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Analytic Linearization of Symbolic Nonlinear Equations
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ABSTRACT

The first-order Taylor series expansion can be evaluated analytically from the formulated
symbolic nonlinear dynamic equations. A closed-form linear dynamic equation is derived about
a nominal trajectory. The state space representation of the linearized dynamics can be derived

easily from the closed-form linear dynamic equations.

But manual symbolic expansion of

dynamic equations and linearization is tedious, time-consuming and error-prone. So it is desir-
able to manipulate the procedures using a computer, In this paper, the analytic linearization
is performed using the symbolic language MATHEMATICA. Two examples are given to illus-
trate the approach and to compare nonlinear model with linear model.
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Fig. 6 Pantograph type robot

Aegn 2UE 197 3o FERE /ME FER
1 E(active joint)olth. FEHlake Aoz TA S vt
g dijolo), o) Rde] FEEIES Uit 7|5 BF
A FHe 259 A AN FEHHT A(ADE v
go2 4(6) e AE L3P AT 2
Ag7t S BEEL F59 A (A2 FHIAL
ndE PR s J30A A 2AE vndr) 4§
A2AYEL ZUE FUNAN A9 G4 $PEEE

AsAA A (1) A(12)9 F 74 352 sk

4
=—+2r
q )
g; =t
3 11
qzzzn“‘h""b:E”'t an
- ~Zi
qu 4, - 4; 9
(g, =Z 41
9, )
g t
==
12 s (12)
qz‘—“zn_ql"'qs“gn_i
T i
4=4, -4, =E+§

Fig. 72 A(11)9 AZE & 48 294 A
¥ 2ddA T8 TFEAY AolE FERIUE 1UH
3ol tidte] Zzh =Alg Aolct, Fig, 8% whit7hA]
2 2(12)9 A2 wapd FEEZY AE FEZ
Qe 1dn} 3] tield 27 =AF Aolth Fig. 7
3} Fig. 82 2T B3Pz HNAH 0.5 A
vjAE gy A% Rde Zolzh Ae glod, FF
AN HolAHA o7t ARE & F Atk 2

149

(NOMRINAL POINT : TIME=0.5}

(R

"
LINEAR TORGUE 3

NONLINEAR TORRUE 3

i

a Q1 oz 93 b4 oS CrOMN (G 1
‘TIME
Fig. 7 Comparison of torque 1 and 3 by equa-

tion (11)

(NOMINAL POINT : TIME=0.5)

Y

X
LINEAR TOFDUE 3

NONLINEAR TORCUE 3

TOROUE
I

LNEAR TORSE 9
x \
(O R B R - A T
TME

Fig, 8 Comparison of torque 1 and 3 by equa-
tion(12)

$R4E7 =3 Fig. 89 3%& Fig. 19 293
%R BAdN 4 2ol MHY mdd HIEE
% % Y.

54 B

£ =FdAe udg 25949 4383 e
712da 13 2APEE )&% 84 e
g ae A9y B g e 27A 25
o) A% Hepdde] AR X HETHS
e Aol didkd FAF Mesdd. 2z o
H4E& AFHE Ao AFANIEF AT o
e AzdA vdd LHYFAY od FEEAE
Feka, B AN FAEE AFse TS A
S50 9 FEEAE Fid oF & Hm
st £33 FASEE WIHAYH 048 2d3) o
Y ndo Aol vwmadrl. webd FE A¥E B



$47 - 237

W Aese ASde 239 HEPAE 1 do
439 A4 4 JA5E AAstojop vk AP W
Ao ZAzPd FolAd FAEH HAH: 722
3 (D)H 749 9 FEeE] ¥ dE=EE o
(VO H4% 4oz 2E 44 78 4
Aok 283 AEPgE (DO)E FA gHE] &4
B2 o] AAZRH HE WAL X £%A
of 71&7} He ZEdEd ez a8g & o,

o3k

ek

aFE

1. Roberson,R.E. and Schwertassek,R., Dy-
namics of Multibody Systems, Springer-
Verlag, 1988,

2. Balafontis,C. A, and Patel,R.V., Dynamic
Analysis of Robot Manipulators:a Carte-
sian Tensor Approach, Klumer Academic
Publishers, 1991,

3. Liang, C.G. and Lance,G.M., “A Differ-
entiable Null Space Method for Con-
strained Dynamic Analysis’, Trans.
ASME J. of Mechanisms, Transmission,
and Automation in Design, Vol, 109,
pp. 405-411, 1987,

4, Sohoni, V.N. and Whitesell,J., “Automatic
Linearization of Constrained Dynamic
Models”, Trans. ASME J. of Mechanisms,
Transmission, and Automation In Design,
Vol. 108, pp.300-304, 1986.

5. Vukobratovic, M, and Nenad,K., “‘Comput-
er-oriented Method for Linearization of

150

10.

11

Dynamic Models of Active Spatial Mecha-
nisms’, Mechanism and Machine Theory,
Vol. 14, pp.21-32, 1982,

Neuman, C.P. and Murray, J.J., “Line-
arization and Sensitivity Functions of
Dynamic Robot Models’, IEEE Trans. on
Systems, Man, and Cybernetics, Vol. 2,
pp. 805-818, 1984.

