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On the Robustness of Chi-square Test Procedure
for a Compounded Multivariate Normal Mean

Hea-Jung Kimb

Abstract

The robustness of one sample Chi-square test for multivariate normal mean vector
is investigated when the multivariate normal population is mixed with another
multivariate normal population with differing in the mean vector. Explicit expressions
for the level of significance and power of the test are derived. Some numerical results
indicate that the Chi-square test procedure is quite robust against slight mixtures of
multivariate normal populations differing in location parameters.

1. Introduction

Consider a random sample of size N from the mixture of multivariate normal population
with probability density function(pdf)

flx)=wolx;n,2)+ (1-w)o(x:uz,2), g}

where 0S<w<1 and ¢(x:;u,2) is the multivariate normal pdf with mean vector M and

known variance covariance matrix 2. Day(1969), Wolfe(1970) and Johnson and Kotz(1972)
have studied the distributions of some statistics derived from (1) and its general form.

The purpose of the present study is to consider the effects of nonnormality of the type (1)
on familiar one sample mean test(Chi-square test) of significance when 2 is known, ie. the
robustness of the one sample Chi-square test procedure against slight contamination of the
population with another multivariate normal population having a different mean vector. The
reader is referred to Subrahmaniam, et al.(1975) and Blumenthal and Govindarajulu(1977) for
univariate robustness studies of this kind.

9 Distribution of the Chi-square test statistic

Let X1, Xz, .-, X~ be a sequence of iid p-dimensional random vectors with commo

density function
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fxiw, g, u2,3) = (2n) 7% 3| 'Vz{w exp[—% (x-u1) Z“I(x—ul)]
2

+ (1-w) exp[-%(x— ) I (x- Uz)]},
where 0Sw<1 and 2 >0 is known. The common expected value is
6 =FE(X)=wu+(l-w: (3)
and the variance covariance matrix is
Q=V(X)=Z+w(l-w)ur-u2)(H1-u2)" . 4)
To test the hypothesis of Ho : 08 =6¢ vs Hi: 08 8y, assuming the normality of Xi’s,
the usual Chi-square test procedure with the critical region T° > x%, p is used where d is
the given type 1 error probability, qu, » is the 100(1-a) th percentile of the x° distribution

with p degrees of freedom and T2 is defined by
T? = N(X-80) ' (X -80), 5)
where X = % g:X i . For obtaining the distribution of T? under the distribution (2), it

will be convenient to think of the sample as coming from two multivariate normal populations;
Iy ~ Np(u1,2) and M2 ~ N,y(u2,2). With probability w an observation comes from [I;
and with probability (1-w) it comes from [l2. We let B denote the random unobservable
number of observations among Xi, Xz, ..., X~ which come from [l; . Then we have the

following result.

Lemma 1. Given R=r ,

2 e MR 1 il -y
Pr(T® S 1 R) = e My = — s [y e ey, 6)
where
A= -]%,-(Nuz +r(u1-uz) - N8o) S NN+ r(us - uz) - N6y).

Proof. Given R=r , X is distributed as
X ~ N,,(%(rlll+ (N -ruz), ‘}vz)

so that NY2S2(X-80) ~ No(N Y23 Y¥rp + (N-r)uz- N8}, I,). Therefore, the

conditional distribution of 77 is a noncentral Chi-square with p degrees of freedom and

noncentrality parameter A . Using the cumulative distribution function of the noncentral Chi-
square(cf. Johnson and Kotz, 1972), we have the result.



332 Hea-Jung Kim

Theorem 2. The unconditional cumulative distribution function of T? is given by
0 N J
2 _ N r _ N-r ()\/2) -72 2
Prr® s o) = 3 3 (N )w - w{ e VP < o) @)
where sz+zj denotes the central Chi-square variate with p+2j degrees of freedom.
Proof. Pr(7? < t) = EPr(T? < t|R) with the binomial distribution R wused for the

expectation. Using the binomial distribution of R, we have

&N

EPr(T®* < t|R) = Zé(r)w’(l—w)N"Pr(Tz <tIR).

Expressing Pr(T? < t|R) in Lemma 1 as a weighted sum of central Chi-square
distribution probabilities with weights equal to the probabilities of a Poisson distribution with

expected value A2, we have the result.

As a result, when we test the common mean vector of (2) via the Chi-square test
procedure, Theorem 2 yields the true level of significance of the test. The true level of

significance o , for the nominal value a, is given by

a*=1-Pr(T? £ 14,). (8)
Here Xza,p is the critical value of the usual Chi-square size d test with p degrees of

freedom. Thus one can use (8) to evaluate either size or power of the test based on T° by

appropriate choice of the value of A in (7).

