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Abstract

In this paper, the relationship between k consecutive outputs of the conventional

differential detector and output of differential detector with k-symbol periods delay for
differential MSK and GMSK systems is investigated. It is shown that there exists periodity in
modulo-2 sum and product of k successive outputs of the conventional differential detector
with the output of a detector with k-symbol periods delay circuit.

This relationships are used to achieve performance gains over conventional differential
detection. The error rate performance of the method is carried out by computer simulation

and performance improvement is achieved for differential MSK and GMSK systems.

I . Introduction

Differentially coherent detection is widely
employed in the digital radio systems because
of simple circuit configurations. However, it is
known that the bit error rate (BER)
performance of differential detection in an
additive white Gaussian channel is generally
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Hanyang University)
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inferior to coherent detection. But the scheme
does not require the acquisition of a local
reference signal in phase coherence with the
received carrier.

In the past, in order to improve the system
performance of differential
detection several methods have been proposed

error rate

by taking into consideration the difference in
the carrier phase between two received signals
separated by two or more symbol periods“"v[4
I

Masamura et al'?' has shown that, for an
MSK signal. the

outputs of conventional,

(687)



32 & % P43 A4

detector and a detector with a two symbol
periods delay circuit correspond to the data
and parity, respectively, of a single error
correcting self-orthogonal convolutional code.
Makrakis et al'*' introduces a receiver
structure which improves the BER per-
formance of DMSK system. It uses combining
with feedback to add the signal samples from
conventional detector with 2-symbol periods
delay.

The scheme described utilizes output that
employs the received signal delayed by more
First,

the symbols created from the difference in

than two symbol periods in two ways.

phase between two successive adjacent symbol
intervals is the transmitted data. On the
other hand. the appearing at the
output of the differential detector which uses
a k-symbol periods delay forms the parity bit.
Furthermore, with n data outputs of the
conventional differential detector and n parity
outputs of the k-symbol periods delayer
differential (2n.n)
orthogonalizable convolutional

generated. Secondly the receiver utilizes the
outputs of the detector with k-symbol periods
delay which contains the information about
the transmitted data. It uses combining with

symbol

detection, systematic

code can be

feedback to add the signal samples from
conventional and k-symbol periods delay
circuits. The error rate performance of the

nonredundant error correction and feedback
combining methods are carried out by Monte
Carlo simulation method and the error rate
performance of the two methods are compared.
The remainder of this paper is presented as
The gives a brief
overview of the MSK signal and derivation of
the relationship between the k output seq-
uence of the conventional differential detec-
tion the output of the differential
detector which uses a k-symbol periods delay.
The application to DMSK and DGMSK with
error rate performance are discussed in setion
3. Finally, in section 4. we conclude our study
detector with nonredundant

follows. next section

and

on differential

&g e A% AH Alxd i £ 7

error correction and feedback combining.

I . K-TH Order Differential Detecti

on of MSK
An MSK signal can be expressed in the
general form
x(t) = Acos[ wt+80+¢, +2xfqa,(t —kT)] (1)

where A and T are the amplitude and bit

duration, f. is the carrier frequency. 6 is an

arbitrary carrier phase which can be set to
zero. The parameter f, equals the frequncy

shift away from f.. f, and ¢, are given by

k—% g (3)

Equation (3) can be also written as

T i—1
¢k‘¢k—i:§j§03k—l (4)
If the phase path of an MSK signal is
plotted versus t, as shown in Figure 1, it
follows that it
creases or decreases exactly n/2 radians each

is piecewise linear and in-
T seconds. Lines with positive slope represent
binary message 1 and lines with negative
slope represent binary message sequence 110

1000111 is shown by heavy line in Figure 1.

message | 1 0 1 Q 0 0 1 1 1
ks
Phase -g'
Path
O 77T 21| 31| 4T| 5T 6T~GT 9T| 10T
_x
2
-

12 1. MSKAIS of 1o} AR
Fig. 1. Phase path of an MSK signal ver-
sus t.

