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ABSTRACT

In this paper we introduce the class of fuzzy almost continuous mappings. It contains the class of
fuzzy continuous mappings and is contained in the class of fuzzy weakly continuous mappings. In sec-
tion 3 we discuss various properties of such mappings. In section 4 we also introduce the notion of
fuzzy almost quasi-compact mappings and give relations between fuzzy almost quasi-compact mappings
and the mappings which are introduced in section 2 and 3.

1. Introduction

Fuzzy topological spaces were first introduced by Chang [3] who studied a number of the basic
conepts, including fuzzy continuous mappings and compactness.

Fuzzy topological spaces are natural generalization of topological spac’es in the following sense. By the
one-to-one and onto mapping between the family of all subsets of a set X and the set of all characteristic
mappings, whose domain is X, a topology on X can be regarded as a family of characteristic mappings.
if we replace the usual set operations of <, U, (1 and complementation with the mapping operations of
<, V, A and 1-4, respectively. A fuzzy topological space allows more general mappings to be members
of the topology.

In this paper we introduce the class of fuzzy almost continuous mappings.

In section 2, we study properties of fuzzy continuous mappings and fuzzy regularly open sets.

The ciass of fuzzy almost continuous mappings contains the class of fuzzy continuous mappings and
is contained in the class of fuzzy weakly continuous mappings. We discuss various properties of such
mappings.

In section 4, we continue the study of fuzzy almost open and fuzzy almost closed mapping and give
relations between fuzzy almost quasi-compact mappings and the mappings which are introduced in sec-
tion 2 and 3.
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II. Preliminaries

Throughout this paper, we denote I the unit interval [0, 1] of the real line. Let X be an ordinary
nonempty set, we denote /¥ the collection of all mappings from X into I. We call a member g of I* a fuzzy
sct of X. We also denote Ox and 1x constant mappings taking whole of X to O and 1, respectively. We
now define the union, intersection and complement of fuzzy sets as follows:

( U ﬂj) (x)=V pjlx)=sup pix), for all € X.
jeJ i€J i€j

(O u,-](x)= A pix)=inf p;(x), for all x€ X.
J€J jej jej

K@) =01x—px)=1—pulx), for all xE X.

Let 4 and v be members of I¥. u>v if and only if u(x)>u(x) for all x€ X, and in this case, v is said to be
contained in u. We now define a fuzzy set of X XY. Let u be a fuzzy set of X and let v be a fuzzy set of Y.
Then uXvis a fuzzy set of X XY, defined by (uX1)(x, ) =influl(x), {y)), for each {x, y)€E X X Y.

Let f:X—Y be a mapping and let u be a fuzzy set of X. We define f(u} as follows:

S = sup pulx) if f71(»)#0 for each yE€Y
r€ /710
=0 otherwise.

Let v be a fuzzy set of Y. We define f~'0) to f~10)(x) = (» o f)(x), for each x€ X. The identity ix: X—X on
X is defined by ix{x)=x, for all x€ X. Let f,: X,—Y; and f,: X~ Y, be mappings. The product f; X f5: X,
X X;— Y1 X Y3 is defined by (f; X fo){x1, x2) = (f,(x1), falxa)) for each (¥, x2) € X, X X,. And, the graph’g:X
—> X XY of f is defined by g(x} = (x, f(x)), for each x€ X, where f: X—>Y.

We now state the following elementary results which we will use later.

Lemma 2. 1 Let f be a mapping from X to Y. Then.
(D (fQ)) < FUO) for any fuzzy set yin X.
(2) f7W06A = (F W) for any fuzzy setvin Y.
(3) 1y < pz implies (1) < flya), where pr and pz ave fuzzy sets in X.
(4)vi < va implies [ o) < £ (), where v and vz are fuzzy sets in Y.
(5) u < fHS (W) for any fuzzy set pin X.
6) f(f 1) <v for any fuzzy setvin Y.
(7)f( \Y ﬂj] =V flu;), where each yj s fuzzy set in X.
jel i€s
(8) flur A p2) < flu) A fluo), where pr and ug are fuzzy sets in X.
@sf! ( \Y Vj] =V fY), where each v; 1s fuzzy set in Y.
i€l €l
(10) f! ( A u,'] = A f7Uv,), where each v; is fuzzy set in Y.
ief i€}

(11)If f is a one-to-one mapping then, for any fuzzy set win X, f~Hf(w) = p.
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(12)If f is an onto mapping then, for any fuzzy setvinY, S =

(13)If f is a one-to-one and onto mapping then, for any fuzzy set pin X, (Y = fuo).

