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BOUNDED LINEAR OPERATOR
ON INTERPOLATION SPACES

Do0o-HOAN JEONG AND JIN-MUN JEONG

1. Introduction

In this paper we deal with the fundamental theory of interpolation
spaces between the initial Banach spaces. Let X and Y be two Banach
spaces contained in a locally convex linear Hausdorff space X such
that the embedding mapping of both X and ¥ in &X' is continuous. Let
X NY be a dense subspace in both X and Y. The purpose this paper
is made to obtain abstract interpolation theorems between X and Y,
which is denoted by (X,Y ) ».

Let Xy and Y; [resp. X, and Y3] be two Banach spaces contained
in a locally convex linear Hausdorff space &) [resp. X2] such that the
embedding mappings of both X; and Y7 [ both X» and Y] in A} [resp.
X;| are continuous. Let T' be bounded linear operator from X, to
X3 and also bounded from Y] to Y5. Then we give the properties of
bounded operator on interpolation spaces that is from (X1,Y))s,, to
(X2,Y2)8,p.

We will treet the first point of view and determine real and complex
interpolation methods. To the real methods, there are the mean meth-
ods as in Lions and Peetre [2], the K-and J-methods as in Butzer and
Berens[1]. We will make easier some proofs of the equivalence of the
different methods in this paper. In forth coming paper, we will deal
with the complex interpolation methods.

2, Definitions

Let X and Y be two Banach spaces contained in a locally convex
linear Hausdorff space & such that the embedding mapping of both X
and ¥ in X is continuous. Let X NY be a dense subspace in both X
and Y. For 1 < p < 0, we denote by LL(X) the Banach space of all
functions ¢ — u{t), t € (0,00) and u(¢) € X, for which the mapping
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1 — u(t) is strongly measurable with respect to the measure dt/t and
the norm ||ul{z(x) is finite, where

Hullpz(xy = {/Ooo Hlt(t)lif{»%}%.

For 0 < 8 < 1, set

*° dt 1
ltullizon = (f luii F,
I ez = o I 13-
We now introduce a Banach space
V= {u: [{tPullpzx) < oo, %4 llzzeyy < oo}

with norm
Hully = {1l Lo xy + 1125 L2 vy

and choose an ¢ € C([0, o0)) satisfying ¢(t) > 0, ¢(0) = 1, it is easily
seen that u{0) € X. Infact, we know

4(0) = g(0)u(0) = [ 4 (attyute))a

= / ¢ (Ryu(t)dt — / a(t) (t)dt
Y 0

By the simple calculation, from

1 d@utatic =11 [ 0~ O F i
<t g D [ o g

oo ¢ F 1
= {/ tU=07 =L/ )P At} 2 |1t | 12y < o0
1]
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where p' = p/(p — 1), it follows JZ g {tu(t)dt € X C X. By the
similary way since

et ’ N !d
ety =i [ e-woed @ i
R N Tl AT pé%
<t wtaor D e on D
=[Ol a0 I Dz, < o0
0

it follows f™ ¢{t)u'(¢)dt € Y. Thus, wWlle XNY CAX.

DEFINITION 2.1. We define (X,Y);,,0< 8 <1,1 <p < o0, to be
the space of all elements u(0) where u € V, that is,

(X,Y)e,p ={u(D):ueV}.

LEMMA 2.1( YOUNG’S INEQUALITY). Leta >0, b > 0 and %-4—
1 where 1 < p < oo. Then ab < %+!’ql

1
g

PROPOSITION 2.1. For 0 < & < 1 and 1 < p < oo, the space
X,Y)y,, Is a Banach space with the norm
2 P

lalfop = inf{{jull s v € V, u(0) = a}.
Furthermore, there is a constant C's > 0 such that
lallg.p = Cginf{”teuﬂiggv)“tou'H&{Y) :u(0)=a, uweV}
Proof. We only prove the last equality. For u € V satistying «(0) =
a, we know llallp , < ljullyv. Putting
ux(t) = u(At), A>0,

it holds that
ux €V, ur(0)=u(0)=c



170 D. H. Jeong and J M. Jeong

and
(2.1) llalle,p < lually = Ifuallnz o + 1EPuallzzan-
Since
e dt 1 b dt 1
Puallzzn = ([ In@if T = (] 100ik 7>
= I N S =27z
and
iz vy = { ] oI S = | f o3 Qe S
= A{fo H(%)BU'(QHQ’/T}’ = 27188 e vy
from (2.1) it follows that