The conventional differential detector corre-
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sponds to detector with one symbol period
delay. Transmitted data is detected from the
phase between the
adjacent signaling by using sine

successive
phase

difference

comparator. The sine phase comparator output
at the sampling instant of the conventional
detector in the absence of noise is

sin(¢k—¢k i)=sin(%ak)=ak, ag= +1 (5)
,_JDelay
| T )QO'Phase
] Shifter
. PC) a,
(a)
Dgrlray
: ()

inverter

(b)

90" Phase
Shifter

apa) a

inverter

(c)

(d)

a8 2. A47E e AE3R7]
(b).(¢) ¥HA717}F sle A7)
(a)(d) HH717F S Ha)
Fig. 2. Differential detectors with delayer.
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(b).(c) detectors with inverter.
(a),(d) detectors without inverter.
The relationship between the multiplication

of successive output ac's from the con-

ventional detector and the output of current
received signal and its replica delayed by
k-symbol periods  in the carrier phase are
shown in Figure 2.

PC is a phase comparator which is composed
of multiplier and low-pass filter. Inverter
inverts the sense of the output with respect
to the input.

The output of inverter takes the value of
+1 for input -1 and -1 for input +1. In
general, the relationship between the number
of delaver and output of a detector with
k-symbol periods delay at the i-th instant is
given in Table 1.

2 1. DMSKelA 1WA a=7ke] x|ad7]9] 49}
A7) FHAle] ol DA

Table 1. Product relationship between the
number of delayer and output of

detector at the ith instant for
DMSK.

 Thumber of <

configuration i output of detector
oy delyer

; (n=D

(a) | 1+4(n-1) | ]I;Iﬂ a.; . nzl i
T T T T T T T T T T T ey "i'
(b) 2+4(n-1) | = I aws, n21 |
R T s T

© ~ 3+4(D) S | e
T T T T ey T T T T

(d) i 4+4(n-1) ax-; , n=]

=0

Theorem 1

Following relationships hold for MSK. That
is: the value of cosine function at the odd
multiple of sampling time and the value of
sine function at the even multiple of sampling
time are zero.

2)
cos(%goak_,-)=0 (6)
sin(Z 82, =0 (7)
=0

where a, ;=*1 and p is a positive integer.

(639)
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Proof
We will prove equation (6).
cos(% 220:«1,( ;) =cos [g(ak+ak 1+ay ot Fay o))
(8)

If we assume that the number of a,=+1 is r

and the number of a,=-1is (2p+1-r), then
2]
cos( Ran ;) =cos L5 (- (+1)+(2p+1 -0 (~1)]
= cos [%(2r¥2p*1)]

= cos [%(Z(r‘p)fl)]

= cos [n’(r*p)—g]
(9)
By using trigonometric identity, we have
cos( Zp‘ak )= cos [(r—p)x] cos(”)
(10)
+sin [(r—p)x) sm( )
since cos(Z)=0 and sin[ (r—p)z] =0, we obt-

ain
cos (%ﬁoak =0
In the similar fashion we have equation (7).
Theorem 2
For the differential MSK detection, following

relationship hold between the outputs of the
conventional detector and the detector with [

m+4(n-1) ] symbol delay, where m=1.2.3.4

and n=1.
4(n_1)

sin (B =[x Giam-1] )= ,'I;Io ag-; . n2l. (11)

Pdn- 1)

cos (=@ ( k ram-1m ) =" U a . nzl,  (12)
244 1

sin (dx — @ [k Gea-) )= ;Ii[n ay-; , nx]. (13)
3 t4(n ~1)

cos (=[x aiam )= ]1;[0 ag ;, n=x1. (14)

Proof

We will prove equation (11) by mathematical
induction. From equation (3), we have

which can be also written as

Met 9F 343 ABARE 2

A A3 A2H” b 4571
¢k 1=77T ;
For the [1+4(n-1)1th order detector, we
have
4(n-1
D=k e M) :g ]go a (15)
By taking sine function on both side. we
obtain
. - . T 4{n_1
sin(éy =B x a1 )=sm(§ ,Z:o a, ;) (16)
Let p(n) be the statement
4(n_ 1)
sin{ée =@ (x Grawm 11 )= Z:o K (a7

We will prove by induction that p(n) is true
for all positive integer n. When n=1, we have

sin{dx—¢ | x (vam 1y )= sin (%ak):ak (18)
Suppose that p(r) is true
A1)
sinéu —d [« wraw )= z'n Ay (19)