(14) Let g be a mapping from Y to Z. Then glf (W) =g o f(u) for any set pin X. Also, (g © N =F"Hg™ N
Sfor any fuzzy set 6 in Z.

Levma 2. 2 (1] If pis a fuzzy set in X and v is a fuzzy set in Y then 1—uXy=p*X1V1XV,

Lesva 2. 3 [1] Let fj:X;=Y; be a mapping and let vj be a fuzzy sets in Y; for (j=1,2). Then (f; X f)7!
(11 X v) =f1-l(v1] Xf;l(vz)-

Levma 2. 4 (1] Let g: X—> X XY be the graphof f:X—Y_ If pis a fuzzy set in X and v is a fuzzy set in Y, then
g Huxy)=pAf1).

A subfamily Tx of I* is called a fuzzy topology on X iff (1) Ox and 1x belong to Tx, (2) any union of
members of Tx is in Tx, and (3) a finite intersection of members of Tx is in Tx. Members of Tx are
called juzzy open sets of X and their complements are called fuzzy closed sets. The pair (X, Tx) 18 a fuzzy
topological spacelabbreviated as fs).

Let p be a fuzzy set of X. We define the closure i and the interior p° of pi as follows;

pu=inf{vly > 4, feT}
and

Ww=sup{vlyv<pu veT}

Let X and Y be fts. The fuzzy product space of X and Y is the Cartesian, product X XY ofsets X and Y
together with the fuzzy topology Txxv generated by the family {n M), n;' 0N i€ Tx, v;ETy, where m
and n2 are projections of X X Y onto X and Y, respectively}. Since n; ()= X 1, 1, () = 1 Xv; and pi X 1
A1 Xv;= i Xv;, the family B={p;Xv;| ;€ Tx, v; €Ty} forms a basis for the fuzzy product topology Txxy
on X XY.

Lovata 2. 5 (1] Let {13} jey be a family of fuzzy sets of afts X. Then NV &<V py)and V pi< (Vv p,»)°. In
7 7 7 ’

particuiar, if ] is finite then E=( \% ,u,:)
’ J

Lemma 2. 6 [10]  Let p be a fuzzy set of a fts X. Then 1-p*=1—y, and 1~ y=01-p°

Levma 2. 7 (1] Let p be a fuzzy closed set of a fis X and v be a fuzzy closed set of a fis Y. Then Xy is a fuzzy
closed set of the fuzzy product space X XY .

Remark 2. 8 In general topological spaces, it is well known that the closure of the product is the product of their

closures. But it need not be true in fuzzy topological space as shown in [1].

However, from Lemma 2. 7, we have the following proposition.
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Prorosition 2. 9 [1]  If p is a fuzzy set of a fis X and v is a fuzzy set of a fisY, then ﬁ Xy = uXy. Also, we have
WXV < (X’

Dermvmion 2. 10 (1] A fts X is product related to a fts Y, iff for any u of X and v of Y, whenever A° % y and ¢&°
#v implies 2°X 1V 1 X & > uXv, where A€ Tx and § € Ty, there exist 1 €Tx and 6, € Ty such that AT > p
ord;2vand A X1V1IXIH=AX1V]XE.

Prorosimion 2. 11 [1] Let X and Y be fts such that X is product related to Y. Then pXv=puXv and (WX v)°=y°
Xv°, for a fuzzy set pof X and a fuzzy setvof Y.

Dermmon 2. 12 A mapping f: (X, Tx)— (Y, Ty) from a fts X to a fts Y is called,

(1) a fuzzy continuous mapping iff f~1(v) € Tx for each vE Ty;

(2) a fuzzy open mapping iff f(u) € Ty for each u € Tx;

(3)a fuzzy closed mapping iff £(A) is a fuzzy closed set of Y, for each fuzzy closed set A of X.

Tueorem 2. 13 [3] (1) The identity mapping itx:(X, Tx}—> (Y, Tx) is a fuzzy continuous mapping.
)V If f: (X, T)—= (Y, Ty) and g: (Y, Ty)—(Z, T2) are fuzzy continuous mapping, then gof:(X, Tx)—(Z, T2} is

a fuzzy continuous mapping.

