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For a given harmonic Bloch fUllction u vanishing at some point Zo on the upper 
half-space, we represent unique harmonic conjugates of u which are also Bloch functions 
vanishing at Zo iu terms of parti al derivatives of u 

The upper half-space H = Hn is the open subset of Rn(n 즈 2) given 
by 

H = {(x , ν) E R n 
: y > O} , 

where we have written a typical point z E R n as z = (x , ν) ， with x E R n- 1 

and y E R. 
Given a harmonic function μ on H , the functions ν}，" '， vn_lonH 

are called harmonic conjugates of u if 
n ” ( 

(Vl , ... , Vn-l , u) = \71 

for some harmonic function u on H , where \7 1 denotes the gradient of 1 
If (1) holds, then V" , . . ,Vn-l are partial deri vates of a harmonic function , 
so they are harmon ic on H. Also (1) and the condition that 1 is harmonic 
is equivalent to the following “generalized Cauchy-Riemann equations" 

DkVj = DjVk;DnVj = DjU 

ε Dj씬 + Dnu = 0 
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In particular, ν is a harrnonic conjugate of u if and only if u + iv is 
holornorphic on the upper half.plane H2 • 

If u is harrnonic on H , then harmonic conjugates of u a1 ways exists. 
Unfortunately, they are far from unique. (\Vhen n > 2, harrnonic con­
jugates for a given u rnay well differ hy rnore than a constan t. We refer 
more on harmonic conjugates to [AR] , [5] and [5W].) 

In this paper, we are interested in harrnonic conjugates of Bloch func­
tions on H . Recall that a harrnonic function u on H is called a Bloch 
function if 

lI ullB = sup yl \7u(x , Y)I < ∞， 
where the suprernurn is taken over all (x ,y) E H. (Here we use the C n 

norm to calculate l \7u(x , y)I.) We let ß denote the collection of Bloch 
functions on H and let ß denote the su bspace of functions in ß that 
vanish at Zo = (0,1) . Then we can show easily that ß is a Banach space 
under the BJoch norrn 11 1 1β 

Below we show that if u E ß, we can choose harrnonic conjugates of 
u which can be written in terrns of its partial derivatives and we show 
these conjugates are lllliqlle con jugates beJonging to ß. For this purpose, 
we δrst let 

(Zn + wn )2 - Iz 떼2 
R(z ,w) = 

nV(B) Iz- 페n+2 

for Z (Z1)"' ， Zn_l ， Zn) ， ψ (Wl ,' " ， ψn-1 ， ψ，，) E H , where V(B) de­
notes the volurne of the unit ball B in R n and ψ =(ψ1 ， . . ψn-} ， - ψn) 

(Note that if n = 2, then ψ is the usual cornplex conjugate of w.) Then 
it is shown in [RY] that the functioll R defined on H x H by 

R(z , ψ) = R(z , ψ) - R(zo , ψ) 

has the fo l1 owing reproducing properties: If u E ß , then 

(α찌2긴) u띠ψ(μz) = JH싸n쐐(μzζ씨’ 
for z E H. (Here dω = dV( w) denotes the Lebesgue volume measure in 
R".) Fllrthermore frorn the definition of R , we can show that for each 
j = 1,"', n , there is a constant C depending only on n and z such that 

(3) ñ/~ ._\1 1. n ñ/_ \1./ C(n , z) 
IR(z ， ψ)1 ， 1ψn DωJR(z， ω)1 :0: ~ 

1+ 1떼 n+1 
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for alI ψ E H . Now fix u E B for the rest of this paper and let 

꺼 (z ) = -짜Dw}u(ψ) ]ψ싸 

for z E H . T hen from t he first esti mate of (3) , we have 

;;, ,,/ ~， IlullB 
I[D씨 u(ψ)]ψnR(z ， ψ)1 ::; C(n, z) "1수꾀파T ’ 

which belongs 10 Ll(H) as a function of ψ Therefore 씨 makes sense. 
Moreover, 씬(Zo) = 0 and by passing the Laplacian 6., t hrough the inte­
gral above, we easily see that Vj is a harmoni c fUllclion on H . Note that 
for k = 1,2,"', n , 

