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Let A denote the c1 ass of functions f analytic in the open unit disc E {z E 

CI 1 ,1 < l} normalized by 1(0) = 1’(0) - 1 = O. Then 1 E A has the expallsioll 
I (z) = z + ε:2 dk Z

k
. \ îe defi l1e [n / (z) = Z + Lζ2 k nakzk fot 외 I integer values 

。f n. We observe that r " 1(,) = Z + L얻2 k’‘ dkZk = D" f (z) where D is an operator 
defin ed by Sa.1 agoan. fn this paper we define some new cla.sses of functi ons using the 
djfferential operator ]" and examine their properties 

Introduction 

Let A be th e c1ass of functions f sati sfying f (O) = /'(0) - 1 = 0 and 

analyticin the unit di sc E = {z E Cllzl < 1}. Then f E.4 has theexpan­
sionf(z)=z+ ε뚱2 ak zk We define Jn f (z) = Z + ε뚱2 k-nak z k for a11 
integer v왜ues of n . \\성 th en observe that J-n f ( z) = z + ε뚱2 k’‘ak zk = 
Dn f (z) where D is an operator a1 ready defined in [7J. Also J-lf(z ) = 
z /, (z) = D f( z) and J’까Jn f(z) ) = Jm+n f( z) 

Definition . Let f a l1 d 9 be two function s a l1a1ytic in E with f (z) 
ε픔O ajzJ and g(z) = ε뜸o bj z1. Then the Hada mard product or the 
convolution of f and 9 is g iven by (f * g)(z) = ε얻o aj bjzJ. The differ­
enti al operator J’‘ can aJ so be seen as a convolution of two functions. Let 
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、

f E A. Thell [ nf (z) =k. k •... k.f(z ) where k(z) = z + ε폴2k- 1 Zk = 

때 ('~Z) 
ln this paper we define some new classes of functions using the differ 

ential operator [ n and study thei r properties. 

We state below two lemmas which are frequently applied in the sequel 
Lemma A [1]. Let ß ,"( E C and h be a convex univalent fiμ nction in E 
withh(O) = 1 andRe(ßh(z)+"() > O, z E E . Letp(z) = l+PI Z+P2Z2+ ... 

짜en p(z) + 옮뚫 -< h(z) implies p(z) -< h(z) 

Lemma B [2]. Let β ，"( E C. Let h be a convex univalent function 
in E with h(O) = 1 and Re(ßh(z) + "() > O,z E E , and let q be an 
analytic function in E with q(이 = 1 and q(z) -< h(z) ,z E E. Ifp(z) = 

1 + Pl Z + P2 z2 + ... is analytic i샤 then p(z) + 삶뿜 -< h(z) implies 

p(z) -< h(z) 

Main Results 

Definition 1. Any f E A with f (z) l'(z)/z ￥ o in E is said to be in 
S:( n) if it satisfies 

값 (~[n-2 f (z) + (1 - n)r-1 f (z )\ ‘ n 

\ n[n-lg(z) + (1 - n)[ng(z) J ' - ‘“ 

where g(z ) = (I(z) - f ( - z))/2. 

When n = 1, n = 1 we get a class defined by Sakaguchi [6], and when 
n = 1 we obtain a class defined by Radha [3] 

Theorem 1. Let f E Ss(n). Then 
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Further ifO ~ n ~ 1,Re(r - l g(z)/[ng(z)) > 0 
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Prool . COIlsider 

a Jn- 2g(Z) + (1 - O)Jn-lg(Z) 
o Jn-l g(Z) + (1- o )Jng(z) 

o p-2(f(Z ) - I ( - z )) + (1 - o)Jn- l(f(z) - I ( - z)) 
2(o Jn-lg(Z) + (1- o )Jng(z)) 

3 

a Jn - 2/ (z) + (1 - o)Jn-l/(z) oJn- 2 I ( - z) + (1 - o )J n- l I ( - z) 
- 2(oJn- lg(z) + (1 - o)Jng(z)) 2(o Jn-lg(z) + (1 - o)Jng(z)) 