TheoreMm 2. 14 [2] Let f:(X, Tx)—=>(Y, Ty) and g:(Y, Ty)—>(Z, T2) be fuzzy openlclosed) mapping. Then gof:
(X, Tx)—=> (Y, T2) is also a fuzzy openlclosed) mapping.

Theorem 2. 15 [10] Let f:(X, Tx}—> (Y, Ty) be a mapping. Then the following statements are equivalent:
(1)f #s a fuzzy continuous mapping.

(2) £ ') is a fuzzy closed set, for each fuzzy closed set v in'Y.

(8) £~ Xn) 4s a nesghborhood of p, for each fuzzy set p in X and every neighborhood n of f(1).

@) fluy < f(_u),for each fuzzy set pin X.

(8) f71w) < f~UWD), for each fuzzy setvin Y.

(BYThe graph g: X — X XY of f is a fuzzy continuous mapping.

Tueorem 2. 16 [2] Let f1:X1—Y1 and fo: Xo— Y2 be fuzzy continuous mappings. Then fi X fo: X1 X X2—Y,

X Y3 is fuzzy continuous.

Treorem 2. 17  Let [:(X, Tx)—> (Y, Ty) be a mapping. Then, f is a fuzzy open mapping if and only if f(u°) <
(f(u))°, for each fuzzy sct pin X.

Proor. Let u be a fuzzy set in X. Then u° < u. So f{u) < f(u). Now, since f is a fuzzy open mapping,
f(u) is a fuzzy open set in f(u). But (f(u))° is the largest fuzzy open set in f(u). Therefore, f(y°) < {(f
().

Conversely, let p be a fuzzy open set of X. Then u=yu° and, therefore, f(u) < f(u°) < (f(W)° < fw),
which implies that f{u) = (f(@)°. Hence f(y) is a fuzzy open set. m

Treorem 2. 18 Let f:(X, Tx)—> (Y, Ty) be a mapping. Then f is a fuzzy closed mapping if and only if f(u) < f
(1) for each fuzzy set pin X.
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Proor. Let u be a fuzzy set in X. Since f is a fuzzy closed mapping, f(i) is a fuzzy closed set in Y.
Then f(j1) = f(u). Since u < Ji, we have f(u) < (). Consequently, f(p) < F = r.

Conversely, let g be a closed set in X. Since u=ji, we have f(u) < f(u) < f(1) < f(u). Therefore f (W=
f(—u), and hence f(y) is a fuzzy closed set. m

TueorME 2. 19 Let Y be a subset of Z and let f:(X, Tx)—>(Y, Ty) be a mapping. Then, f:(X, TX)—>(Y, Ty) is
a fuzzy continuous mapping if and only if f:(X, Tx)—(Z, T2) is a fuzzy continuous mapping.

Proor. Let d be a fuzzy open set in Z and let f:(X, Tx)—(Y, Ty) be a fuzzy continuous mapping. Then
v=8Aly is a fuzzy open set in Y. Therefore f~'(8): f "' (&) Alx=f '8 Aly)=f"'0) is a fuzzy open set in
X. Hence f:(X, Tx)—(Z, T2 is a fuzzy continuous mapping.

Conversely, let f:(X, Tx)—(Z, T, be a fuzzy continuous mapping and let v be a fuzzy open set in Y.
Then there is a fuzzy open set § in Z such that v=6A1ly. Then f W =f"10AlY)=F U Alx=F1d)
is a fuzzy open set in X. Therefore f:(X, Tx)—{Y, Ty) s a fuzzy continuous mapping. m

Dernvrion 2. 20 A fuzzy set p of a fts X is called (1) a fuzzy regularly open set of X iff u°=p, and (2) a
fuzzy regularly closed set of X iff p° = .

ProrosiTion 2. 21 A fuzzy set p of a fts X is fuzzy regularly open if and only of y° is fuzzy regularly closed.

Proor. Since  is a fuzzy regularly open set in fts X, we have y=1—pu=1-p"=1—p= (1 —u)° = py°°.
Conversely, since € is a fuzzy regularly closed set in fts X, we have y=1—py‘= —;t—‘—" =(1-p)=T=f¢
=u’m

Remark 2. 22 It is clear that a fuzzy regularly openlclosed) set is fuzzy openlclosed). But the converse need not be
true as shown in [1].

