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Interior and Exterior Trimmed Means
In an Exponential Model

Jungsoo Wool), Changsoo Leel), Joongdae Kim?
Abstract

In an exponential distribution, the properties of the interior and exterior trimmed
means will be introduced, and reliability estimators using the two trimmed means will
be compared with the UMVUE of reliability function through simulations.

1. The Interior and Exterior Trimmed Means

The trimmed mean proposed by Tukey had been defined as the average of observations
remaining after a fixed number of outlying observation have been removed. Fan(1991) has
considered the properties of the interior and exterior trimmed means in the Uniform
distribution.

Here we shall consider properties of the interior and exterior means in an exponential
distribution with mean 0, and also compare the UMVUE and estimators using the trimmed
means for the reliability in the exponential distribution.

Let Xj,...Xn be a simple random sample(SRS) from X ~ EXP(0), an exponential distribution
with mean 0, and X, X, ..., Xm be the corresponding order statistics.

The interior and exterior trimmed means are defined as followings;

For k=0,1,...,In/2]-1,

Te=Xun+tXunt ... +Xu-p)/(n—2k : (n-2k)-exterior trimmed mean,
Hy=(Xy+...+Xw+tXus+y+... +Xw)/2k . 2k-interior trimmed mean,

where, [x] is the greatest integer not exceeding x. (1.1)

The statistic Tx means that we take an average of samples with size n-2k in which the first
k and the last k order statistics are eliminated, and the statistic Hk takes an average of the
first k and the last k order statistics.

From the results of Balakrishnan and Cohen(1991), it is known that:
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BX)=0r—t—t=a,,. VAR(Xk)-ozZ(n—lzq)T%k;n,

and
COV(X 5, X(3) = VAR(X ;) , if i<j 1.2)

where, 1,j, and k=12,...n.
From the expressions (1.1) and (1.2)the expectations and variances of the interior and
exterior trimmed means can be obtained as follows;

n_k n—k
BT = 5 ligpain VART)= 5 2243 p, (13)
3 n
and E(Hk)sz Lain t 2 i),
k n
VARH) =~z B(k-2i+D) B0y + 3 (2n-2i+D 8] (1.4)

From the results (1.3) and (1.4), Tables 1.1 through 1.5 show the exact numerical values for
biases and variances of the interior and exterior trimmed means in an exponential distribution,
only when n=10,16,20,24,30.

Through the exact numerical evaluations, we get the following numerical results.

FACT 1. Let s=[n/2].

AlIf s is even, then
a.The absolute bias of Tk is greater than that of Hs-k, for every k < s/2.
b.The absolute bias of Tk is equal to that of Hs-k, for every k = s/2.
c.The absolute bias of Tk is less than that of Hs-k, for every k > s/2.

B.If s is odd, then
a.The absolute bias of Tk is greater than that of Hs-k, for every k<(s-1)/2.
b.The absolute bias of Tx is less than that of Hs-k, for every k > (s-1)/2.

FACT 2. a. VAR(TW<VAR( X )<VAR(H,-x), for each k=1,2,...s-1

b. The variance of Hx is decreasing as k is increasing.

From the Fact 2, the ordering relations of variances for the two trimmed means in an
exponential distribution are slightly different from those of Fan(1991) in the Uniform
distribution.
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The following result is applied to consider the reliability in an exponential distribution later.
The tables 1.1 through 1.5 show the following numerical result.

FACT 3. nﬁin VAR(Tk) = VAR(Tk(0)), k(0)=[n/5] only when n=10,16,20,24,30.

Next, in an exponential distribution with mean 0 we shall consider the reliability estimators,
which are proposed as follows;

ﬁlk(t)zeXD(__t) , ﬁzk(t)=exp(——t~) , k=1,2,...,s—1,
T, H,

and R,(d=(1- St y= for ¢< S,  where, S,= élX,». ( Zacks and Even(1966))

n

Tables 2.1 through 24 show the simulated values for the biases and mean square
errors(MSE) of the proposed three reliability estimators in the exponential distribution, when
n=10(10)30. Through the simulations, we can get the following simulated results.

