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Some Dependence Structures
of Multivariate Processes

Jong -11 BaekV

1. Introduction

In the last years there has been growing interest in concepts of positive dependence for
families of random variables such that concepts are considerable us in deriving inequalities in
probability and statistics.

Lehman[12] introduced various concepts of positive dependence for bivariate random
variables.A much stronger notions of positive dependence were later considered by
Esary,Proschan,and Walkup[8].Ahmed et al[l] and Ebrahimi and Ghosh[5] also obtained
multivariate versions of various bivariate positive dependence as descrived by Lehman[12].See
also Block al[3]. Glaz and Johnson[10] and Barlow and Proschan{2] and the references there.

Multivariate processes arise when instead of observing a single process we observe several

processes, say X (#),--, X ,(#) simultaneously. For example, in an engineering context we

may want to study the simultaneous variation of current and voltage, or temperature,
pressure and volume over timeln economics we may be interested in studying inflation rates
and money supply,unemployment and interest rates. We could of course, study each quantity
on its own and treat each as a separate univariate process. Although this would give us some
information about each quantity it could never give information about the interrelationship
between various quantities. This leads us to introduce some concepts of positive and for
multivariate stochastic processes.The concepts of positive dependence have subsequently
been extended to stochastic processes in different directions by many authors.

In section 2, we introduce the various concepts of multivariate processes,namely, positively
upper(lower)orthant dependent(PUOD(PLOD)), associated, right corner set increasing (RCSI),
right tail increasing in sequence (RTIS).In section 3, we study the properties of these
concepts and derive their relationships among them .

Finally,we show that the stochastic processes present a sampling of useful examples and
applications of the theory developed in Sections 2 and 3.

2. Definitions and Notations

Suppose that {X (D=0}, -, {X .($[t=0} are stochastic processes. The state space of
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X {8 will be taken to be a subset E; of the real line R, i=1,2,:, n.

For any state a,€FE,,\i=1,2,...,#n, we define the random times as follows
T{a)=o{t|X{)=a,;,0<t<o}, (2.1)
that is, 7 ({a;) is the first hitting time that the process X (#) reaches a,

Definition 2.2. Stochastic processes {X (D |£=0}, -, {X (H|t=0} are said to be
positively upper orthant dependent(PUOD) if

P(Tl(a1)>tl,"', Tn(an)>tn)ZP(Tl(al)>tl)”'P(Tn(an)>tn)
for all t;and a;, i=1,2,...,n.

Definition 2.3. Stochastic processes {X (H]t=0}, -, {X (D=0} are said to be
positively lower orthant dependent(PLOD) if

P( Tl(a I)Stlr Tty T,,(a ”)Stn)ZP( Tl(a 1)St1)"‘P( T,,(a M)St,,)

for all ¢; and a, i=1,2,...,n. Moreover, stochastic processes {X,(9|t=0}, ---,{X,(t)ltzo}
are said to be positively orthant dependent (POD)} if they satisfy both PUOD and PLOD.

Definition 2.4. Stochastic processes {X (H|t=0}, -+, {X (DIt=0} are said to be

associated
if
CO‘U(f( Tl(al), Tt Tn(a n)),g( Tl(a 1)."', T”(d n))ZO

for all increasing functions f and g for which the covariance exists.

Definition 2.5. Stochastic processes {X ()]£=0}, -+, {X ,(D|t=0} are said to be right

comer set increasing(RCSI) if

T(a)>ty, >, T,(a)t, | T (a)>ty, -, T la)Dty)
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is increasig in ¢, ---, f, for every choice of t,,-*, ¢,.

Finally, we defined the concepts of right tail increasing in sequence of processes as
follows.

Definition 2.6. Stochastic processes {X (H[t=0}, -, {X ,(D|t=0} are said to be right

tail increasing in sequence (RTIS) if for all #;, i=2,,n,
KT{a»tdT(a)>ty, -, Tiy(a;—1)>t;-p)

is increasing in £y, £,

Now,we introduce some properties of positive dependence of multivariate processes and
relationships among them

3. Some properties and relationships

Theorem 3.1. If {(X,(H|t=0}, - (X, (H|t=0} are POD and if g,,,g, are
nonnegative increasing functions, then {g (X, (MI1t=0},- ,{g (X ,,(D)t=0} are
POD.

Proof. We prove this result for PUOD .
Let W{a;) = inf{slg{X(s))=a;} and T (b)) = inflt{ X (H=b}}, i=1,,n.

Then
P (Wl(a1)>t1,-", Wn(an)>tn)
= H (inf{slg (X ())=a D> ¢t (inf{dg (X ,(s)=a,})>t,]
Pl (inf{dX,(s) 2 g aPP> ty, -, (inf{dX () =g (a )N>¢t,)]

= A Ti(er (@)t Tulgs (@) t,]
> 1L AT (e (@)t

= I:IIP( Wla)>t) for every b, t, ai ", an
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The proof of PLOD is similar to that proof of PUOD.
Next, we now show that RCSI implies RTIS and RCSI implies POD.

Theorem 3.2. If the processes X (8, X (8, -, X ,(#) are RCSI, then they are RTIS.