ProrosiTion 2. 23 (1) The intersection of two fuzzy regularly open sets is a fyzzy regularly open set. (2) The union
of two fuzzy regularly closed sets is a fuzzy regularly closed set.

Proor. Proof of (1):Let u and v be two fuzzy regularly open sets of a fts X. Since uAv is a fuzzy open
set, we have pAv< (uA»)°. Since (AW’ <u°=p and (pAv)° <3°=v, it implies (£ A¥)° < g Av. Conse-
quently, (uA»)°=pAv.

Proof of (2):Let p and v be two fuzzy regularly open sets of a fts X. Then u° and v are fuzzy regularly
closed sets. Since u Av is a fuzzy regularly open set, (u Av)° =V is a fuzzy regularly closed set.

The union(intersection) of two fuzzy regularly open(closed) sets need not be a fuzzy regularly open
(closed) set1].

Prorosition 2. 24 (1) The closure of a fuzzy open set is a fuzzy regularly closed set.

(2) The interior of a fuzzy closed set is a fuzzy regularly open sel.

Proor. Proof of (1):Let y be a fuzzy open set of a fts X. Clearly u° < g, it implies that u° < Ji. Since 4 is
a fuzzy open set, we have u < i°, and have u < ﬁ—° Thus 1 is a fuzzy regularly closed set.

Proof of (2):Let v be a fuzzy closed set of a fis X. Clearly v° < 15, Since v is a fuzzy closed set, we have °
<vand have 3*°<°. Thus v° is a fuzzy regularly open set. m

[l. Fuzzy almost continuous mappings.
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In this section we will investigate properties of fuzzy almost continuous mappings.

Dernmon 3.1 A mapping f: (X, Tx)— (Y, Ty) from a fts X to a fis Y is called,

(1) a fuzzy almost continuous mapping iff f~'() € Ty, for each fuzzy regularly open set v in Y.

(2) a fuzzy almost open mapping iff f(u) € Ty for each fuzzy regularly open set u in X.

(3} a fuzzy almost closed mapping iff f(9) is a fuzzy closed set of Y, for each fuzzy regularly closed set é in X.

Remark 3. 2 A fuzzy continuous mapping is a fuzzy almost continuous mapping. But the converse need not be true

as shown n [1].

Tueorem 3. 3 [1)  Let f:(X, Tx)—=> (Y, Ty) be a mapping. Then the following statements are equivalent :
(1)f is a fuzzy almost continuous mapping.

(2) £ 7Y 4s a fuzzy closed set, for each fuzzy regularly closed set vin Y.

(3) £~ Xn) is a neighborhood of . for each fuzzy set it in X and every regularly open neighborhood n of f(p).
@ ) < (IO, for each vE Ty.

(5) U < FUO), for each fuzzy closed set 6 in Y.

(B)The graph g: X —> X XY of fis a fuzzy almost continuous mapping.

Obviously, A one-to-one mapping is fuzzy almost open if and only if it is fuzzy almost closed. And also,
every fuzzy open(closed) mapping is fuzzy almost open(closed). But the converse is not necessarily true
as shown in [8).

TueoreM 3. 4 [8] Let f be a fuzzy almost continuous mapping from a fts X onto a fts Y, and g is a mapping from
afts'Y onto a fis Z. If g of is fuzzy openlclosed), then g is fuzzy almost open(closed).

TueoreM 3. 5 [8] If f is a fuzzy almost open and fuzzy almost continuous mapping from a fts X onto a fts Y, then
the inverse tmage of a fuzzy regularly openlclosed) set is a fuzzy regularly openlclosed) set.

TreoreM 3. 6  Let f be a fuzzy open and fuzzy continuous mapping from a fts X into a fts Y, and let g be a map-
ping from a fis Y into a fts Z. Then, g o f is fuzzy almost continuous if and only if g is fuzzy almost continuous.