We wish to deduce that p(r+1) is true. When
n=r+1, we have

sin(¢; (20)

Ar
—
Pk Qiden 1))])=Sm(§§0ak P

We see that the right-hand side becomes by
using the trigonometric identity.

sin (7 4; ) sin

4D Ar _ta
. s
=sin (£ 3 a, ,|cos {Z (Z? a
2 = =D

. Alr_ 1} Alg o
Since sin@-¢ (g wi)= Lo, and cws(f % a )=

from theorem 1, this yields

iz & R z 4(r£0~l
sin{Z Xa, | =sin|?2 ay jcos (&
(tho“’) 5(2 ;Zuk’ 2,

EICRRP RN}

Ak 1)

Hr -1 r Ed 44
= ay i CoS a +5 a
s k " (2 [k 4t -1 2 [T=Y 3 n)]

.

uyﬁ)Az iz ix
a x{sm(fa[k ar-n-3l )S’H(Ea[k sl )]
o

(
K-lrli

2 it

1

4 -1
= a - sin a; + 5
) k ;[ (2 k 4r -2

[

Hakl

-0

(22)
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By applying the same procedure to the
detector with [2+4(n-1)]. [3+4(n-1)] and
[44+4(n-1)] symbol period delay, we obtain
the desired formulas.

Let the sequence a, be related to the

binary message sequence m; by

ak=2(mk—0.5) , mk=1,0

The relationship between the modulo-2 sum
of successive output
detector and the output of the
current receives signal and its replica delayed
by k-symbol periods in the carrier phase are
shown in Figure 3.

m,’s from the con-

ventional

Delay
T
90 Phase
J “ Shifter
Level P, =
Pe Shifter 0T
(a)
Delay
27
. J' Level P, = my®m,
pC Shifter
(b)

90 Phase
Shifter

Py =mo®m,Bm,

mverterr—»

Level
Shifter

(¢c)

MLevel 11 P,sf!m(mod -2)

i—i inverter
Shifter

(d

08 3. Ad7)E de AFAr]
(a),{c} 90° 14 Ho|7|7} &= A=)

B OE32% AWM F 5K 35

(bY(d) 90" 14 Helzbrt e FHupr
Fig. 3. Differential detectors with delayer.
(a),(c) detectors with 90 phase shifter.
(b).(d) detectors without 90+ phase shifter.
These can be easily deduced from the
outputs of detector with k-symbol periods
delay in Figure 2. In Figure 3, level shifter
shifts level -1 to 0 and level 1 remains same.
E 2. DMSKelA 1WA #zke] #]ad7]
A7) Yol ofArMke] A
Table 2. Modulo-2 sum relationship between
the number of delayer and output
of detector at the ith instant for
DMSK

9}

‘ number of
configuration
' delayer

output of detector

1
Z m‘,(mod 2) n>]

(a) 1+4(n-1) |
T T T T - 1+4(n 1)
(b) L 2+4(n l) % m; (mod 2) nzl
(© 3+4<n D | S ="0 i (mad =), n21
- T o ‘ o "4‘4:} 1 T
@ 4+l £ m, (mod =2), 021

The relationship between the number of
delayer of detector and output of the detector
with k-symbol periods delay at the ith instant
is given in Table 2. Hence, if we compare not
only two consecutive symbols but also two
alternate symbols, the results can be used for
nonredundant error correction.

If a premodulation baseband Gaussian low
pass filter is added to an MSK modulator
which is a continuous-phase digital FM with a
modulation index 0.5, GMSK signal can be
obtained. A GMSK signal can be detected by
differential detector which is exactly the same
as for MSK. With GMSK signaling, instant-
aneous frequency and phase is affected de-
pending on the introduction of premodulation
LPF.

M. Application DMSK AND GMS
K Systems

(a) Nonredundant Error Correction Method
Differential MSK system with double error

correction circuit is constructed to improve

(691)
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the performance. In coherent demodulation an
is caused when the noise shifts the
phase of the signal into the error region. In
differential demodulation an error is caused

error

when the sum of noise phases in two con-
intervals shifts the differential
the The
redundant error correction circuitry exploits
the fact that if the sum of noise sample in
two consecutive intervals causes an error. the

secutive bit

signal into error region. non-

sum of noise samples in two alternate

intervals does not necessarily cause an error.

