 5 -9 ,
H N0 @ : Divide point
7 12-13-3
4 8 1412 o

Boundary Contour

Fig. 3 Rule to select right path based on check points
and return points

3 AdE XA oy o)Al AgF 7 2 (steepest
upward linked path)& F4& 4 l=h

Al foll W o7l A 2ol YubF e
2 ue 38 AR 29 F9E 225
d #xbdor datgshe e /1FoE 3
W, o]E 72+ Fig. 39 o9} 2ol o

24 72 B8 A2 9le Af 2
7l A& Azpch 2ddoz Yz o
T3 (rule to select right way)& A3 £}
of, zElm; o] Tae HLS Hdde AAA
(check point)®} -7 A(return point)e] -Mdo] 2
satet. AR & ZeHe AAAEN} FaEE
Edoz AHosln, ojr AHAH2I A F HA
Hol| Trutaln] Habo]l4L Wiy FLolgoE A
7] AAA RS oz AHRsodof st ol
AL BAAdoz A}

215 B2l s
A A AZEE FARE dol el
2 2933 ¥o)de 2AAe d8e wus

f
2
.
ity
£
A
LY
o
oL
f
i
e
W
i

;

= £714)
F wljAxle] UTogel
r 7ﬂ v 74 2 (individual path)=}

Bol A Azalo] cheel Az

e oX 2 mlo lo

Pathorder [ 1 | 238 2a]3§3a3b[a|5[6§7 |7a|8 |9 ]9 |to]11

S,
Rﬁ'ﬁ,‘,‘:‘;ﬁm A1} a2} B1| BY c1|p1fp2{ D3 |2 c3|E1 | B2 B3| F1 |R2 A3

No. of paint
o return

2 1|3 |2fafs]s|al3]|2|3l{2f1{2]1]0
Stored A2(A3 B2 |B3(c2 |D2]D3} c2{C3| B3| E2| B3| A3} 52 | A3
rewm A3 B3 |A3]C3 [D3|C2| C3]B3| A3 | B3| A3 A3
poinis A3 B3 {C2ic3| B3| A3, A3
list A3 |C3[B3| A3

B3|a3

Fig. 4 Dynamic storage and access of return points
for a branch path

Aol =2 w7t A" AEAze AP
%74 2 (branch path)etz e} ge,

Fig. 39] o5& %3] Asinw 479 HA 1, 7,
11, 14 72 ZwAe @92 wiopsla glow
AAH o8 47hA e Bt st A= gl A

2 2WA 1A Azse i 2 2e 27
o AHAzz FAsed, AwA AdAFzE 2
A 1olA AlRstel 2 2% 2o A 29 32 o
2% o5 AA delA HA(check)s 2 x £
A MEARZE B3] 2014 A1Fste] 2A 59 6
= At AAA 3elM A2 e}, A A
AR} Agse o 714 28 S A
FElx 9lm #XA 32 o AEAEEE MY
A2y Fd(candidate)2 AAsm gon, w3
T A2st A4Sl FablE YA 55 62
AR S22 AR 3

R AR A7 2 e
of Yol T3 wiog 4_9_54_‘:_1;-]], ol 7
MHAZES $2 AYFAo| g2} dddozn A
7] YA FH AR A o o] B
28km ol Fig 49] oo olt wis} 2e ¥
4 43 e o]
S3e] A48

=2

(dynamic return points list)&

% gl

Fig 49 A% 39 120 RYSE 5
Mt $4 47 A2Es Ao AUAZE

do,
2
2
)
A
fe 2
o e
U V)
Y
o
I
)
£
b
32
T
[*1



2094 2

(route) Al A 729 Fez Jd=3 ujz
$E A2 9 A3t ¢AUE 5H 24 2lae
A, dy A2t FAAE A 109 A
WAz dAEd FH A 2laEe o) ol
AAEe] gl FE(A2Y dg EAHoz 24
& og A2 FEE we} 2y AEARs A3l
o, ol o= & FE A9 A2 FER A
gEg o] FEX AFHor 3 HAH 2iE
oA AA=ct Fd FulA AEA R AYHE
ZHEdlels o2 ¥71d BE uhv ofe el

r-?L'
1=

%E % 714 22%< Bl A¥sn Juix B2
9 BIE 53 %A Haze wol Yt FEE
o i k3ol Az AFgIslel AR} ofsh
e 34 57 %Y azd APW FEE
of 25 £28 dA7d, & due 2uAzE T
Aste AUAZE 3 oh2el AEAA Aus
WA ARRozd dhte EAzE: YA
A,