FACT 4. a. The bias of R,,(# is smaller than that of Ry(d, 1< k < s-1.
b. The variance of R, (® is smaller than that of R,(D), 1< k < s-1.

c. The estimator Iak«» (# is more efficient than the UMVUE of reliability,
where, k(0)=n/5 only when n=10(10)40.

From the Fact 4.c, the reliability estimator RAM(O)( £ would be more useful than the UMVUE

in reliability estimation for an exponential distribution with mean 0.

Table 1.1 The biases, variances and MSE’s of Tx and Hx (n=10, 6=2)

Trimmed mean BIAS VAR MSE
T, 0.25724 0.34511 0.41128
H, 0.12718 0.46263 0.47780
T 0.38968 0.33088 0.48993
Hs 0.31138 0.58609 0.68305
Ts 0.46706 0.35164 0.56979
H, 0.58452 0.84520 1.18686
T4 0.50873 0.38463 0.64344
H,; 1.02897 1.57977 2.63855




Table 1.2 The biases, variances and MSE’s of Tx and Hx (n=16, 0=2)
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Trimmed mean BIAS VAR MSE
T 0.20618 0.21856 0.26107
H» 0.07847 0.27228 0.27844
T, 0.32552 0.20834 0.31430
He 0.17779 0.30669 0.33829
Ts 0.40689 0.20610 0.37166
Hs 0.30352 0.35910 0.45122
T4 0.46484 0.20891 0.42499
Hy 0.46484 0.44133 0.65741
Ts 0.50587 0.21582 047172
H; 0.67815 0.58016 1.04005
Ts 0.53338 0.22682 0.51131
H; 0.97656 0.85162 1.80529
T7 0.54926 0.24332 0.54501
H; 1.44323 1.59607 3.67898

Table 1.3 The biases, variances and MSE's of Tk and Hx (n=20, 0=2)

Trimmed mean BIAS VAR MSE
T 0.18308 0.17664 0.21016
Hq 0.06250 0.21383 0.21774
T, 0.29351 0.16769 0.25384
Hs 0.13809 0.23354 0.27168
Ts 0.37201 0.16410 0.30249
Hy 0.22933 0.26111 0.31370
T4 0.43091 0.16373 0.34941
Hg 0.33999 0.29994 0.41553
Ts 0.47587 0.16576 0.39221
Hs 0.47587 0.35611 0.58256
Ts 0.50999 0.16986 0.42995
Hy 0.64636 0.44157 0.85935
T7 0.53510 0.17595 0.46228
Hj 0.86801 0.58321 1.33665
Tsg 0.55236 0.18421 0.48931
Hs 1.17406 0.85713 2.23555
Ty 0.56246 0.19558 051194
H, 1.64774 1.60366 431871
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Table 1.4 The biases, variances and MSE’s of Tk and Hy (n=24, 0=2)

Trimmed BIAS VAR MSE
mean
Ty 0.16524 0.14855 0.17585
Hyp 0.05192 0.17608 0.17878
T, 0.26787 0.14089 0.21264
Hio 0.11284 0.18878 0.20151
T3 0.34281 0.13714 0.25466
Hsg 0.18411 0.20561 0.23951
T 0.40077 0.13568 0.29629
Hs 0.26764 0.22789 . 0.29952
Ts 0.46671 0.13587 0.33542
H; 0.36612 0.25771 0.39175
Ts 0.48341 0.13739 0.37107
Hs 0.48341 0.29853 0.53222
Ty 0.51256 0.14010 0.40282
Hs 0.62539 0.35646 0.74757
T 0.53529 0.14393 0.43046
Hy 0.80153 0.44348 1.08593
Ty 0.55232 0.14893 0.45399
H; 1.02843 0.58652 1.64419
To 0.56418 0.15524 0.47354
H, 1.33936 0.86169 2.65557
Tn 057117 0.16353 0.48976
H 1.81762 1.60933 491307

Table 1.5 The biases, variances and MSE’s of Tx and Hx (n=30, 0=2)