Now 

g(z) = H Z+ 흘akzk - (( - z) + 홀ak(→해 
。。

z + ε a2k_lz2k-1 is an odd function of z. 
k; 2 

Hence we see tha t 

Re (~p-2g(Z) + (1 - o )P-lg(zn 
\ o Jr. -lg(Z) + (1 - o)Jng(z) J 

- ι ( 0Jn-2/(z) + (1 - o)Jn- l I( z ) , oJn- 2 I( - z) + (1- o W-1 I ( - z1\ 
I ..... ~ + / ~ " T_" "" ' 1 

- “ \ 2(oJn- lg(z) + (1 - o )Jng(z) ) ' 2(o Jn- lg(z) + (1 - o)Jng(z)) } 

= Re (센쁨二즈2) > 0 

a j n- 2/ (z) + (1 - o) j n-l I (z ) 
4>(z) = (oJn -lg(Z ) + (1 - o)Jng(z)) 

Since 1 E S;(o). 
Let R = sup{r lj ng(z) f. 0 in 0 < Izl < r}. We set 

P - lg(z)j rg(z ) = p(z) ; 

hellce 
r- lg(Z) = p(z)rg(z) . 
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Different iat ing this with respect to z and then multiplying the equation 
by z we get 

Z(r -1 g(Z))' = z(rg(z)p(z))' 

Since J- 1 f (z) = zf' (z) , 

or 

Thus 

r ’ W- 1g(z)) = zp'( z)r'g(z) + p(z)rl (rg(z)); 

r - 2g( Z) = zp’(z)J’‘g(z) + p(z )r'-lg(z). 

Re 1 ~r-2g(Z) + (1 - a)J" - lg (zH 
1 a Jn-1g( z) + (1- a)Jng(z) J 

= Rel ~zp'(z) !ng( z ) + ap(z)! n-l g(z) + (1 - a )r'-lg(zH 
1 a Jn-1g(z ) + (1 - a )Jng(z) J 

J . .1 . " zp'(z) 
= Re~p(z)+ , -:-,'-• } l" , . p( z) 十 τJ! J 

by the first part of the theorem. 

Applying Lemma A with h(z) = (1 + z)/(l - z) , we have Rep(z) > 0 
provided a ::; 1 

That is whenever a::; 1 and f E S:(a),Re (Jn-1g (z )/Jng(z)) > 0 in 
Izl < r. Hence rg(z) is starlike in Izl < r or Jng(z) is univalent in Izl < r 
and cannot vanish in Izl = r < 1. 

Thus we conclude that R = 1 and the proof is complete. 

Theorem 2. Let f E S:- I(a) then f E S;(a). 

Proof f E S; -I (a) implies that f satisfies 

심 a r-3 f( z) + (1 - a )r'-2 f (zn ‘ 
1 a Jn-2g( z) + (1 - a)Jn-1g( z) J ’ 

where g(z) is defin ed as before. Let 

aJn-2 f(z) + (1 - a )r'-1 f(z) 
p(z) = 

aJn-lg(Z) + (1 - a)Jng(z) 



and 

Then 

o n Salagean-Pascu type 

a[n-2g(Z) + (1 _ a)Jn-1g(Z) 
q(z) 

n- 1g(Z) + (1 - a)Jng(Z) . 

q( z)(ar- 1g(z) + (1 - aWg(z)) = ar-2g(Z) + (1 - aW-1g(z) ‘ 

5 

Differentiating this with respect \0 z and muJtipJying by z (noting that 
zJμ) = J-1J(Z )) we get 

u/(z)(ar-1g(Z) + (1 - aWg(z)) + q( z)(ar-2g(z) + (1 - a)r-1g(z)) 

= ar-3g(z) + (1 - a)Jn-2g(z); 

or 

값 (짧 + q(Z)) = & (ZC폐;밥 : ZG::taC{) > O 

by Theorem 1, for J E 5:- 1(a) . Now an appJication of Lemma A with 
ß =1끼 = 0 and h(z) = 펀 gives Req(z) > 0 in E. 

