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For a given harmonic Bloch function » vanishing at some point zo on the upper
half-space, we represent unique harmonic conjugates of w which are also Bloch functions

vanishing at zp in terms of partial derivatives of u.

The upper half-space H = H,, is the open subset of R"*(n > 2) given
by
H={(z,y) e R" 1y > 0},
where we have written a typical point z € R™ as z = (2, y), with z € R"™!
and y € R.
Given a harmonic function » on H, the functions vy,-++,v,-1 on H
are called harmonic conjugates of u if

(1) ('Ul,"',vﬂ_'l,’b&):v_f

for some harmonic function v on H, where V f denotes the gradient of f.
If (1) holds, then vy, -+, v,_; are partial derivates of a harmonic function,
so they are harmonic on #. Also (1) and the condition that f is harmonic
is equivalent to the following “generalized Cauchy-Riemann equations”

Dyv; = Djvy; Dpv; = Dju

=1
Z DJ;’UJ‘ + Dou = 0.

i=1
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In particular, v is a harmonic conjugate of u if and only if u + iv is
holomorphic on the upper half-plane H,.

If u is harmonic on H, then harmonic conjugates of u always exists.
Unfortunately, they are far from unique. (When n > 2, harmonic con-
jugates for a given u may well differ by more than a constant. We refer
more on harmonic conjugates to [AR], [S] and [SW].)

In this paper, we are interested in harmonic conjugates of Bloch func-
tions on H. Recall that a harmonic function » on H is called a Bloch
function if

|lullz = supy|Vu(z,y)| < oo,

where the supremum is taken over all (z,y) € H. (Here we use the C"-
norm to calculate |Vu(z,y)|.) We let B denote the collection of Bloch
functions on H and let B denote the subspace of functions in B that
vanish at zg = (0,1). Then we can show easily that B is a Banach space
under the Bloch norm || ||5.

Below we show that if u € B, we can choose harmonic con jugates of
u which can be written in terms of its partial derivatives and we show
these conjugates are unique conjugates belonging to B. For this purpose,

we first let
4 n(za+w,)?-|z— o

R(z,w) =
(=)= VB Iz — @[ +?
for z = (21, ,Zn—1y2n)sw = (W1, +y Wp—1,Wy,) € H, where V(B) de-
notes the volume of the unit ball B in R" and @ = (wq,-++, wp—1, —wy).

(Note that if n = 2, then @ is the usual complex conjugate of w.) Then
it is shown in [RY] that the function R defined on H x H by

R(z,w) = R(z,w) — R(z0,w)
has the following reproducing properties: If u € B, then

(2) u(z) = / w(w)R(z, w)dw = —2] whwy Dy, R(z, w)dw
f

rz € H. (Here dw = dV(w) denotes the Lebesgue volume measure in
R"™.) Furthermore from the definition of R, we can show that for each
j=1,---,n, there is a constant C depending only on n and z such that
C(n,z)

(3) |R(z,’w)|,|wﬂDw1R(z,w | i~ W
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for all w € H. Now fix u € B for the rest of this paper and let
vj(2) = —2/ [Dw,u(w}]wnfl(z,w)dw
H

for 2 € H. Then from the first estimate of (3), we have

|||

|[Dw, u(w)]wnR(z!w” < C(n’ Z)l + |w|ﬂ+1’

which belongs to L'(H) as a function of w. Therefore v; makes sense.
Moreover, v;(zg) = 0 and by passing the Laplacian A, through the inte-
gral above, we easily see that v; is a harmonic function on H. Note that
fork=1,2,---,n

|za Dz vi(2)] = 2|z jH[Dw}u(w)]wnDzkﬁ’,(z, w)dw|

= ‘2|zn/ [Dm -u(-w)]wnDsz(z._ w)dw|

20l 20 / = lm

oo 2n +wy,
W)HUHBZH/ (Zn+7-bn)2(~/ﬂ"_1 |Z—1I?fn
dw1 ---dwn_l)dwﬂ.

IA

IA

The inner integral above equals

nV(B)
2

nV(B)

oo P (0w (01, ey, 0))dwn gy =

where P is the Poisson kernel for the upper half space. (We refer more
on Poisson kernel to [ABR].) Hence

1

|anzkvj(z)| mdwn

I

Clnlullaza |~
C(n)||uls.

IA

(Here C(n) denotes a constant depending on n whose value may change
from line to line.) Therefore v; € B and ||v;l|ls < C(n)||u||z. To get
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the main result, we need one lemma whose proof relies on integration by
parts.

(4) Lemma. For j =1,2,---,n—1 and for z € H,

(5) y;(z) = Q/H u(w)wanjﬁ(z,w)dw

Proof. First note that the integral in (5) makes sense. We can easily see
theis from (3) and the following estimate;

(6) |uw(w)] < 2|ulls(1 4 [log wy| + 2log(1 + |w]))
for w € H. (See [AR].) Thus the right side of (5) equals

-0

(7) 2/ / wﬂ/ u(w)DwJR(z‘,w)dwjdwndzxﬂr;m
n—2 JQ

where dw;, = dw; - - dwj_1dw;4q - - - dwp_y. From estimates (3) and (6)
we can also show that |u(w)RE(z,w)| — 0 as |w;| — co. Now integrating
by parts in the innermost integral above, (7) becomes

o o0 s .
—2/ / wn/ (Do, u(w)] Bz, w)dw;dw,dw;y,
=2 J0 —o0

= -2 /;J[iju(w)]wné(z,w)dw
= w;{z)
This completes the proof.

(8) Theorem. The functions vy,---,v,—1 defined above are unique har-
monic conjugates of u belonging to B.

Proof. We know each v; € B. To show V1,7, Uy—1 are harmonic conju-
gates of u, note that for j,k =1,2,---,n -1,

D., Dy, R(z,w) = =D, D, R(z,w) = D, Dy, R(z,w),

(9) Dz Dy R(z,w) = =Dy, Dy, Rz, w).
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Note also that ~
D,, Dy, R(z,w) = D? R(z,w).

Hence by differentiating through the integral in (5), we have Dyv; = Djvi
for j,k =1,2,---,n — 1. Similary from (2) and (9), we get D,v; = D;u.
Finally,

n—1

(> Djvj + Dyu)(2) = —2/ w(w)wn, A, R(z, w)dw = 0

: H

J=1
forall z € H.
Hence vy, -+, v,_1,u satisfy the generalized Cauchy-Riemann equations
and it follows that vy,--+,v,_; are harmonic conjugates of u.

To complete the proof, suppose that uy,---,un—1 are also harmonic
conjugates of u such that u; € B for each j. Then

llv; — u;lls < C(n)||2n D, (v; — u;5)||co-

(See Theroem 5.13 of [RY].) Since D, (v; — u;) = Dj(u — u) = 0, we get
llv; — u;]lz = 0 and so v; = u; as desired.

Remark. Given a harmonic Bloch function u on the upper half space, the
existence of unique harmonic conjugates of v which are also Bloch, was
shown in [AR] for the first time using a normal family argument.
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