Trimmed mean BIAS VAR MSE
T 0.14488 0.12020 0.14120
Hyy 0.04142 0.13924 0.14095
Ts 0.23778 0.11412 0.17066
His 0.08852 0.14677 0.15461
Ts 0.30747 0.11068 0.20522
Hiz 0.14196 0.15624 0.17639
Ty 0.36290 0.10879 0.24049
Hu 0.20259 0.16809 0.20913
Ts 0.40825 0.10797 0.27464
Hio 0.27152 0.18293 0.25665
Te 0.44591 0.10800 0.30684
Hy 0.35022 0.20168 0.32433
T7 0.47736 0.10872 0.33659
Hs 0.44065 0.22569 0.41986
Ts 0.50360 0.11007 0.36368
H; 0.54556 0.25706 0.55470
T 0.52533 0.11201 0.38798
He 0.66887 0.29928 0.74667
Tio 0.54305 0.11451 0.40941
Hs 0.81651 0.35849 1.02518
Tu 0.55713 0.11760 0.42799
Hy 0.99797 0.44669 1.44263
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Continue
Trimmed mean BIAS VAR MSE
T2 0.56783 0.12130 0.44373
Hs 1.22988 0.59081 2.10341
Tz 0.57353 0.12572 0.45466
H: 1.54556 0.86697 3.25573
Tha 0.57982 0.13128 0.46747
H; 2.02832 1.61548 5.72956

Table 2.1 Simulated biases and variances for the reliability estimators
Ru() and Ru(». (n=10,0=1)

RO—t 0.2 0.4 06 0.8 10
B (5 BIAS | 0036758 | 0062413 | 0.070241 | 0072665 | 0.097784
n VAR | 0001623 | 0.004135 | 0.006074 | 0.000796 | 0.008994
2. (3 BIAS | 0108309 | 0190783 | 0247504 | 0285103 | 0.320483
z VAR | 0000102 | 0.000781 | 0.000555 | 0.000919 | 0.001134
B () BIAS | 0015413 | 0026078 | 0023907 | 0024730 | 0.045106
12 VAR | 0003624 | 0008068 | 0010798 | 0011370 | 0013398
P BIAS | 0.120144 | 0211593 | 0277831 | 0323163 | 0.363833
z VAR | 0000063 | 0.000172 | 0.000350 | 0.000592 | 0.000766
PT BIAS | 0001142 | -0,002901 | -0.000334 | -0,004489 | 0.011103
13 VAR | 0004617 | 0012717 | 0012945 | 0015341 | 0.017688
B () BIAS | 0133424 | 0236549 | 0314543 | 0370319 | 0.416905
z VAR | 0000030 | 0.000092 | 0.000181 | 0.000312 | 0.000444
7. () BIAS | -0.006877 | -0.032585 | -0.019630 | -0.028847 | -0.004369
" VAR | 0005401 | 0020680 | 0.015551 | 0.019170 | 0.021056
B () BIAS | 0150511 | 0269147 | 0362031 | 0431708 | 0488193
2 VAR | 0000007 | 0000017 | 0.000037 | 0.000050 | 0.000091

Table 2.2 Simulated biases and variances for the reliability estimators
R,.() and R (D. (n=20,0=1)