AJso 

p(z)[ar-1g(Z) + (1- aWg(z) J = ar-2 J( Z) + (1- aW-1J(z) 

Differentiating thi s with respect to z and noting that zJ' (z) = J- 1J(z) 
we have 

or 

zp'(z)[ar-1g(z ) + (1 - aWg(z)J 

+p(z) r 1[ar- 1g(z) + (1 - aWg(z)J 
= J-1 [ar-2J(z) + (1- a)Jn- 1J(z) J; 

zp'(z)[ar- 1g(z) + (1 - aWg(z)J 

+p(z)[ar-2g(z) + (1 - aW- 1g(z )J 

= ar-3 J(z) + (1 - aW- 2 J(z)J 
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This yields 

a r-3 f( z) + (1- a)Jn-2 f( z) .I . . ' ， Zγ(z) 
= p(z)+ ---aJn-2g(Z) + (1- a)Jn-lg(z) - 1'\-/' q(z) 

Since f E S:-l(a) , Re(p(z) + zp'(z)/q(z)) > 0 and an application of 
Lemma B gives Rep(z) > 0 and the theorem is thus proved. 

Theorem 3. TI;κ inclusion πlation S:(a) c S:(O) is sati.샘ed for 0 ~ 
a< 1. 

Proof. Let f E S: (a). We set 

r -1 f (z) .,., _.~ Jn- lg(z) 
- --- = p(z) and ---- = q(z), Jng( z) 1'\-/ _ •• - Jng( z) 

where g(z ) = (f (z) - f( -z))/2 
깐om theorem 1 we infer that Re q( z) > O. Now 

a Jn-2 f( z) + (1 - a)r-l f(z ) 
aJn-lg(Z) + (1 - a)Jng(z) 

I -l[apJng(z)J + (1 - a)p(z)J( ng(z ) 
aJ’‘ 19(Z) + (1 - a)Jng( z ) 

ap(z)Jn-lg(Z) + azp'(z)rg(z) + (1 - a)p(z)rg(z) 
aJn-lg(Z) + (1 - a)Jng(z) 

p'(z) 
= p(z) + --「r7

q(z) + 닫l 

Since f E S:( a), 
p'(z) 

Re p(z) + -r ';: _ _ , > O. 
q(z) + ι뚱4 

An application of Lemma B gives that Re p( z) > 0 jf a < 1 thereby 
proving the theorem. 

Theorem 4. Let f E S:( a). Jf F is de.βned by the equation 

F(z) = 싫되 lz t ￡ -2f(t)dt 
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then F E S.:'(o) /or 0 < 0 :::: 1. 

Proof From the definition of F( z) we get 

z i-lF(z) = i / z ti 2f (t)dt 
U JO 

Differentiating with respect to z, 

z￡-1 FI(z) + (i - 펴-2Fμ) = izi-2f(z) 

That is 
ozF'(z) + (1 - o)F(z) = / (z). 

” ( 

Now 

g(z) 
_ /( z) -/(-z) 

2 

= a[a없상댔쩌zF래쩌F'찌， (ν써(μz 
(1 - 0) 

= i(zF'(z) - (-z)F(-z)) + \' 2 -'(F(z) - F(-z)) 

= ￡(ozg(Z) + (1 - a)G(Z)), (2) 

where G(z) = 양댄날l 
Also we can see that 

G( z) = -:-:-;눈; / z t a-2g(t)따 
az ‘ l “ J O 

By Theorem 1, g(z) f. 0 in E - {O} ; hence equation (2) implies that 
[ozG’(z) + (1 - 0)G(z)Jj2 does not vanish in E - {O}. Using equation 
(1) and (2) we get 

a [n-2 F(z) + (1 - 0)[ n-1 F(z) ["-I/(z) 
0[n-1G(Z) + (1 - o)[nG(z) [ng(z) 

Thus whenever / E S.:'(o) , from Theorem 3 we have 

Re{I"-I/(Z)jrg(Z)} O. 
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Hence F E S;‘(a) for 0 < a :S; 1. 

