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A Central Limit Theorem with Random Indices
for Martingale Difference Sequences

Dug Hun Hong '

ABSTRACT

A central limit theorem with random indices is obtained for station-
ary martingale difference sequences.
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1. INTRODUCTION

Let X, Xa, - be a stationary ergodic stochastic sequence on (Q,F,P)
with E[X;| X1, X2, -+, Xiz1] = 0 almost surely(a.s.) and EX] = 1 and let
vy, Ve, - be a sequence of positive integer valued random variables. Let

S,=X1+ -+ X, and let

®(a) = /_aoo J%e‘%idx.
Billingsley(1961) has shown that
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In this paper we prove the following theorem which is a generalization of
Billingsely’s result.

Theorem 1. If v, /n converges in probability to a positive random variable
v which is independent of {X,,n > 1}, then

AS'.,"

n

lim P{

n—oo

< a} = &(a) (—oc0 < a < o0) (1)

Remark. Blum, Hanson and Rosenblatt(1963) proved Theorem 1 on the
sum of i.i.d. random variables without the assumption that v is independent

of {X,,n>1}.

2. RESULTS

Throughout this section, let X;, X5, be a stationary ergodic stochastic
sequence on ({2, F,P) with E[X;|X1,X;,---, X,1] =0 as. and EX? =1 and
let vy,1,, - be a sequence of positive integer valued random variables. We
will need the following lemmas in the proof of the theorem :

Lemma 1. (1) holds if v,/n converges in probability to some positive
constant c.

Proof. Just follow the proof of Theorem 7.3.2. in Chunes(1974) using
Billingsely’s result and Hajek-Renyi inequality (Theorem 7.4.8, Chow and Te-
icher(1988)) instead of Kolmogorov’s inequality.

Lemma 2. Let A be a subset of Q for which P(A) > 0 and let 14 be
independent of {X,}. Let Q(-) = P(-|A) = P(-,A)/P(A), then {X,} is a
stationary ergodic martingale difference sequence with EX? = 1 with respect

to Q.

Proof. Observing the following equalities
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Q{X, € A, X € A}
=P{X, €A, - X, E An, A}/ P(A)
= P{X, € Ay,---, X, € Ay}
= P{X; € Ay, , Xnp1 € A}
= P{X; € Ay, -+, Xup1 € An}P(A)/P(A)
= P{X-2 € Al»"’ 5¢Xn+1 € AnvA}/P(A)
= Q{‘X2 € Alv' te *Xn+1 € An}“

the stationarity is proved. The ergodicity is obvious. Let B € o(Xy. .
X,—1). Then we have

/B X,dQ = /B X,1(aydP/P(A)
- /B X,dP = 0.

Therefore E[X,|X1,- - , Xn-1] = 0 a.s. with respect to Q@ and similarly we
have [ X2dQ = [ X{dP = 1.

The following lemma is easy to check.

Lemma 3. Suppose v,/n converges in probability to a positive random
variable A having a discrete distribution. For any o« such that
P{ \=a

P{\ = a} > 0, define P,(:) = P{|\ = a} = %u:——a—}l. Then for such «a,

va/n converges in probability to a with respect to P,.

Lemma 4. (1) holds if A is a positive random variable having a discrete dis-
tribution which is independent of {X,} and v,/n converges in probability to .

Proof. Let 4(0 < 13 < t3 < --+) denote the values taken on by A with
positive probability. Then we have

P{j‘g_ <=3 PLk{j';L < 1PN = w).
n k=1 n

As by Lemma 1,2 and 3

S
Yn <t = t k: o s e
T } =®(t) for 1,2,---,

the assertion of Lemma 4 follows immediately.

Jin, Pt
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The following lemma, due to Blum et al.(1963, Lemma 2), is used.

Lamma 5. Let W,, X, ,, Y,L{Zl,and Z be random variables for
m,n=1,2,---and j = 1,---, k. Suppose

Yy ) 70G)

m,n“m,n
1

Wo=Xnmn+

k
J=

and

A) limp, oo limsup, P{|Y,{)| > ¢} =0 forevery e >0 and j = 1,---, k

B) limp—oolimsup,, limsup, P{|ZY) | > M} =0for j=1,---,k

C) the distributions of {X,, .} converge to the distribution function F for each
fixed m.

Then the distribution of {W,} converge to F.

Proof of theorem. We use the same technique as in Blum, Hanson and
Rosenblatt(1963). Only slight modifications are needed. Define ., = 2—5,,— when
Elcyc S

Hmn = Vp + [Tl(/lm - l/)],
where [z] stands for the greatest integer less than or equal to z. Note that

Km is independent of {X,,n > 1}, that pu,, is discrete for each m and that
Emn/n — pm in probability. Write

Stn _ Sum,n + (Su,, - Sum',,>< num) n (‘/umm - JZ)( Sum,n )
vV Vn \/ﬂm,n \/nﬂm Un vV vy vV Hm.n
= X+ VILZE, 4 Y20,

It follows from Lemma 4 that the distribution of X,, , = Z{?), converges to
® for each m from which Z{?, satisfies condition B of Lemma 5. Also as in the
proof of Theorem(Blum et al.1963), we can show that Y,{?) satisfies condition
A of Lemma 5 and Z{}), satisfies condition B of Lemma 5. Hence it sufficies
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sVn Bmn

to show that {—7-—_—*—-} satisfies condition A to complete the proof of the
theorem. We note that (see Blum et al.1963 P.392)

S, — S
lim sup lim sup P{|—=—£="| > €}
m n | VN m
m2m

< limsup Z lim sup 2P {maz,(k—-3)2-m<r<n(k+3)2-™

m k=m
k—l

nk|
om -

2111.

1S, — S > -;- —}P{—— <v< —}

where t = [n(k — 3)27™]. From Hajek-Renyi inequality

24n + 2m+?

P{ma$n(k-3)2—'n<r<n(k+3)2—mISr — St} > 5 *2—7;} < Ik

and limsu __4n:tzzm+2 < 24 , for £ > m. Noting that v is independent of
pn e2nk g
{“{nvn Z 1},

m
m?2 -1

lim L Sup Z 3
= m

i
[=)

which completes the proof of the theorem.
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