The illustrative demodulators with cor—

. . (21 .
responding  single and double error
correction circuit diagram are shown iIn

Figures 4 and 5, respectively.
If the received data and parity bit at the

ith decision instant are represented by D
and P; respectively, the relationship between
D, and P; for the single error correction cir-

cuit in Figure 4 is

Pi:DiQDi—l (23)

90" phase
Shifter

Discriminator
data

a8 4. el e FAAI 25 oy B2
Fig. 4. Demodulator with single error cor-
rection circuit.

where @ denotes the modulo-2 sum. This cor—
responds to the (2.1) single error correcting
self-orthogonal convolutional code®' %! whose

syndromes are given as follows

Si=eD.EDeDI 1®ep‘=eg‘®epx@epl , (24)

Si*I:ep. 1@61)] ) (25)

AT

represent error variable., whose

and 0
of nonzero

ep, and e,

is 1 when there is an error
When the

elements among ep.

value
otherwise. number

e, and e, , is less than

The relationship
for the double error

it corrects one error.
and P,

one,
between D,

correcting circuit in Figure 5 is

P;=D®D;_4®D,-4BD, 5 (26)

90' phase
Shifter

f@q@j Discriminator
i
|

]

correction

circwit

Sk

Sk-BSky 1 Sk-2

Sw-s j
1

Threshold device output=1 if 3 or 4 mpulszli

L J

(b)

a8 5. olFeF AR 2T sl B2
(a) Bx7]9] £2lx

(b) olF /A=

Fig. 5. Demodulator with

correction circuit.

(a) block diagram of demodulator.

{(b) double error correction circuit.

double error

The parity bit is obtained as follows. The
output of the detector with 6 bit delay is
Di®D, \D;..®D, 4BD; &D;-;. The output of the

detector with 2 bit delay delayed by T second

(692)
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is D;./®D; ». The modulo-2 sum of the outputs

from the detector with 6 bit delay and
detector with 2 bit delay delayed by T second
is D@D, 8D, 8D, 5. which is a parity bit.
This corresponds to the (2.1) double error
correcting orthogonalizable convolutional code'
81 Syndromes are formed as follows

S; =eo,@€p,@en, Dep, Pep, 5
Si72=en, \®8p, ;GBeD, ,@eD,
Si-p=ep, De,, Dep, ,

27
Si~3=eD, 3®ep| ( )
Si_4=eD, 1@8;,‘ .
Sif_;:epl JGDep, s
We consider the set of equations S,,S;..S; s

and the modulo-2 sum of (S, @S, ).

S;=epDe,Pep, Bep, Pep, .

Si. z=ep, De, Dep, ,

S; BS; s=ep, BPe,, Be,, Dep., (28)
S,

s=ep, Deg, .

These equations have two important pro—
perties.

1) Each equation contains ep .. the error in

the first data

2) No other data error occurs in more than
one equation.

Such set of equation is said to be orthogonal
onep.. Ifep_=1 and no other error occur, all

the syndromes will be 1. If any other error
variable is 1 alone among 12 error variables,
one equation in (28) will be 1 and other three
equations will be 0. If edi-5 = 1 and any
other among the 12 error
variables, three equations are 1 and the three
is a 0. Finally, if edi-b = 0 but two other
error variables are 1, at most two equations
of (28) will be 1, since each such error term

variable is 1

occurs in one equation. Thus it is clear that
edi-5 = 1 if three or four of the equation (28)
equal 1. It corrects errors when the number of
nonzero elements among 12 error variables is
less than two.

(b) Feedback combining method

The receiver structure is based on the

F32% AR FE 5 H 37

observation that the estimate of a., a,, can

be obtained from the outputs of the conven-
tional detector and detector with 2-symbol
periods delay which contain the information

about the input symbol a, '*'.

In the absence of noise. the estimate a,

can be obtaind

a,=sgn[ a,+ a,_;(a,_, -a.)] (29)
where sgn(x) indicates that the decision is

based on the sign of x. a, is the output of

conventional detector in the noiseless

situation. a, ; is the estimate of a, , of

previous symbol which takes the values of +1
or 1. (a,., -a,) is the output of the detector

with 2-symbol periods delay.
When

eless situation,

ﬁk;1=ak1 and z:lk,l'ak..1=l in nOiS_

a, becomes

§k=sgn(2ak) (30)

Since a, can be taken only +1 or -1, 2a,

takes the value of +2 or -2. The receiver
structure which performs the operation of
Equation (29) is shown in Figure 6.