Proor. Let g o f be fuzzy almost continuous and let é be a fuzzy regularly open set in Z. Then (g o f)7!
(8) is a fuzzy open set in X, that is, f~!(g”!(d)) is a fuzzy open set in X. Since f is a fuzzy open map-
ping, f(f~(g™!(8)) is fuzzy open set in Y. Thus g~1(d) is a fuzzy open set in Y and consequently ¢ is
fuzzy almost continuous. '

Conversely, let ¢ be fuzzy almost continuous and let v be a fuzzy regularly open set in Z. Then ¢~'()) is
a fuzzy open set in Y. Since f is fuzzy continuous, f (g~ () is a fuzzy open set in X, that is, (go f) !
() is a fuzzy open set in X. Hence g © f is fuzzy almost continuous. m

Theorem 3. 7 A restriction of a fuzzy almost continuous mapping is fuzzy almost continuous.

Proor. Let A be a subset of fts X and let f:(X, Tx)— (Y, Ty) be a fuzzy almost continuous mapping.
We take a fuzzy regularly open set vin fts Y. Then f;'()=14A f71(). Since f~'() is a fuzzy open set in
X, 14/ f7'0) is a fuzzy open set in A. Therefore, a restriction f, of a fuzzy almost continuous mapping
f is fuzzy almost continuous. m
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Tueorem 3. 8 Let A and B be subsets of fts X with AUB =X If 1x=14V 1p, where 14 and 1p are both fuzzy
closedlor both fuzzy open) sets of X, and if f:(X, Tx)— (Y, Ty} is a mapping such that both fa and fr are fuzzy
almost continuous, then f is fuzzy almost continuous.

Proor. Let v be a fuzzy regularly closed set in fts Y. Since f4 and fp are both fuzzy almost continuous,
fi'0) and f5'(4) are both fuzzy closed set in A and B, respectively. Since 1, and 13 are fuzzy closed sets
of X, f7'0) and f;'() are also fuzzy closed sets of X. Also, f ™! =f7'0)V f5'0). Thus f~1() is the
union of two fuzzy closed sets and therefore, /™! is a fuzzy closed set in X. Consequently, f is fuzzy
almost continuous. m

Tueorem 3. 9 Let A and B be subsets of fis X with AUB = X. If f1(X, Tx}—> (Y. Ty) is a mapping and if fa
and g are both fuzzy almost continuous on AN B, respectively, then fianp is fuzzy almost continuous.
Proor. For convenience, we denote ¢ =f4 and » = fp. Let v be a fuzzy regularly open set in fts Y. Then,

SaraW=luna A T =1unn A7 0) V ATIG)
=(Lana A g0 V (luns AR = go0n0) V Aghs 0).

Since gi1h,0) and Ay () are fuzzy open set in AN B, fil W)= 90050 V AW is fuzzy open set in 4
N B. Therefore f4np is fuzzy almost continuous. m

Tueorem 3. 10 Let {A;| 7 €]} be a covering of fts X. If V' 14,= 1x, where each 14, is a fuzzy open set of X, and
iey

if f:(X, TxX)— (Y, Ty) is a mapping such that each fa4, is fuzzy almost continuous, then f is fuzzy almost continuous.
Proor. Let v be a fuzzy regularly open set in fis Y. Since each f, is fuzzy almost continuous, f;,l(u) is

a fuzzy open set in 4; for j €. Since 14, is a fuzzy open sets of X, f;ll(v) is also fuzzy open set in X. No-

tice that f () = }\e/] f4, ). Thus () is the union of fuzzy open sets and therefore fuzzy open set in X.

Hence f is fuzzy almost continuous. m

Tueorem 3. 11 (1}  Let Xy, Xo, Y\ and Yy be fts such that Y is product related to Yz, and let f1:X1—Y, and f,

1 Xo—> Yy be fuzzy almost continuous mappings. Then f1 X fo: X1 X Xo— Y1 X Yq is also fuzzy almost continuous.

Theorem 3. 12 (1] Let X, X\ and X2 be fts and 7;: X1 X Xo—> X be the projection of X1 X X onto X; for 1 =1,

2. If f: X=X X Xy is a fuzzy almost continuous mapping, then nj o f is fuzzy almost continuous.

Dernvmon 3. 13 A mapping f:(X, Tx)— (Y, Ty) from a fis X to a fts Y is called a fuzzy weakly continuous
mapping iff for each fuzzy open setvin Y, f710) < (f~H(v))"

From the definition, a fuzzy almost continuous mapping is obviously fuzzy weakly continuous. But the
converse need not be true in general as shown in {1].

