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ON GENERALIZED HAMMING WEIGHTS
OF SOME CYCLIC LINEAR CODES

Seon Jeong Kim and Mi J a Yoo

1. Introduction and Preliminaries

Let J2 be a finite field with two elements, and 理 be the set of all 
7i-tuples of elements in F2. A binary linear code of length n means a 
subspace of 理.If the binary linear code has dimension k as a subspace 
of 形' then it is 고efened to as an 시 code c)vei 形. A linear code C 
of length n is called cyclic if whenever (口i, - - , ara) is an element of
C*, so is (an, tti, ,ctn-i)• The dual code(了丄 of a linear code C 
means the subspace

。丄 = {w € 理 性 , c = 0 f。츠 al" € 0),

where x - c =(⑦ i,£：>•.• Z、)・(勺,•…,cn) = x1c1+x2c2-\----- \~xncn.
In [W], Wei introduced the notion of generalized Hamming weights 

and weight hierarchy for a linear code, which has been motivated by 
several applications in cryptogiaphy. Let C be an [払 시 code. Let 
X(C) = {z ]叫 壬 0 some (⑦「皿，aan) G C}. The rth general­
ized Hamming weight of C is then defined as

djC) = min(|x(/?)| : D is an 厂-dimensional subcode of C}.

The weight hierarchy of C means the set of generalized Hamming 
weights {4(0 I 1 < r < &}. Obviously, d^(C) is just the minimum 
Hamming weight or minimum Hamming distance of the code.

In this paper, we find the generalized Hamming weights of some 
binary cyclic codes. Consider a natural vectoi space isomorphism
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(a。，<ii, • • • , an—i) nt。+ ci\X + • • • + an—ixn , 

where x is a coset x + (zn — 1). Using this map, we obtain the following 
theorem.

THEOREM 1.1 [L]. There is an one to one correspondence between 
cyclic linear codes of length n and the ideals of 272[x]/(xn 一 1). More­
over, there is an one to one coirespondence between cyclic codes and 
the factors of xn — 1.

Thus each 'cyclic code C of length n corresponds to the unique 
polynomial a divisor of xn — 1. We call this polynomial g(x) 
the generator polynomial of the cyclic code C. More precisely, if 
g(z) = + a" + • ・ ・ + 이t사t + then the corresponding cyclic
code is generated by the rows of the matrix

/GO 項 «2 • •・ 1 0 0 0 ・・. 0\
0 •・. 이一 1 1 0 0 ・・・ 0
0 0 ClQ • • • 이—2 이一1 1 0 -• * 0

\ 0 0 0 ... ^2 «3 ... 1/

For such g(z), let — 1 = g(x)h(x). We call h(x) the parity­
check polynomial of the cyclic code C. Let 7?(x) — Aq + h^x + • • • + 

+ ⑦"T. Then the parity check matrix of the cyclic code 
C is
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0 ... 0 \
-0 ... 0

0 ... 0

/如■시—3 • • • /1 —Z—1

Note that this matrix is the generator matrix of the dual code C丄 of 
C.

The following theorem is easy to prove.

THEOREM 1.2. Let C be a cyclic code of length n with the generator 
polynomial = (t + 1)\ 0 < I <n. Then
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(1) dim (7 = n — I.
(2) dimC丄=I.
(3) If h(x) = (xn — l)/g(z), then the polynomial xde& h(l/x) is

the generator polynomial of the dual code of a cyclic code with 
generator polynomial g(x).

The following theorems are well-known basic tools used in the next 
section.

Theorem 1.3 (Monotonicity) [W]. Let C be an [n, 시 code, then

1 < d](C) V d2(C) < < dk(C) < n.

Remark. When C is nondegenerate, i.e., there is no always-zero bit 
position, then d认C) = n.

THEOREM 1.4 (Duality) [W]. Let C be an [n, A:] code and. C노 be 
its dual code. Then

(dr(C) I 1 <r < k} = {1,2,-* - , + l —JZ(CX) I 1 <r< n-k}.

2. A cyclic code with the generator polynomial g(工)—(1 +

Let C be a cyclic code of length n with the generator polynomial 
g(£). Recall that g(x) is a divisor of xn —1. In this section, we consider 
the case g(x) = (1 + ⑦)'for some Z > 0.

THEOREM 2.1. Let C be a cyclic [77, k] code with k < n. Then 
d\(C) > 2.

Proof. If di(C) = 1, then there exists a codeword of weight 1 in 
C. Since C is cyclic, all vectors (1,0,0, - - - ,0), (0,1,0, ••- ,0), • • •, 
(0,0, - • • , 0,1) are in C, and so C =理.This contradicts the assump­
tion k < n.
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THEOREM 2.2. Let C be a binary cyclic code of length n and g(*) 
be its generator polynomial. Then the following hold:

(1) If g(z) = 1, then dr(C) = r for 1 < r < n.
(2) If = z + 1, then dr(C) = r + 1 for 1 < r < n — 1.
(3) If g(x) = xn~x + xn~2 + …+ ⑦ + 1, then di(C) = n.

Proof. (1) and (3) are obvious. For (2), since dim C = n—1, di(C) >
2 by Theorem 2.1. Now the result follows from Theorem 1.1.

For convenience, we use a notation, for each integer r > 1,

7r(C) = {(C, C,- ' ,C)I C 6 C).
S-----V----- '

t times

Obviously, if C is 从 d\ code, then 7r(C) is an ［厂丁、k, rd\ code. Using 
these notation, we can decompose cyclic codes into those with shorter 
length.