Balafontis, C. A., Misra,P., and Patel,
R.V., “Recursive Evaluation of Linearized
Dynamic Robot Models’, IEEE Robotics
and Automation, Vol. 2, pp.146-155, 1986.
Wolfram, 3., Mathematica, Addison Wes-
ley, 1991.

Leu,M.C. and Hemati,N., “Automated
Symbolic Derivation of Dynamic Equa-
tions of Motion for Robotic Manipluators',
Trans. ASME J. of Dynamics Systems,
Measurement, and Control, Vol, 108,
pp. 172-179, 1986.

Luh,J.Y.8., and Zheng Y., “Computation
of Input Generalized Forces for Robot
with Closed Kinematic Chain Mechanism’,
IEEE J. of Robotics and Automation,
Vol. 1, pp.95-103, 1985.

Nakamura, Y., and Ghodoussi, M., ‘A
Computational Scheme of Closed Link
Robot Dynamics Derived by D’Alembert
Priciple’, Proc. IEEE International Con-
ference on Robotics and Automation,
pp. 1354-1360, 1988,



FFALTSHA) A12d A6 (19954 69)

L

T(11=(g=11=m1*Cos(ql1]1}/2 + g*li=m2*Cos(ql1]] + (gel4=masCoslql3] + q[4]11)/2 +
(11°2*ml*ddql11)/4 + 11"2sm22ddq(1] + (11*12*m2*Cos[ql2]113ddql1])/2 +
(11*12*m2=xCosfql 2] 1*+ddql2]1) /2 + (14" 2smd*adqf31)/4 + '
(13*14smd*Coslql4]]*ddal3])/2 + (14" 2mmd=ddql41)/4 -
(11*12#m22dql1]1°2+8in[q(2]]) /2 ~ 11712*m2*dql11xdq(2]1*8inlql2]] -
(11=12=m228q(2]"2*Sinlql211) /2 + (13214sma*dq(3])"2*Sinlql41])/2

T(3)=(g*12:m2*Cosiql1] + g[2]]1)/2 + (g*l3+m3*Cos[ql311)/2 + g*13*m4*Coslql31] +
(12" 2sm2=ddgl1]) /4 + (11%12*n2*Cos{q(2]]1#ddql11)/2 + (12"2mm2+ddqf2])/4 +
(13"2*m3*ddql3]) /4 + 13" 2smd*ddql3] + (13x14smé*Cos[ql411=ddql31)/2 +
(13+14smé*Coslql4]]1*ddgl41) /2 + (11#*12m2*dql1]1"2+8in[q[21]1)/2 ~
(13+14*ma*dql3]"2*8infq[411) /2 — 13+*14*nd*dgl31*dql41+Sinlqgl4]] -
(13+14=pd*dql41°228in{ql411) /2 (A1)

D°={{(11°2*m1)/4 + 11°2%m2 + (11212n22Coslqf2]1)/2, (11%1Zsm22CosCql2]])/2,
(14"2xm4 } /4 + (13=14smdsCoslqf4]]}/2, (14"2%mi)/4},
{(12°2¢m2) /4 + (11e12sm2%Cos[q(2]1)/2, (12"2*m2)/4,
(13°2+m3)/4 + 13"2#m4 + (13214xm43Cos[ql411)/2, (13s14*méxCos[ql41])/2}}

Vo= {{~(11212#m2*dq[ 1]2Sinlql21]) - 11s12sm2*dqr2])sSinlql21],
—(11*12*m22d(11*8inlql21]) ~ 11x12+m2=dqf2]*Sinlql2]],
13=14*m4*ag[3]125inlql4]], 0},
{11=12=m2+dq[11*Sin{q{2]1], O,
-(13+14*md*dql3)*5infql41]) - 13+14*md*dq(4]1=Sinlqf4]1],
-(13=14*m42aq[31*Sinlql411) ~ 13=14*mi*dql4]*Sinlql4]1)}

P’={{-(g*11sm12Sinlql(111)/2 - g*11*m2sSinlql11],
-(11312m22Cos(qL2]11*dal11"2) /2 ~ 11*12+n23Cos[ql2]]=dql1]*dql2] ~
(11512*m23Cos[ql2]11*4q021°2)/2 — (11312sm2#ddql1)*Sinlql2]1)/2 -
(11s12*m2+ddqgl2]1#8inlql211)/2, —{(g*1d*mdsSinlql3] + q[411)/2,
(13*14*m4*Cos{ql411%dql3]1°2)/2 - (13+14+n4=ddgl31+8inlql411)/2 -
(g*14*md*Sinlql3] + a[411)/2},
{~(g=12=m2=*Sinlql1] + q[213)/2,
(11*12sn2:CosLql21]12dql11°2)/2 - (11%12*m2*adql1])*Sinlql21])/2 ~
(g*12*m2*Sinlql1] + q[211)/2, —(g*13*m33Sinlql31]1)/2 ~ g*13*m4*Sinlql3]1],
-(13*14*m4*Cos[q[4]1*dq[31°2)/2 ~ 13*14=ndsCos(ql4]Ixdal3]1*dql4] -
(13*14sn4*Coslqla11*aql4])"2)/2 - (13%14*md*ddql3]*Sinlql411)/2 -
(13=14*m4*ddql4)*Sinlql411) /2}} (A2)

151