Theorem 3. 14 Let f:(X, Tx)—= (Y, Ty) be a mapping. Then the following statements are equivalent:
(1)f is a fuzzy weakly continuous mapping.

(2) F10°) < £, for each fuzzy closed set vin Y.

3) ?:@ < f7U8), for each SE Ty
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Proor. (1)impHles (2):Let v be a fuzzy closed set in Y. Then € Ty. Since f is weakly continuous, we
have 1) <(f~1(%))°. By Lemma 2. 6, we have (f ~'0))° < (£ "1%))°= £-1(,7) . Thus () < f~'0).

(2) implies (3):Let $€ T'y. Then é is a fuzzy closed set and 6 < §°. Hence f!(6) < £~ 1(8°) < F (4.

(3)implies (1):Let y be a fuzzy closed set in Y. Then pu° € Ty and u° < u. Since f~ () < f~Yp?) < £}
(1), we have (f () < 7~ '(u°). By Lemma 2. 6, we have f~'(u9) < (f "}(u°9)°. Therefore £~ () < (f ~1(4€)°
for a y° € Ty. Hence f is fuzzy weakly continuous. @

Tueorem 3. 15 [8] If f:(X, Tx)—= (Y, Tv) is a fuzzy weakly continuous and fuzzy open mapping, then f is fuzzy

almost continuous
The follow rig three theorems are analogous to Azad's theorem in [1].
Tueorey: 3. 16 Let Xy, X2, Y1 and Y3 be fts such that Y\ is product related to Yo. Then, the product fi X fo: X

X Xo—>Y1 X Ya of fuzzy weakly continuous mappings f1:X1—Y1 and f:X2—>Y, 1s fuzzy weakly continuous.
Proor. For convenience, we denote A=V (y; X vj), where y;’s and v,’s are fuzzy open sets of Y1 and Y2,
7

respectively, and 1 is a fuzzy open set of Y, X Y2. By Lemma 2. 1, 2. 3, 2. 5 and Prorosiion 2. 11, we have

i x RDT'W=V (i) X f3'0)) <V ((f;‘(ﬁi)rx (f;‘(i,-))°]
<V x| = (v Gix 7 o)
<(hx (Vx| =(thx @)

Thus f; X f, is fuzzy weakly continuous. m

Tueorem 3. 17 Let X, X1 and X2 be fts and n;: X1 X Xo—> X; be the projection of X1 X Xa onto X, for j=1, 2.
If £: X=X X Xa1s a fuzzy weakly continuous mapping, then n; o f is fuzzy weakly continuous.
Proor. Let u be a fuzzy open set of X; for =1, 2. Then we have

mio AW =f""a; (W) < (f_l(;t?T(_[/l_)))o <(f Um;'@n)°= ((n,'of)—l(ﬁ))".
Hence n;© f is fuzzy weakly continuous. m
Tueorem 3. 18 Let X and Y be fts such that X 1s product related to Y and
f:X—>Y a mapping. Then, the graph g: X —> X XY of f is fuzzy weakly continuous if and only if f is fuzzy weakly
contInuous.

Proor. Let g be a fuzzy weakly continuous mapping and let i be a fuzzy open set in Y. Then, by Lemma
2. 4 and Prorosmion 2. 11, we have

FUw=1Afw=g"'0xw=<(g7'axw)’ =(g7'axw)’ =(1 A F @) =(F1w)".

10
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Thus f is fuzzy weakly continuous.
Conversely, let A=V (u; X v;), where yi's and v;'s are fuzzy open sets of X and Y, respectively, A a fuzzy
Ly

open set of X XY and f a fuzzy weakly continuous mapping. Then by Lemma 2. 1, 2. 4, 2. 5 and
ProrosiTion 2. 11, we have

g 'W=g7" (V, (pi X v7)

=V (A f0))

°

<V (AU )] 5 v (@ns6) <[V o Exw)
:(g‘l \{ (i Xij)))o < (g" (\{ (i X u,-)))o =(g7'W)".
Thus g is fuzzy weakly continuous.
IV. Fuzzy almost quasi-compact mappings.
We now give the following definitions and investigate its properties.