3. Numerical results and Conclusion

Robustness of the Chi-square test for the compounded multivariate normal population mean
is investigated. This is done by calculating the true size a” of the test Ho:0=00 and then

by comparing it with the nominal value @ in (8). In order to obtain the true size(level of

significance) @  of the Chi-square test procedure for testing Ho:8=080, without loss of
generality, we set 80=0 in (5) so that T’=N X' 3'X. In this case, the noncentrality
parameter for the distribution of T? given R=r is

A= = (Nug+r(un-u)) 37 (Nio+ (i - u2)).
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In calculating a° , we restricted ourselves to the following combinations of the parameters :
(i) Let 11=0 and A=uz’ S 'uz, so that A=A(N-r?/N, where AY® is Mahalanobis
distance between two populations(l; and [z ). Then the true size was obtained for A=0.1,
05,10,20 and p=2,5,8. (ii) Since we have assumed #;=0, for the test of hypothesis
Ho:8=0, one would use the statistic T? only for large values of w=.75, 90, 95,9 in
order to study the robustness of the Chi-square test procedure. (iii) The true levels of
significance «" obtained from (8) are compared with the given nominal values ao=.01,
05,10 . (iv) Computations were carried out for N =10(10)100. Not all of these results are
given in the following table because for larger values of N than those shown, the actual size

was as good as for the largest tabulated N. While the above combinations do not detract

from the merits of the results, it is felt that they would point up the pattern one would
expect in general,

Table 1. True Size of the Test for Various Values of p,A, N and w.

a w A Q: 2 Q: 5 Q: 8
Sample Size N
10 20 30 10 20 30 10 20 30

0.1 011 .013 .015 .011 .011 .012 010 .011 .012
15 0.5 021 032 044 016 .021 .028 .014 .018 .023
1.0 037 064 .09 .024 .039 .057 020 .031 .044
20 078 .146 222 049 .091 .141 .038 .069 .107
0.1 010 .010 010 010 .010 .010 .010 .010 .010
90 05 012 .013 .015 011 .011 .012 010 .011 .011
1.0 015 .018 .021 012 .014 .016 .012 .013 .0l14
20 022 029 036 016 .020 .024 014 .017 .020
0.1 010 .010 .010 .010 .010 .010 .010 .010 .010
95 05 010 .011 011 .010 .010 .010 .010 .010 .010
1.0 011 .012 013 011 .011 .011 .010 .010 .011
20 014 015 016 012 .012 .013 .011 .012 .012
0.1 010 .010 .010 .010 .010 .010 .010 .010 .010
99 05 .010 .010 .010 .010 .010 .010 .010 .010 .010
1.0 010 .010 .010 .010 .010 .010 .010 .010 .010
20 010 .010 .010 .010 .010 .010 .010 .010 .010

.01
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Table 1 is continued.

a w A p=2_ D=5 p=8_
Sample Size N
10 20 30 10 20 30 10 20 30
01 096 061 065 .053 .056 .059 .052 .054 .056
75 0.5 082 109 137 069 .085 .102 .064 .076 .089
1.0 A18 174 232 091 .127 165 .081 .108 .138
2.0 192 302 407 141 219 300 .120 .183 .250
0.1 051 .052 052 050 .061 .051 .050 .050 .051
90 0.5 057 061 065 054 .056 .058 .053 .04 .056
1.0 065 .073 081 058 .063 .068 .056 .060 .063
5 2.0 081 .098 .115 068 .079 .089 .064 .072 .080
' 01 050 .050 050 050 .050 .00 .050 .050 .050
95 05 051 .052 052 050 .051 .051 .050 .050 .051
1.0 055 .067 059 053 0564 .055 .052 .063 .054
2.0 061 .065 069 056 .059 .061 .055 .056 .058
01 050 .060 050 050 .050 .050 .050 .050 .050
99 05 050 .060 .050 050 .050 .050 .050 .050 .050
1.0 050 .050 .050 .050 .050 .050 .050 .050 .050
2.0 051 051 .051 050 .061 .051 .050 .050 .051
0.1 09 116 123 105 .109 114 104 .107 .110
75 0.5 d147 184 220 129 152 176 .122 .140 .159
1.0 J94 265 334 160 208 257 .146 .184 224
2.0 281 407 518 223 318 409 .198 .277 .356
0.1 102,103 104 101 101 102 .100 .101 .102
90 05 A11 116 122 106 110 113 105 .107 .110
1.0 122 133 145 113 120 127 110 .115 .121
10 2.0 144 167 190 127 142 157 121 133 .144
0.1 J100 101 101 100 100 .100 100 .100 .100
95 05 104 105 107 102 .103 .104 .101 .102 .103
1.0 108 111 114 105 .106 .108 .103 .105 .106
2.0 J41 156 170 126 135 .145 .120 .128 .135
0.1 100 .100 .100 100 100 .100 .100 .100 .100
99 05 100 .100 100 100 .100 100 100 .100 .100
1.0 100 .100 101 100 .100 .100 .100 .100 .100
2.0 J02 102 102 .101 .101 .101 .101 .101 .101
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The results of our study are given in Table 1. An examination of this table shows that the
Chi-square test is robust against small contamination depicted by (1). In particular we have
the following comments : (i) In either of the cases where the proportion of contamination is
large (w < .90) or the distance(Mahalanobis distance) between the populations is large, the
test would be inappropriate. In other words, if the departure from multivariate normality is
greatly accentuated, the Chi-square test does not give the desired protection. (ii) The
increase in the nominal value a and the dimension p, however, do not affect the robustness

of the test procedure (iii) An increase in N, the sample size, can lead to a slight worsening
of the situation. This is due to the fact that the distribution of 7% is noncentral Chi-square
with the noncentrality parameter A being increasingly affected by M.

In this paper we have assumed that the variance covariance matrix 2 in (1) is known. In
case where 2 is unknown, the effects of nonnormality of the type (1) on the usual mean test
(Hotelling’s T2 test) may be another problem to be studied. It is left as a future research

topic of interest.
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