RO 0.2 0.4 06 0.8 10
B (5 BIAS | 0022040 | 0034286 | 0028323 | 0042055 | 0.038301
" VAR | 0000836 | 0002255 | 0004322 | 0.004578 | 0.004943
P BIAS | 0075555 | 0.126988 | 0157287 | 0.184042 | 0.193414
» VAR | 0000172 | 0000470 | 0001049 | 0.001323 | 0.001632
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Continue ...
RO 02 0.4 0.6 0.8 1.0
() BIAS 0.005574 | 0.010602 | -0.003725 | 0.010785 | 0.003971
12 VAR 0.001122 0.002948 0.005544 0.005258 0.005543
% (D) BIAS 0.081816 0138085 | 0.172881 0.202022 0.214257
= VAR 0.000146 0.000401 0.000943 0001188 0.001477
JaNe) BIAS -0.006690 | -0.007409 | -0.026547 | -0.010937 | -0.019285
1 VAR 0.001479 0.003557 0.006672 0.005916 0.006301
R, (9 BIAS 0.088758 0.150256 0.190065 0.221974 0.237535
u VAR 0.000122 0.000335 0.000819 0.001050 0.001302
B, BIAS -0.017148 | -0.022945 | -0.044655 | -0.028756 | -0.040797
14 VAR 0.001896 0.004309 0.007416 0.006328 0.007202
2 (D) BIAS 0.096204 0.163766 0.208000 | 0.244269 0.263789
% VAR 0.000100 0.000279 0.000688 0.000906 0.001127
2. BIAS | -0.026371 | -0.036129 | -0.060965 | -0.044822 | —0.059660
15 VAR | 0002368 | 0.005330 | 0008239 | 0.007798 | 0.008028
B (D) BIAS 0.104248 | 0.178632 0.230175 0.269265 0.293174
5 VAR 0.000083 0.000233 0.000567 0.000757 0.000937
B (9 BIAS -0.034595 | -0.046095 | -0.073532 | -0.057864 | -0.072619
16 VAR 0.002924 0.006200 0.009025 0.007410 0.008151
2, (9 BIAS 0.113150 0.295235 0.253996 0.297703 0.326237
u VAR _ | 0000064 | 0.000183 | 0000430 | 0.000604 | 0.000735
) BIAS -0.040658 | -0.053149 | -0.084040 | -0.068235 | -0.081384
1 VAR 0.003499 0.006999 0.009639 0.008346 0.008300
2. (9 BIAS 0.123270 0.214287 0.281944 0.331757 0.365598
3 VAR 0.000047 0.000128 0.000300 0.000431 0.000534
B (d BIAS -0.043514 | -0.069522 | -0.092149 | -0.076552 | -0.088649
18 VAR 0.004089 0.007783 0.009861 0.009599 0.008750
2,8 BIAS | 0135310 | 0237549 | 0315988 | 0374448 | 0.416386
2 VAR 0.000028 0.000067 0.000176 0.000260 0.000330
B (D BIAS -0.045939 | -0.063102 | -0,097122 | -0.082097 | -0.091944
19 VAR 0.004510 0.008530 0.010568 0.010502 0.009273
JNC) BIAS 0.150688 0.268514 0.361456 0.432743 0.486128
2 VAR 0.000007 0.000013 0.000038 0.000054 0.000078

Table 2.3 Simulated

Ry () and R, (H. (n=30,0=1)

biases and variances for the reliability estimators

R() 0.2 0.4 0.6 0.8 1.0
By (D BIAS 0.017795 0.030250 0.025078 0.022795 0.034380
u VAR 0.000711 0.001720 0.003069 0.003370 0.003661
By () BIAS 0.058954 0.100855 0.118847 0.130875 0.145842
21 VAR 0.000250 0.000611 0.001116 0.001467 0.001805
B, BIAS 0.005396 0.009902 0.001141 0.003179 0.008310
12 VAR 0.000870 0.002025 0.003900 0.003824 0.003874
B (D BIAS 0.063001 0.107967 0.128751 0.141837 0.158027
@ VAR 0.000207 0.000564 0.001024 0.001382 0.001740
E. BIAS -0.003579 | -0.004942 | -0.016687 | -0.022064 | -0.011193
13 VAR 0.001033 0.002456 0.004576 0.004183 0.004205
B (D BIAS 0.067327 0.115686 0.139063 0.152869 0.171336
a2 VAR 0.000190 0.000520 0.000934 0.001308 0.001664
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Continue ...
RO 0.2 0.4 0.6 0.8 1.0

£t BIAS | —0011206 | -0.016337 | 0030873 | -0.037721 | -0.026800
VAR | 0001202 | 0002713 | 0005139 | 0.004655 | 0.004486

T BIAS | 0071906 | 0.123983 | 0150219 | 0.167090 | 0.185761
VAR | 0000172 | 0000480 | 0000853 | 0.001240 | 0.001585

£ BIAS | -0.017398 | -0.026196 | -0.042897 | -0.050304 | -0.039903
: VAR | 0001342 | 0003010 | 0005734 | 0005014 | 0004759
£oo (D BIAS | 0076785 | 0.132036 | 0162343 | 0181510 | 0201622
VAR | 0000160 | 0000440 | 0000769 | 0.001167 | 0001499