Definition 2. Any f E A with f' (z) f (z) /z t- 0 in E is said to belong to 
the class C;'(a) if it satisfies 

심 o /"-2 f (z) + (1 - O)[ n-I f (zn> 
1 0[n-2ψ( z ) + (1- a)[nψ(z) 1 - Z E E , 

where ψ(z) = (φ(z) - φ(- z ))/2 for some φ E S;(a) 

Theorem 5. Let f E C;' ‘(a ). Then f E C;(a ). 

P1"Oof f E C;-I (a) implies that there exi sts a φ E S;'(o) such that 

Re j O /"-3 f (z) + (1- a)[n- 2 f( z2l ‘ 

1 0 [n-2ψ(z) + (1 - a) [n -l ψ(z) 1 -

where ψ(z) = (φ(z) - φ( -z))/2. Let 

and 

a [n-2 f (z) + (1 - o)[ n- I f (z) 
p(z) = - : '" 

o[π-1 ψ(z) + (1 - o)[nψ(z) 

a/"-2ψ(z) + (1 - o)[n-l ψ( z) 
q( z) = 

o[n-lψ(z) + (1 - a)[n ψ(z) ’ 

By Theorem 1, ψ E S~(o) and hence R.e q(z) > O. Further we have 

p(z) [aI"-1 ψ(z) + (1- o )l" tþ(z) ] = 01"-2f(z) + (1- a )l"-'f(z) 

Differentiating with respect to z and usi ng the relation [-If(z) = zf’(z) 
we get, 

zp’(z)[aI"-1 ψ(z) + (1 - 0)1"ψ(z)] + p( z) [aI"-2 tþ(z) + (1 - a)l"-1ψ( z)] 
= a[π-3 f (z) + (1 - a )l"-2 f (z) 

Hence 
zp' (z) a [ n- 3 f (z) + (1 - a)[n-2 f(z ) 

(z) +--- -
이z) a[n -2ψ(z) + (1 - a)[n -lψ(z )" 

Since f E C;'- I(O) , R.e {p(z) + 뽑} > 0 때d now an application pf 
Lemma B gives R.e p(z ) > 0 때d th.is proves the theorem. 



On Salagean- Pascu type 9 

We now proceed to define two generalised classes of functins with 
respect to conjugate points and study their properties 

Definition 3 . Any f E A with f'(z) f (z)jz -1 0 in E is said to be in 
S;,'(a) if it satisfies 

없 l~p-2 f (z) + (1 - a)[n-l f (zH ‘ 
1 a[n-lg(z) + (1 - a )[ng(z) I ’ 

where g(z) = (J(z) + f (z))j 2 

When a = 0, n = 0 we get a cJ ass defined in [4J; when n = 0 this class 
reduces to a class defined by S. Radha [5J‘ 

Theorem 6. Let f E S;,' (a). Then 

Re 1 a[n- 2~ ( z) + (1 - a)[~-lg(z) ~ < .. .. ,. ,, - ""'}>O 
1 aJn- lg(z) + (1 - o)[ng(z) I 

where 9 is defined as above. Further ’;fO ::; a::; 1, Re{In- lg(z)j Jng(z)} > 
0 

Proof Consider 

We have 

a Jn-2g(Z) + (1 - O)p- lg (Z) 
a [n-lg(Z} + (1 - a)Jng(z) 

a p-2 (J (Z) + f(감) + (1- aW-1 (J(z) + f(감) 
2(aJn-l g(Z) + (1 - a)Jng(z)) 

ap-2 f (z) + (1 - a)[n-l f (z) 

2(a[n-lg(Z} + (1 - a)Jng( z)) 

a[n- 2π감 + (1 - a}Jn- 1π감 (3) 
2(aJn-lg(Z) + (1 - a) Jng(z)) ‘ 

ar- 2 f(감 + (1 - a)Jn-lπ감) = ε[ak-(n-2) + (1 - a}k- (n-l )J따Zk 

= (aJn-2 + (1 - a)Jn - l )f(ε) 
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since 0: and k are reals 
Further, since 9(2) = g(z) we get 

a [ n-2 J(감 + (1 - o:W- 1 J(z) 김E강J(ε) + (1 - 0: )]n-1 J(2) 
2[0:[n- 1g(Z) + (1 - o: )[ng(z)J 2[0:]n-1g(z) + (1 - o: )[ng(Z )J 