#1 Fig. 5 7ze A¥AZs Adste S
oA AAAEo] ZHoz AL AL

g B 23 gk,

22 HCWZAMLS E2i9) x84 T

A A Eole Argessty Sxivi4ol
Wl 7 Aol e A% o shake] HeAA ol

A#seh, 2 % % ARl d¥ UTi ¥ DTit
Abzb3 g & o] A 2] A E(adjacency list)e] A
o] 7 Al (opposite relation)®E = -&3led HA HA
Het, ola] UTY % DTig AAshe dlol 9lolA
© A7 lolA 225 ule} lo] Fhie] A4
el EAE F g7 Wi & Mg, ZlH
(pointer) 8]z g4 Zlej(element pointee)E
FE5te] s, Fig. 62 A" #3 =4
Abe) 7z AA) gloid UTodt UTig2 AAs+
TZEF odlAgE Zlo]=

2718l UT % DTEel 33
th-&oll = Table 1ollA A)Ad ule} 22 71313
£ TRAFEEel A==, o+ Fig 79
FxolA Hojx uiel o] Z AA o] gloiA g
UTi, UTo, DTi, DTog9 EMA} EAMF
a2z Al ekt FF o] &3] A A4 E 4
AEE stk ol Azl 33} Table lojl4 #4]
H oule} e EZ2xE o]&d A]LHE, UTo7t

L
T

e

Check Individual path index number
peber |0 1@ [® [@ @ [® o [® [o [aofa
® |o|e]o]o[o|o]jo]o]o]o]o

T ® |o|o|elo|o|o|olofofo]|o
3 olojolo]|o[o|e]o]o
[0) o|le|o|olo]|o]e]o
C o|elo|o|o]o
® o|lole]e
apex |@|ofoje|o|e|o]e]|o]o]o
O : Desinated to a Check point
@ : Effective Check point to stop an Individual path

Fig. 5 Designation of check points from the previous

path history to stop each individual path

ut_in
Ill 0|.lt structure
~ | picces  pointer ul_in&lisx
0 [n aﬁ 23——23 | 9
u e 1] |2sfa_ 24 | 8
20 12| 2 2825 | 5
16 13 | 14 1R~ | 4
12 .18 IARES \27 11
12 i 2 15 |17 1 30] \28 9
16 17 2 3 29 13
2 17 |0 s| |3 \ 30 |1
18 18 |21 24 3\ | 2
19 |18 Tl Jaf\\ 2|3
! N A 2 |17 1 4 33 | 12
21 f17 3 |a3f\\ 34 |15
N Y~ n|n 2| {asfl\\ 35 |21
10 2|2 v asfii) e |2s
2 |17 2 | sol{h 37 | 20
m 7\ 28 25 |24 2| [ 521\ \38 {16
19 % |21 2| | 58[\\ Mo {14
HEIBIENAY
23 |2
i ; |~ w 42 |45
O :isolated point MR
¥ “@ |23
45 | 26
46 R3_57

Fig. 6 Data structure example in the case of upward
directed tree

i ofUTol

'z"’
! )

T R—— Apex
Existence Numer of UTi .
| No I One l Over 2 l
Existence of Criterion of Criterion of
DT Vn‘:lcy in DTt Ridgc m DTi
an

m
| anleyl l Combinc I

Normal

&l

EE’

___.| Divide poiml

Fig. 7 Process for the recognition of geometric form
types

VUTo




9 & A4E AR 37hxe
3 2H(UTid A4=0) 2%,
A(UTis) A%=1)

4917 o ol 4
$4Re) 2% AFE o
7} AAHEE oo,
A AHelA VUTie)

B Aoz AA(UTo9
FAl 319 6714 7138
H 271" glaEd A4

o

To2E AAAH FHEL AAse HHol 4
M7t 24 o)Akl A=A
19 AR FaEe A

244 faEd

U NIO ol
jo

i)
>
x

2 i

o] gkag o|Fo
3ty UTo%
wa =t T
o whe} zro] WA
T3 @A UTool
= #&F Ad Al det s
ezl UToE e &
H7gA71e el A
dsicirt Aol A=A
oAle 170 7|