200 BIAS | -0022613 | —0.036738 | -0.054310 | -0.060913 | -0.050083
VAR | 0001474 | 0003377 | 0006246 | 0005313 | 0.004983

5 BIAS | 0081968 | 0142377 | 0.175204 | 0197267 | 0218998
VAR | 0000140 | 0000404 | 0000681 | 0001084 | 0001409

2o BIAS | —0027341 | -0.044679 | -0.064272 | -0.069392 | -0.061212
VAR | 0001604 | 0003733 | 0006749 | 0005507 | 0.005211

P BIAS | 0087550 | 0.152456 | 0.189270 | 0214412 | 0237882
VAR | 0000126 | 0000364 | 0000599 | 0000988 | 0001317

£t BIAS | -0.031815 | -0.051433 | -0.072729 | —0.076613 | -0.069331
VAR | 0001772 | 0004036 | 0007120 | 0005752 | 0.005433

5 () BIAS | 0093561 | 0.163470 | 0204503 | 0233316 | 0.258768
VAR | 0000111 | 0000325 | 0000527 | 0000898 | 0001203
£ BAIS | -0035666 | —0.058005 | -0.080371 | -0.082521 | -0.076340
- VAR | 0001947 | 0004376 | 0007513 | 0005926 | 0.005747
2t BIAS | 0100123 | 0175428 | 0221182 | 0254368 | 0281743
VAR | 0000097 | 0000290 | 0000454 | 0000791 | 0.001077
B (D BIAS | -0039287 | -0.063493 | -0.086918 | -0.086720 | -0.081469
VAR | 0107375 | 0188520 | 0239719 | 0277869 | 0.308041

~ BIAS | 0002111 | 0004825 | 0007842 | 0006071 | 0005934
2 (9) VAR | 0000083 | 0000249 | 0000381 | 0000630 | 0.000944
T BIAS | —0.042277 | —0.066454 | 0091723 | -0.089787 | —0.085779
VAR | 0115434 | 0203448 | 0261258 | 0304924 | 0338451

P BIAS | 0.002239 | 0.005086 | 0008216 | 0.006310 | 0.006214
VAR | 0000067 | 0000202 | 0000311 | 0000568 | 0.000795

PT BIAS | -0.044993 | -0.068837 | -0.006511 | -0.091482 | -0.089933
VAR | 0002380 | 0005439 | 0008661 | 0006534 | 0.006410

£t BIAS | 0124749 | 0220787 | 0286647 | 0336823 | 0375016
VAR | 0000048 | 0000154 | 0000225 | 0000423 | 0.000588

2.5 | PIAS | -0.046546 | -0070218 | -0.099147 | -0.093113 | -0.093504
VAR | 0002423 | 0005852 | 0.009090 | 0006871 | 0.006661

%0 BIAS | 0136010 | 0241935 | 0317978 | 0376692 | 0421420
VAR | 0000028 | 0000095 | 0000120 | 0000252 | 0000381
T BIAS | -0.048217 | —0.072108 | -0.100507 | -0.095986 | -0.096684
VAR | 0002430 | 0006363 | 0009240 | 000691 | 0007028

2t BIAS | 0.150677 | 0.270064 | 0360925 | 0432665 | 0487191
VAR | 0000007 | 0000023 | 0000030 | 0000064 | 0.000076
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Table 2.4 Simulated MSE's of reliability estimators & 1, (B and Ry(d
of reliability function. (0=1,k(0)=n/5)

n t MSE
R 140y (8) Ry(®
0.2 0.00386 0.01143
04 0.00875 0.03441
10 0.6 0.01137 0.05825
0.8 0.01198 0.07828
1.0 0.01543 0.09487
0.2 0.00219 0.00584
0.4 0.00484 0.01625
20 0.6 0.00941 0.02553
0.8 0.00715 0.03628
1.0 0.00887 0.03889
0.2 0.00198 0.00367
0.4 0.00471 0.01067
30 0.6 0.00919 0.01453
0.8 0.00902 0.01796
1.0 0.00785 0.02239
0.2 0.00109 ) 0.00213
0.4 0.00609 0.00618
40 0.6 0.00524 0.00998
0.8 0.00983 0.01117
1.0 0.00532 0.01293
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