Hence the right and side of equat ion (3) becomcs 

a I ‘ -2 J(2) + (1 - 0: ) [ n- 1 J(Z) , 0:[n-2 J(2) + (1- 0: )/n-1 J(Z) 
+ 2[0: In-1g(z) + (1 - O: )]"g(z)J ' 2[0: [n- 1g (ε)+(1 - 0:) [π g(.<)J 

- 이(z) + φ(ε) 
2 
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and hence 
]"-l g(Z)p{ZWg(Z) 

Differentiating this with respect to z an d not hing that ]-1 J (Z) = ZJ' (Z) 
we get 

z(1" - 19(Z))’ = Zp'(Z)[ng(Z) + p(Z)Z(I" (g(Z))’, 

t hat is 
]"-2 g(Z)) = Zp’(2)[ ’‘g(z) + p(Z)/"-l g(Z). 

Thus 

Re 1 ~]"-2g(Z) + (1 - o: )/"-l g(Zn 
l o:]n+1 g(z) + (1 - o: )[ng(z) J 
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= Re 1 ~(zp'(z )I" g(z) + p(z)I"-l g(Z)) + (1 이미지Jng(z21 
aJn-1g(Z) + (1 - a)Jng(z) 

= 한p(Z) + zd(Z) } 
p(z) + 얀잉} 

by the first part of the theroem 

Now a.pplying Lemm a. A with h(z) = (1 + z)/(1 - z) we have Re 
p(z) > 0 provided 0 ~ a ~ 1 

Thus Re {r- 1g(z)1 Jng(z)} > 0 in Izl < R. Hence Jng(z) is starlike in 
Izl < R or Jng(z) is univ따ent in Izl < R a.nd ca.nnot va.nish on Izl = R < 1. 
We conclude that R = 1 and the proof is complete ‘ 

Theorem 7. Let 1 E S~-l(a). Then 1 E S~(a) 

p，ηof. 1 E S상-l(a) implies that 

Re 1 ar-~f(z) + (1 - a )I"-2 f(z) \ < ,.,- r '>>0 
1 aJn-2g(z) + (1 - a)Jn-1g(z) r 

where g(z) is defined as in Definition 3. Let 

셔
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and 
aJn-2g(Z) + (1 - a)Jn-1g(z) 

q(z) 1 
aJn-1g(Z) + (1 - a)Jng(z) 

Using Teorern 6 for 1 E S~-l(a) and Lernrna A , we can show that 
Req( z) > 0 as i n Theorern 2 

Now 

p(z)[2r-1g(z) + (1 - a )I"g(z)J = 2In- 21(z) + (1 - a)Jn- 11(z) 

Differentiating this with respect to z a.nd using the fact that J- 11(z) = 
z1'(z) we get 

zp'(z)[ar-1g(z) + (1- α)I" g(z)J + p(z)[ar-Zg(z) + (1 - a)Jn-lg(z) 

= ar-31(z) + (1 - a )I"-2 f(z) 
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Hence 
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{~r-3f(써 a)r-2 f(z ) l n_ ' _f_' , Zp'(Z) > = Re {p(z) + -r, '~ J} aJn-2g(Z) + (1- a)Jn-lg(z) J - ~-- lrn' q(z) 

Since f E S~-l(a) we see that Re {p(z) + 調} > 0 and an application 
of Lemma B gives Re p(z) > 0 and thus the theorem is proved. 

Theorem 8. The inclusion rela/ion S앙(a) C S앙(0) is sa/isfied for 0 ::; 
a< 1. 