The input of the hardlimiter is compared
with reference and the output is digitized into
one of two states; +1 and -1. Extension of

this procedure is straightforward using
k-symbol periods delay.
= sgnl ax+ a, ;- (a1~ aw

+’\3k 1 a, 2'A(ak—2'ak—l'ak)+"' (31)

ax 1+ ax p ag o(@xp Ak Ak @K)]

In the absence of noise, a. becomes
a,=sgn[ n-a.l (32)
Extended form of DMSK detector block

diagram with feedback combining is shown in
Figure 7.

The dotted rectangle over the 90° phase
shifter and inverter at the last stage in
Figure 7 indicates that its existence depends
on the number of delayver of the detector.

(693)
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delay
AWGN ——
& T |

90" Phase
Shifter

a2 6. 2-AE Fv] AdL 2= JE Huirle
FA T2

Fig. 6. Receiver structure of differential
detector with 2-symbol periods
delay.

Having described the form of demodulator for
DMSK, we now simulate the performance in
of probability of in AWGN
channel.

terms

error

a8 7. kAE ] A9dE de A5 A
Al7] 2

Fig. 7. Receiver structure of differential de-
tector with k-symbol periods delay.

IV. Simulation Results and Discussion

The probability density function of the

carrier phase fluctuation (¢ ) due to AWGN

is given by e

LS

R
(@)= —9—‘3"2” + % Eexp( —Rsin?¢)
x cos¢ [1+erfe(VRcos #)) (33)

—rs¢<n

To simulate the performance of DMSK with
nonredundant error correction and feedback
combining, the rejection method is applied.
The rejection method is applicable when the
probability density function, f(x), has a lower
and upper limit to its range, a and b, re-
spectively, and an upper bound c. When the
cumulative distribution can not be integrated
rejection method is a
of generating random

and inverted, the
method
numbers of the desired probability density
function. The method can then be specified as
follow

convenient

1) Compute the values of two independent
uniformly distributed variables ul and
u2

2) Compute X0 = a + ul(b - a), YO = cu2

3) If YO < f(X0). accept X0 as the desired
output, otherwise repeat the procedure

with two new uniform variables.

To generate random noise phase, rejection
method described above is used. The pro-
cedure to evaluate the error rate performance
of DMSK is as follows

1) Generate a random phase for a given
signal to noise ratio for each incoming

signal

2) The random phase is added to the
absolute carrier phase of incoming
signal

3) The phase difference between two in-
coming signal to the phase comparator is
calculated

4) If the phase difference lies in the region
which gives correct decisions, no error
occurs, otherwise error occurs.

The simulated results for DMSK with non-

(694)
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shown in
coherent and

redundant error correction are
Figure 8. The
differential coherent demodulation curves are
included as reference. Figures 9 and 10
illustrate the bit error rate performance of
the differential detection for GMSK with
nonredundant error correction for BT products
equal to 0.3 and 0.5 respectively. In the
computer simulation, the phase angle for
intersymbol interference (ISI) was taken 4

bits before and after current symbol.

theoretical

L B
N
1073 T
:\ ~ “
4 ~ ‘Q
< S
] ~ -
~ 0,
{ ~ ¥
- ~ iy
10 3 ~ Q
] ~ e
% ] AN
-
@] S
- \ a
- \ ..
1073 NS
3 a’
3 N ox N
] 00000 No error correctlon
4assa ! orror correctlon N\
b *ewet 2 orror correatlon \
~ — Coherent PSK
107 - Dtfferenttal MSK \
3 \
LN L B S B B i B R B S B A
0 1 7 8 9

3 4 5 8
SNR (dB)

12 8. v 8 eHAAE zZ+= DGMSK 3719
284%(B.T=0.5)

Fig. 8. Error rate performance of DMSK de-
modulator with nonredundant error
correction

As the BT product increases, the per-
formance is improved as expected approaching
the curve of DMSK. Furthermore, significant
improvement for GMSK with
correction is clearly

performance

nonredundant
evident from the curves.