wl

ﬂ.‘

X

»
ntin P
o

ifr o o o

nom o g
o ¥
fo o oX

b
t

Hoz Auste] g2 o) Tha Ad

. R ek

SETPEINEEEREER
702 el 19 AYAE o
3o SAol A2 24H Hazd
bof 2] 2t zel d4dal

2L 2 % oh ok b > O o

N

el ol 3 3 o
Y43t TRmdel NC dEdsslgel 28 A4F 2095
ath_liat
Branch_start Individual_start 5,,,“,:,—,,‘:,
pointer pointer
s [ -
1 1 1
2 2 19 313
3 3 | 3a 3 s
4 a | a0 s ]2
s | 61 6
§ s BlEl o
8 112 u | se adividua
I %o | 132 2|8
10 ] 1as B+
11 | 167 15 | 28
12 | 192 R
13 | 224 ] e
14 | 246 HE A
5] an 2 | 37 Branch
16 | 294 21 | 83 iy
22 29
23 | 1|
21
23 102|
26 | 2a
z | &
28 92
29 bed
30 o9
nln
22 | da
ERE
34

Fig. 8 An illustration of data structure for develop-
ing the individual and branch path list

BaE Aggct ot 2 AL TA(nest)y
=2E Foted 4A A"l 4 glew, ¢9 Ay
doll At F49) AP eastd sl4fabe) of

TAA Fn HARAA AF A2 F

oy AAA 39 Ao dos AL £E 39
3 A" Atole ZHA &Eo| o ¥

3 AAAA A B ofx|
B-splineo 2 ® 713 AQolx A% AL ulz
3}71E osieh wetd & dTelME FH ol
4 27 Bede) HAAA 4% 2ele Ee
2kl (polyline)ell =it Zwl~ &(convex hull)uoj
Agtete ZFASIlA A AE g =2l 2 A
& Az AAES adlE FEIA A A
FA 9 5L de Casteljau o2 HM0] 4] 9]
g2l 2] (degree 39| polynomial curve) & o]-&3}
A F @ skt YHES =g

Fig. 9(a)% o2 Eoj2d AA Az¥¥ /7%
of AEARA e 2ol 27 oA Ao
2524 (Fig. 9(b)9} A+ BD)EE T3l ol &9

Bezier ==

rore ook



2096 3

Steepest directed tree
segment

..... Path from front contact line
of cutter.

..... Bound line of convex hull
of steepest directed tree

. Offset vector for culter
center location

(a) Locus for positioning in xy-plane from the
leading trail tips of cutter

(b) Determination of cutter center location

Fig. 9 Adjustment of trailing edges for an individual
path and determination of cutter center loca-
tion
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Table 2 Specification for the machining test environments

Ki ft
inds .0. est Case A Case B Case C Case D
conditions
Cutter path Steepest Steepest CC- CC-
planning directed directed Cartesian Cartesian
method tree method tree method method method
Cutter type End mill End mill Ball mill End mill
Cutter diameter 9.525 mm 12.7 mm 12.7 mm 12.7 mm
(3/8 inch) (1/2 inch) (1/2 inch) (1/2 inch)

(c) Case C

(b) Case B ; (d) Case D

Fig. 12 Photo of resultant machined parts in each test condition
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Table 3 Comparison of resultant machining performance indices for different test conditions

Pert . .
erformance 1‘nd1ces Case A Case B Case C Case D
for comparison
Maxi
aximum cusp 0.085 mm 0.040 mm 0.275 mm 1.430 mm
height
] B £
Maximum radius o 2.0 mm 3.4 mm 6.5 mm 4.0 mm
uncut volume
Dynamic cutting very sometimes sometimes
e . stable
state(qualitative) stable unstable unstable
T hini
tf’;?l (;?;Ce ’tn;n)g 28.9 min. 95.6 min. 35.2 min. 45.8 min.
ime cte
600 in. 700 in. 400 in. 300 in.
[Possible feedrate] [600mm/min.] [700mm/min.] [400mm/min.] [300mm/min.]
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Fig. 13 Prototype model used in the second machining
test
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Table 4 Comparison of CPU running time in each test
Running time(sec.)
Group Procedures
N 1000 2000 4000 8000
Main triangulation 3.566 8.752 31.593 78.663
Triangulated [ pech optimization 14173 | 33.147 84.618 186.159
surface
model Subdivision and decimation 2.455 6.216 14.148 33.459
Local sum 20.194 48.115 130.359 298.281
Tree edge information 0.421 0.698 1.549 3.283
Geometric form type 0.150 0.268 0.536 0.983
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pa
planning Planetary positioning 1.260 2.452 4.779 8.978
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