lμ녀zιZnDιz.씨써k낀U 

= 21zn DDω} u(ψ)]ωnD，.R( z ， w )dψ| 
f C( n) 211 u ll lJZn I , - \'~:~τ JH Iz - ψIn+J 

f∞ 1 . r Zn + W n 
2C(n)l lu I16 Zn I .，...， ~--τ( / 」」]:Jo (ιn + ωn )2 \ JR ’H Iz 떼n 

dψ1 ... dψn-ddωn 

T he inner integral above equals 

nV(B ) f " ' ~ , ' n " n'" L nV(B) -T- Rn l P(z + (0,1Un), (1UI, ， ωn- 1, O))dWl ... dψn-I 2 ’ 

where P is the Poisson kernel for the upper half space. (We refer more 
on Poisson kernel to [AB떠 ) Hence 

IZnDz. 씨( z)1 C(n) lI ull6 Zn I -'. -上--­JO (zn + ψn J2 

s: C(n )lI u Il B ' 

(Here C( n) denoles a constalll depel멘ng on n whose value may change 
from line 10 line.) Therefore Vj E B and 11꺼 IIB s: C( n ) lluIIB . To gel 
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the ma.in resul t, we need one lemma w hose proof relies on integration by 
parts 

(4) Lemma. For j = 1,2, ‘ ,n - 1 and for z E H , 

(5) 씨 (z) = 2싸(ψ)ψnD꽤(z ， ψ)dψ 

Proof. First note that the integral in (5) makes sense. We can easily see 
theis from (3) and the following estimate; 

(6)μ(ψ)1 .<:; 2 I1 u I16(1+ Ilog wnl + 210g(1 + 1 미)) 
for w E H. (See [AR].) Thus the right side of (5) equals 

(7) 2 I . I 1써 I u(ω)Dω， R(z， ψ)dψjdψndψJn ， 
JR"'-~ νo J-oo 

where dWjn = dψ1'" d씨 -l d，:vj+l . .. d，μ-1. From estimates (3) and (6) 
we can also show that lu(ψ)R(z ， ω)1 • Oaslψjl • ∞ N ow integrating 
by parts in the innermost integl'al above, (7) becomes 

-21n_2 1o∞ ψni:[D씨 u(ψ)]R(z ， w)dψjdψnd꾀n 

= -2 JH[Dαψ써뀐쐐j꺼씨u띠뼈뼈(W에빼ψ띠) 
= 씨 (z ). 

This completes the proof 

(8) Theorem. The functioηS 1711 .•• ,Vn-l de.βned above are unique har 
monic conjuga. ies of 11 beloTlging /.0 ß. 

Proof. We know each Vj E ß. To show Vl , ... , Vη-1 are harmonic conju­
gates of u , note that for j , k = 1,2, "' , n - 1, 

Dz.DψJ R(z ， ψ) = -DzJDz.R(z,w) = Dz) Dψ.R(z ， w) ， 

(9) DznDωjR(z， ψ) = -Dz)DψnR(z ， ψ) 
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N ote a.lso that 

D znDwnR(z , ω) = D;nR(z , ω) 

Hence by differenti ating t hrough the integra.l in (5), we have Dkvj = DjVk 

for j , k = 1,2, .. . , n - 1. Similary from (2) and (9), we ge t D n Vj = D ju. 

Finally, 

(설 Dj써nμ)(z) = -2싸(ω)wn6， R(z ψ)dψ 드 O 

for all z E H 
Hetlce V""' , Vn-I , U satisfy the genera.l ized Cau chy-Riemann equations 
and it follows tha t VI ,"', Vn _1 are ha rmonic conjugates of U 

To complete th e proof, suppose that U""' , Un-I a re also harmonic 
conjugates of U such that Uj E ß for each j . Then 

11씨 - ujll8 :S: C(n)IIZnD'n(씨 - Uj)11∞ · 

(See Theroem 5 .13 of [RY].) Since D'n(Vj - Uj) = Dj(u - u) = 0, we get 

11꺼 - ujllβ = 0 and 50 ，서 = Uj as desired 

R emark. Givetl a ha rmo nic Bloch function μ on the u pper hal f space, the 
ex.istence of unique harmonic conjugates of U which are a.lso Bloch, was 

shown in [AR] for the first time 
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