Dervmon 4.1 Let X be a fts and let Y be a set, and p: X —Y be an onto mapping. Then the family T(p)
of furzy subsets of Y defined by

T(p)={ve I"| p~'1) is a fuzzy open set in X}
is a fuzzy topology on Y. We call 7(p) the fuzzy identification topology induced by pon Y.

From Demnrmon 4. 1, it is clear that the fuzzy identification topology induced by p is the largest fuzzy
topology on Y making p fuzzy continuous. We should also note that the fuzzy identification topology can
be completely described as follows:

p€I" is fuzzy closed in the fuzzy identification topology induced by p if and only if ¢~ '(1) is fuzzy

closed in X.

Dermnmion 4. 2 Let (X, Tx) and (Y, Tv) be fts. An onto mapping p: X —Y is called a fuzzy identification
mapping f T(P)=Ty. In case T(p) & Ty, p is said to be fuzzy quasi-compact.

Notice that every fuzzy identification mapping is fuzzy quasi-compact.
Exampe 4. 3 Let X, and X3 be fts. Notice that n;'(4) is a fuzzy open set in X, X X, if and only if  is a
fuzzy open set in X;. Therefore the fuzzy identification topology T(r;) in the set X;(7 =1, 2), induced by

the n;: X, X X3— X, is precisely the original fuzzy topology in X;. m

But we notice that not every fuzzy continuous onto mapping is a fuzzy identification mapping. It is
shown in the following ExampLe 4. 4.

11
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Examrie 4. 4 Let u1, uz and pus be fuzzy sets of I defined by

1
mx)=x, pp=1~x, us=x Osxs-—z-

=0 —;-<xsl. for each x € .

Consider fuzzy topologies T1=1{0;, 1, fa, fia, g1 N2, w1V uz, 1;} and To={0y, p1. p2. th A\ lz, 1 VvV o,
1;} on I, and the mapping #;: (I, 71)— (I, T5) defined by 7;(x} =x, for all x € I. Then #; is a fuzzy continuous
onto mapping. Also, 77'(us)=pus € Ty, but pa & T». Therefore ¢; is not a fuzzy identification mapping. m

Tueorem 4. 5 Let X and Y be fts. If p: X =Y is a fuzzy continuous fuzzy openlciosed) onto mapping, then p is a
Sfuzzy identification mapping.

Proor. Let Ty be the fuzzy topology in Y. Since T(p) is the largest fuzzy topology on Y making p fuzzy
continuous, Ty € T(p). If v € T(p), then p~'1) is a fuzzy open set in X. Since p is a fuzzy open and onto
mapping, p(p~')) =v in Ty, hence T(p) € Ty . Consequently, p is a fuzzy identification mapping. m

Tueorem 4. 6 Let X and Y be fts and let p: X —Y be a fuzzy continuous mapping. If ¢:X—Y is a fuzzy con-
tinuous mapping such that p © q =1y, the p is a fuzzy indentification mapping.

Proor. By Lemma 2. 1, p is an onto mapping. Let v be a fuzzy set in Y such that p~!() is a fuzzy open
set in X. Then ¢ (7)) is a fuzzy open set in Y. Since ¢ '(p ') =(p o) W) =iy() =y, v is a fuzzy
open set in Y. Thus p is a fuzzy identification mapping. m

Tueorem 4. 7 Let X, Y and Z be fts and let p: X —>Y be a fuzzy identification mapping. Then q:Y —> Z is fuzzy
continuous if and only if q o p: X —Z s fuzzy continuous.

Proor. Necessity is clearly true.

Conversely, Let g © p be fuzzy continuous and let § be a fuzzy set in Z. Then (go p)~ &) =p" g™ (d) is
a fuzzy open set in X. Since p is a fuzzy identification mapping, ¢~ '(8) is a fuzzy open set in Y. Hence ¢

is fuzzy continuous. m

Derinrion 4. 8 Let X be a ffs and let Y be a set, and p: X —Y be an onto mapping. Then the family T,
(p) of fuzzy subsets of Y defined by

TAp)={v€ I | p~') is a fuzzy regularly open set in X}
is a fuzzy topology on Y. We call T,(p) the fuzzy almost identification topology induced by p on Y.