Proof. By the definition of RCSI,
T (a)>ty, T la)>t | T(a)>ty, -, T,(a,>ty) is increasing in

ty,*,t,y. By taking ¢; —0,-,¢,-y —0 and t,—0,
KT (a,)>tT(a)>ty, -, Ty(@a,1)>t,_y) is increasing in £y, t,_
forall a,,--,a,and ¢, sothat X (9, -, X,(d are RTIS.

Theorem 3.3. If the processes X (f), X (8, -, X ,(¢) are RTIS, then they are POD.

proof. We prove this result for RTIS implies PUOD.

P(Tl(d1)> tl,"', Tn(a n)> tn)
=P(T1(d1)>tllT2(02)>t2,"',Tn((ln)>tn)P(T2(dg)>tz,"',Tn(dn)>tn)
>A(Ty(a)> 1) L ATAa)> 1, Ta)>t) by RIS

= lij( T a;)>t), by taking t,—0(;=1,-,i—1)

The proof of the PLOD is similar to that of PUOD.
We show that the next theorem demonstrates preservation of the POD among the random

times under limits.
Theorem 3.4. Let {X . (8[t=0},--,{X,.(H|t=0} be POD processes with distribution
functions H, such that H,—"“H as n—o where H is the distribution functions of

stochastic processes {X (D[220}, -, {X ,(H1¢=0}. Then (X (HIt=0}, -, (X (H|t=0}
are POD.

Proof. We prove this result for PUQOD.
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P(T(a)>ty,, T a,)>t,

= hngo[ P(Tln(aln)> tln,'",P(Tpn(apn)> tpn)]

n—

> lim I‘ilp( Tola ) t)

n—00 {=

= timA(Tolan>ty)

i=1 n—ooo

— T A(T(a>t).

i=1

The proof of the PLOD is similar to that of PUQOD.

5] %)
Theorem 3.5. Let Z () = %lej,---,Zk(t) = %le,- and let {(X,, . X w);n>1} be
j= j=

a k-variate processes.
(@ (X, Xu, (X, , X, are independent

(b) le,"',Xk,‘ are POD, j=1,2,'"
(c) M(?) is a Poisson process which is independent of X ;’s, X y’s, , X4's, j=1,2,
Then {Z,()]t=0},--,{ZH|t=0} are POD.

Proof. We prove this result for PLOD.
T (a) <ty Tia)<ty

s) 5)
=M { %IXU?CH, t1<s{ oo}, | _%lejZak, tr<s<oo}]
7= 1=

N(ty) Mty
=P[ ( ZlejZal)'“.'( Elxlq'zak)]

i=

© © ks ko
= kzo"‘ k2=0[ P( jngljZal,"', EIXHZakIIV(tl)=kl,'°',N(tk)=k,,)]

[ PNt ) =k, Nt =k,)]
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k k

= 5‘.: i [ P(ZXUZCH,‘”, Z.ijZQn)[ P(N(t)=Fk,, - Nt)=Fk,)] by (¢

k=0 k,=0 =1 =1

23 B AE X 2a )3 Xuza) PN =ky Mt =k)] by (&) and (B

o k)
=[ 2= ; 1;201|(N(t1)— 1))P(N(t1=k1))]

ko

[ 3 PO X > a,l (M) =k )PINE) = k)]

k=0 ji=1
— P({ j%,fz}xl,.zdl, £ < sCoo0}) - B glx,ﬂ.z“, £, <s¢o0))
=PT (a)<t)P(T(ap)<ty,)

The proof of the PUOD is similar to that of PLOD

4, Examples

Example 4.1. Consider a system with 3 components which is subjected to shocks.
Let M £ be the number of shocks received by time ¢ and

3} %i) %t)
let W,(8) = %IX,-, Wy (8) = __1Y,-, Ws(H = '_1Z,- be total damages to components 1, 2

and 3 by time t respectively, where X,, Y; and Z,; are damages to components 1, 2 and 3
by shocks respectively. Let X, Y, Z,,i=1,2,--- be POD and let (X,,Y,,Z)),(X,,Y,,Z,)
be independent. Then by Theorem 35 {W()|t=0}, {(Wy(D|t=0}, {W3(#[t=0} are POD.

Application 4.2. Consider a system with n associated components. Assume that the
component ¢ fails if the total damages to the component exceeds a threshold a; =1, 4%

Let X {# be the total damages to the i-th component at time t.
Then, We get the useful bound

P(mm ISzSnT >t)2]7 IP(T >t) and P(max ls,SnT,St)ZH IP( T,St)

for all =0 where the hitting time T ;= T ,(a;) is the defined in (2.1).

Before stating any further applications of POD stochastic processes, note that let
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X, Xg,- are independent sequence and identically distributed nonnegative continuous

random variables with distribution F. We say that a record occurs at time #,n>(0, and

X , is called a record value if

X,> max(X -, X,_;) where X,= —oo,

that is a record occurs each time a new high is reached.

Application 4.3. If we have a trivariate random vector (X, Y,Z), where X has cumulative
distribution function c.d.f. F, Y has cdf. G and Z has c.df. H, respectively. Now, if we take
a sequence of random sample from F, a sequence of random sample G and a sequence of

random sample H, respectively, then T ;(x), the first record value greater than or equal to x

and T y(y)the first record value greater than or equal to y,and T ;(2), the first record value

greater than or equal to z,are POD if XY and Z are POD.
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