THEOREM 2.3. Let C be a binary cyclic code with length 2l? z > 1 
and g(z) = (1 + x)1 be the generator polynomial of C. The following 
hold:

(1) Ifl> 22-1? then C = 72(6*1), where C\ is the cyclic code of length 
2i~~1 with the generator polynomial (x + l)^2* .

(2) If I < 2i~1, then C丄=丁2(切)> where C2 is the cyclic code of 
length 2i-1 with the generator polynomial (x + l)2 一'.

Proof, (1) Let I = 22-1 + a, 0 < a < 22-1. Then

g(z) = (1+ a：),

=(1 + x)a • (1 + a：2"1)

=(1 + x)a + (1+ x)a - x2''.

If we set Ci the cyclic code of length 21-1 with the generator polynomial 
(1+矿)七 then, comparing the generator matrices of C and C\y we obtain 
the desired result.

(2) By Theorem 1.2, 나le generator polynomial of C노 is xn~l(l/x + 
1)"T = (1 + x)n~l. Since 11 — I > 2Z-1, we can use (1).

To use Theorem 2.3 effectively, we find new expression for natural 
numbers.
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THEOREM 2.4. For a given integer z > 1, any integer I satisfying 
1 W Z Y 2’ 一1 can be uniquely expressed as the form

Z = 2' + Qi—2 , 2l 2 + ...+ a】.2 + do,

where (1, at-2, 어-3广 … , ai, ao) satisfies the condition

f a3 = 1 or — 1 for j > a
(*) there exists an integer a > 0 such that < P
' 丿 5 _ 1% = 0 for j < a.

Proof. Note that we can express any number as the form

&r * 2r + &r—i , 2質1' + …"w • 2 +

where each coefficient is 0 or 1. If 如 = 1 and 们+i = 0, then we can 
replace them by b； = —1 and b；” = 1, since 2J — 27+1 — 27. Repeating 
this process, we obtain the desired expression. The uniqueness can be 
easily proved.

In terms of Theorem 2.4, for fixed interger 1 > 1, there is an one 
to one correspondence between the natural numbers less than 21 and 
set of z-tuples (1)缶一^“灼一膈•…satisfying the above condition 
(*). So we identify this z-tuple with I or with the cyclic code with the 
generator polynomial g。)— (1 + x)1.

THEOREM 2.5. With the same notation above, we have
(1) •• - ,ai,a0) = 2 • Jr(l,az_3,-- ,«i,a0) for 1 < r < 

Tl 一 I.
(2) {rfr(l,-l,a2_3,••- I 1 V 히 < n -点}

={1,2,…,21} \ {2Z +1 — Jr(l, 1, —az_3, - - - , —<Zi, —ao) I 1 < 
矿 으 0-

Proof. (1) If Z = 2'i' + 1 •才—？ +(必―3 , 3 -j- •. - 4- * 2 + Go ■)then 
clearly I > 22-1. By Theorem 2 3.(1), we obtain the equality. (2) If 
I = 킈t +(—1) • 2l~2 + 払一3 -2Z~3 H------ FCi -2 + czo? then the generator
polynomial of the dual code is I = 22-1 + 1 - 22-2 — az_3 - 2Z~3 一 …— 

ai • 2 — ao- So we get the equation by Theorem 1.4.
Example 2.6. Let C be a binary cyclic code with length 2l and 

ff(x) = (l + a?)z be the generator polynomial of C. Then, using Theorem 
2.5 several times, we get the following:
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(1) If/ = 21-1 + 2-2 + .. • + 2 + 1, then d^C) = 2l.
(2) If I = 2—1 + 2心 + ...+2a with a > 1, then

、 Jr(C) = r • 2!~a for 1 <r <2°.

(3) If I = 21-1 + 21-2 + ■■■ + 2Q - 20,-1 — 2a-2---------2-1 with
ex > 1, then

하(C) = (r + 1) . 2t~a~1 for 1 < r < 2a+1 - 1.

(4) If I = 2,-1 + 钏t + ■■■ + 2a - 2a-1 - 2°~2--------- 이3 with
a > /3 >1, then

4(C) = (r + 启淄=涉此宀 故 "3 2아】 - 2气 
—i X

where \t] means the integer part of t.
(5) IfZ = 21+/+..・+2J始 危---- 明+孵-牛.-+2+1

with a > ^ > then

( (r + 顷二; 二T)2H for 1 < r < 껴+】 - 2)(2"" 一 1) 
dr(C) =〈 (r + 2阳1 — 1)22-Q-1 for (2^+1 - 2)(2“" - 1) + 1 <

( r < 2어t 一 2°+i + 1.

For a general integer n > 1, we have the theorem,
THEOREM 2.7. Let 以=2’ • m with i > 0 and odd interger m > 1. 

Let C be a binary cyclic code with length n and g(z) — (1 + x)z with 
1 I — 1 be the generator polynomial of C. Suppose that C be a 
binary cyclic code with

length 22 and 歹(z) be the generator polynomial of C. Then C노 = 
了m(C) and hence d『(C보) = m - dr(C) 호 1 < 尸 <

Proof, The check polynomial h(x) of C is

/?(T)=(1 + • (1 + £ + 护 + …+ 此—1 f

= (1 + z产 T . (1 + 工2 + / 끄 + … + — 2’

=(1 + rr)2，~z + (1 + xf~l .技 +(1+ z)2'T -
+ ・・・ + (13)으'1项血-1)，.
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Hence the generator polynomial of C丄 is a:deg ”⑴久(1处)=Com­
paring their generator matrices, we obtain the result.
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