The simulated results for DMSK with
feedback combining are shown in Figure 11.
Here, also the theoretical coherent and
differential coherent demodulation curves are
included as reference. The error rate
performance using 1T, 2T, 3T and 4T delay
feedback combining for the BT = 0.3 and 0.5
are plotted in Figure 12 and Figure 13. The

error

i E32% AR B 5B 39

ssse¢s No Error Correction
W sasas | Error Correction
B eocoo 2 Error Correction

-2
10 T

8
SNR (dB)

4

12

28 9. v)84 2FHAH-& 2+ DOGMSK Ex7)9
284%(B. T=0.3) ,

Fig. 9. Error rate performance of DGMSK
demodulator with nonredundant error
correction (B.T=0.3)

performance dependence of the number of
delayer is clearly seen in Figure 12 and
Figure 13.

107"y .

+++++ No Error Correction
sseas 1 Error Correction
oeo00 2 Error Correction

T T T T T T T T T YT T T

8
SNR (dB)

4

a8 10. 944 LFAAE »d+ DGMSK E37]
9 2-84%(B.T=0.5)

Fig. 10. Error rate performance of DGMSK
demodulator  with nonredundant
error correction (B.T=0.5).

The error rate performance improvement of

double error correction over single error
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correction and 2T feedback combining over 1T
feedback combining are small for DMSK. But
for the DGMSK the error rate performance
improvement increases significantly as the
number of delayer increases. Overall feedback
combining method provided a little better
performance improvement over error cor-
rection method when the same number of

delayer are employed.

=

10 ™4 e

Loodaaay

BER
Lol
7
-
2]

-
R

i

coooo No Feedback

|

10~ 1
sasas |T~Delay Feedback |
*

it

annoo 2T—~Delay Feedback

«eeee 3T-Delay Feedback

asasa 4T~Delay Feedback \
— — Coherent MSK

Differential MSK

DT A A —
0

Lol

1 2 3 4 5 8 7 8
SNR(dB)
a8 11, A8A%S 2+ DMSK #5309 &%
A5
Fig. 11. Error rate performance of DMSK
demodulator with feedback com-
bining.
T ]
4 8 s
a q
10 7' .4 : . BT : 0.3
] 5 * o
1 F °
m ) ° - <
= 1 a o
=a) ° . R
10 ™*H "
- a ° @ o
1 o000 No FBK
saass FBK=1T . °
acooe FBK-2T .
«eevs FBK-3T s,
200888 FBR-4T
b R ° |
. ¢
N |
10 A L S
0 3 12 15

P S
SNR(dB)

H &2 oF B3% AE2%E 2= A% HA A 24

L S

28 12, A8AES 2+ DMSK 53719 284
+(BT=0.3)

Fig. 12. Error rate performance of DGMSK
demodulator with feedback com-
bining (BT=0.3)

|
! L ]
U 2, BT : 0.5
FR.
] i

o 1 s,

= 1 3

o R

10 o N
s0ss0 No FBK ’ !
ssase FBK=1T ‘
oscoa FBK-2T o i
«eeve FBK-3T L |
1 s200a8 FBK-4T . |
TS e—— R e e S R J
0 3 6 -9 12 15
SNR(dB)
32 13. #FATE 2+ DGMSK Bx71¢] 2%

A5 (BT=0.5)

Error rate performance of DGMSK
demodulator with feedback com-
bining (BT=0.5).

Fig. 13.

IV. Conclusion

In this paper, the method which improves
the performance of a DMSK and DGMSK
system employing nonredundant error cor-
rection and feedback combining circuits have
It utilizes the relationship
dif-
with

been described.
between the outputs
ferential detector and
k-symbol periods delay.
The error correcting method is based on the
error correcting orthogonalizable conventional
code which can be decoded using simple
circuit configuration. Feedback combining
method utilizes the output of the detector
with k-symbol periods delay which contains
the information about the transmitted symbol.

Simulation was performed to verify the
improvement of the error rate performance of
the differential detection with nonredundant
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of conventional
the detector
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error correction and feedback combining for [6]
DMSK and DGMSK. The simulated results

have shown the capability to improve the
performance of the differential systems.
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