(2.2) llallep < A01t0ull 2y + X017 2z er)
=244+ 2B,
Choosing
A =§4/(1 — 6)B,
(2.2) implies that

A —-8 eA 1—8
_ 8 —§ 41—-8 8 g 1—8 418 néd
= (=) ATB 4 () A

= {1+ __E_.)(_g_)—eAhf?Bﬁ

- -0 41-6 b
ﬁI—G( )—1B

B .4.1 GB!) B 6
= G-~ (T —9)1 ()"
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By regarding as

A i, B, 1 1
a=(12g) " b=(g) p=gp ad =g
in Young’s Lemma 2.1, from (2.3) we have
41—9B9
L e ——— < 4 + B,
that 1s,

1 _ ,
llallsp < m”tsu[ligfx)ﬂteu ez

< 1£%l ooy + 1% 2 vy
For every u € V satisfying u(0) = a, it holds

lallop < Collt®ul L8 7% 112y < lullv
where Cp = 1/(1 — 6)*~%¢%. Thus we conclude that

1 - 6.'118
”0”9,}: < (T__g)l_—éﬁnto““]w?x)“t U “L{’(Y}

< HitPullzzxy + 10w ez
Therefore

lallo, = Coinf{ [}z (x, 170 [13y) s (0} =@, w €V}

PROPOSITION 2.2. For 0 < 8 < 1 and 1 < p < oo, we have
(X, -Y)G’p = ..X.

Proof. We only proof the relation (X, X)p, D X. Let z € X and
g € CA{(][0,0c)) safisfying ¢(0) = 1. Putting u(¢) = ¢(t)z, we have
u(0) = 2. By simple calculation, since

e d hd 1 P
[ e = [ e topisia < oo,
[ e @G = [ @i < oo
0 0

t
t
we have z € (X, X)g p.
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PROPOSITION 2.3. Let X C Y satisfying that there exists a con-

stant ¢ > 0 such that |jully < ¢fluflx. 0 < 8 < ¢ < 1 then we
have

(X,Y)op C (X, Vg, -

Proof. Let a € (X,Y ), . then there exists « € V such that «(0) =
a and

HtouHLz’(m <oo, ||thu |Leeyy < 0.

Let ¢ € C}([0,00)) safisfying ¢{0) =1, 0< ¢(t) <1fort € (0,1)and
g(t) = 0 for 1 <t. Putting v(2) = g(t)u(t), we have

10l zz0 = (¥ b0l 1
1 ; .
= ([ ¢ s
! . dt. 1
<{ [ @iy T <o,

and

19 o' 2wy = { f (¢ Nl () +  (Oully P )3
0

< {/ooo(tolQ(t)llu'(t)llv)”d—t}%

t
[0 oo F
<{[ @iy
+maxlg O [ (6 ollv P51 < o0,

hence we obtain that a = v(0) € (X,¥)y >
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3. Bounded linear operators on interpolation spaces

Let X; and Y7 {resp. X, and Y3] be two Banach spaces contained
in a locally convex linear Hausdorft space X} [resp. A%} such that the
embedding mappings of both X; and Y [ both X3 and Y3] in &) [resp.
Xs] are continuous. Let T : X3 — X, be linear operator such that
T € B(X,,X;) and T € B(Y1,Y>) where B(X,Y) denotes the space of
all bounded linear operators.

TueoReM 3.1. If T € B(X,,X,) N B(Y,Y,), then
T € B((Xla Yl)9,p9 (‘XZs }"2)9,3)) Satl‘Sfying

T Be(X0 00 X0 < T 51k, T B0 Yo

Proof. Let a € (X1,Y1)s,,. Then there exists u such that u(0) = a
and

Hefullpexyy S 00, [[t% [|Lzgy,) < oo

Here, we know that

00 dt
1 Tullzz o < 4 /0 w0k, 51

ST pexy xn ez (xy

and

2 (Tu) Nz ovey = 1070 |2 (v,

where d/dt{Tu(t)} = Tu () in distribution sense, which implies Tu(0)
= Ta € (X2,Y2)s,,. On the other hand, from Proposition 2.1 it follows

¢ & 8
1Tallx,vm0., < Collt Tulle(\ e (Tw) 12203
< C9”T”B(\1 X, )”T”B(Yx.i )“fGUHLP(\» )”tgu Hif(Yl)‘
Therefore, we have

”Ta”(f\'a Yalp,p = ”T”B(J\'“ 2)|IT||B(') ,2)”(1”(\1' ¥i)a p*

and hence the proof is complete.
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