Proof. Let 띔뿜 = p(z) 때d 댐뿜 = q(z) where g(z) = 따웰 
From Theorem 6 we infer that Re q( z) > O. N ow 

a Jn-2 f(z) + (1- a )r-l f(z) 
aJn-lg(Z) 十 (1 - a)Jng(z) 

aJn-l(p(Z)rg(Z)) + (1 - a)p(z)rg(z) 
aJn-lg(Z) + (1 - a)Jng(z) 

ap(z)Jn-1g(z) + azp'(z)rg(z) + (1 - a)p(z)rg(z) 
aJn-lg(Z) + (1 - a)Jng(z) 

pf(Z) = p(z)+--「τ
q(z) + 딘며 

fE 뚱(a) implies th따 썩p(z) + 짧빨} > 0 

N ow applying Lemma B we infer that Re p( z) > 0 and the theorem 
follows. 

Theorem 9. Le/ f E S~( a). If F is defined by /he equation 

F(z) = 되꾀 ft응-2f(t)dt 

then F E S~(a). 

Proof. From the definition of F( z) we get 

z웅얀(z) = llz ti-2f(t)dt 
" JO 
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Differentiating with respect to z we obtain 

、

낀
 

R • li 
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1 
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a 
-­서

 
” R 4 --q z ” ” 1 

-a ( + 
ι
 
” ( F • --a 

z 

or 
zF'(z) + (1 - Q)F(z) = f (z) . (4) 

Also 

g(z) - 젠브E펀 힌 
2 

= 5함Iψ￠빠싸쐐QZ상상빠zF씬짜싸F'까짜’1ν세(μz 
.… 

= ~[Qz(F'(z) + F'(ε)) + (1 - Q)(F(z) + F(치)J 

= QzG'(z) + (1 - Q)G(z ), (5) 

where G(z) = 따략파11. Now g(z) i- 0 in E - {O} by Th∞rem 6) and 
hence QzG'(z) + (1- Q)G(z) does not vanish in E - {O}. Also it is clear 
that 

rz 
G(z) = -:-:-낭=> I t 승 -2g(t)dt. 

az ’ I “ • JO 

Using eq뻐ti on (4) and (5) we get 

a 1"-2 F(z) + (1 - QW-1 F(zL Jn그끄간 
QJn-1G(Z) + (1 - Q)JnG(Z) Jng(z) 

Whenever f E S~(Q) ， applying Theorem 8 we infer that F E S~(a) for 
O<Q < 1. 

Definition 4. Any f E A with f'(z )f (z)/z i- 0 in E is said to belong to 
the class C~ (Q) if it satisfies 
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Proof. f E C~‘ 1(0) implies t hat there exists a φ E S~(o) such that 

심 a l n
-
3 f (z) + (1 - 0)1"- 2 f (zn ‘ 

I 0/"-2ψ(z) + (1 - 0)/ "-1 ψ(z) J ' 

where ψ(z) = (φ(z) + φ(z))j2. We set 

and 

o /" - 2 f (z) + (1 - O)/n-I f(z) 
p(z) = 

a/n-2ψ(z) + (1 - O)/n-Iψ( z) 
q(z) = 

aln-lψ(z) + (1 - O)[nψ(z) 

From the definition of the function ψ and by Theorem 6, we have Re 
q(z) > O. We have 

p(Z) [oI"- 1 싸z)+( I-o)I" ψ(z) ] = 0 / n- 2 f (z) + (1 - 0 )I"-1 f (z) 

Differentiat ing thi s with respect to z and using / -1 f (z) = z f ’(z) we get 

zp’(Z)[oI"-I 1þ(Z) + (1 - o)rψ(z)] + p(Z )[0I"-2ψ(z) + (1- O)r-lψ(z )] 

= 0/n-3 f( z) + (1 - 0 )1"-2 f(z) 

This gives 

p'(z ) 0/"-3 f(z ) + (1 - 0 )1" -2 f (z) 
p(z) + --- = 

q(z) 0/n-2ψ(z) + (1 - O)/n -Iψ(z) 

Since f E C~-I(O) ， 값 {p(z ) + 램} > 0 and now an application of 

Lemma B gives Re p(z) > 0 there by proving the theorem 
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