Dermnrrion 4. 9 Let (X, Tx) and (Y, Ty) be fts. An onto mapping p: X —Y is called a fuzzy almost identifi-
cation mapping iff TAp)=Ty.In case T,(p) STy, pis said to be fuzzy almost quasi-compact.

Remark 4. 10 Every fuzzy almost identification mapping is fuzzy almost quasi-compact. Also, if p:X—Y is a
Sfuzzy abmost quasi-compact mapping and p~(p) is a fuzzy regularly closed set in X then u is a fuzzy closed set in Y.

Tueorem 4. 12 Every fuzzy quasi-compact mapping is fuzzy almost quasi-compact.

12
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Proor. Let (X, Tx) and (Y, Ty} be fts and let p:X—Y be a fuzzy quasi-compact mapping. Let v be a
fuzzy set in Y such that p7'() is fuzzy regularly open. Then p~'() is fuzzy open in X. Since p is fuzzy
quasi-compact, v is fuzzy open in Y. Thus 7,(p) = T'y. Consequently p is fuzzy almost quasi-compact. m

But the converse need not be true as shown in ExamriE 4. 4.

TaeoreM 4. 13 Let X and Y be fts. Then, a mapping from X onto Y is fuzzy almost quasi-compact if and only if
the image of every fuzzy regularly open inverse set is a fuzzy open set.

Proor. Let p be a fuzzy almost quasi-compact mapping, and let » be a fuzzy set in Y such that p~1() is
fuzzy regularly open. Then v is a fuzzy open set in Y. Since p is an onto mapping, by Lemma 2. 1, plp~ (1)
=y is a fuzzy open setin Y.

Conversely, let u be a fuzzy set in Y such that p~'(u) 1s fuzzy regularly open. Since p is an onto map-
ping, p(p~'(u))=u. Then p(p~'(u)) = is a fuzzy open set in Y. Hence » is a fuzzy almost quasi-compact
mapping. s

Corouary 4. 14 Let X and Y be fis. Then, a mapping p from X onto Y is fuzzy almost quasi-compact +f and

only if the image of every fuzzy regularly closed inverse set is a fuzzy closed set.

In the following theorem, the equivalence of statesments (1) (2) (4) is already known, [8]. In this paper
we will give a relatively simple and different proof by putting statement (3).

TueoreM 4. 15 Let X and Y be fis and let f be a one-to-one mapping X onto Y. Then the following statements are
equivalent :

(1)f is a fuzzy almost open mapping.

(2)f ¢s a fuzzy almost closed mapping.

(3)f is a fuzzy almost quasi-compact mapping.

(4) £V is a fuzzy almost continuous map ping.

Proor. (1)implies (2):Let u be a fuzzy regularly closed set in X. Then u° is a fuzzy regularly open set
in X. Therefore f(u°) is a fuzzy open set. Thus (f(u9)) = f(p) is a fuzzy closed set in Y. Hence f is a
fuzzy almost closed mapping.

(2) implies (3):Let v be a fuzzy set in Y such that f~'() is fuzzy regularly closed. By Corowary 4. 14, f
(f ') =v is fuzzy closed. Hence f is a fuzzy almost quasi-compact mapping.

(3)implies (4):Let u be a fuzzy regularly open set of X. Then f~'(f(u)) = u is a fuzzy regularly open set.
Hence J(u) is a fuzzy open set. Thus f(u)=(f"")"'(4) is fuzzy open set. Therefore /! is a fuzzy almost
continuous mapping.

(4) implies (1):Let p be a fuzzy regularly open set in X. Then ()" !(u) = f(y) is a fuzzy open set in Y.
Hence f is a fuzzy almost open mapping. m

Tueorim 4. 16 Let X, Y and Z be fts, and let p: X —Y and q:Y—Z be onto mappings. If p is a fuzzy almost
continuous mapping and q © p is a fuzzy quasi-compact mapping, then q is a fuzzy almost quasi-compact mapping.

Proor. Let p be a fuzzy almost continuous and let ¢ © p be a fuzzy quasi-compact mapping. Let ¢~ (5}
be a fuzzy regularly open set in Y. Since p is fuzzy almost continuous, p~ g~ 1)) = (g o p) " 1(9) is a fuzzy
open set in X. Since g © p is a fuzzy quasi-compact mapping, J is a fuzzy open set in Z. Thus q is fuzzy
almost quasi-compact.
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