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NONLINEAR ERGODIC THEOREMS 
FOR ALMOST-ORBITS OF 

ASYMPTOTICALLY NONEXPANSIVE SEMIGROUPS 
IN BANACH SPACES

Jong Kyu Kim

1. Introduction
In 1975, Bailion [1] proved the first nonlinear ergodic theorem for 

nonexpansive mappings: Let C be a closed convex subset of a Hilbert 
space H and T a nonexpansive mapping of C into itself. If the set 

of fixed points of T is nonempty, then for each £ C, the Cesaro 
mean
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converges weakly as n oo to a point p E F(T、)・

A corresponding result for a strong continuous one parameter semi­
group of nonexpensive mappings S(f), i > 0 was proved soon after 
Baillon^ work by Baillon-Brezis [3], i.e.,

S(s)x ds

converges weakly as / oo to a common fixed point of 5(f), f > 0. 
These theorems were extended to Banach spaces by Baillon [2], Bruck 
[5], Hirano [7], Hirano-Kido-Takahashi [8], Park-Kim [12] and Reich 
[14]- .

In this paper, we are going to extend the results of Miyadera - 
Kobayasi [11], that is to say, we will prove the existence of the weak 
limit of the Cesaro mean
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unifonnly in /z > 0, where iz(-) is the almost-orbit of an asymptotically 
nonexpansive semigroup in a uniformly convex Banach space which 
has a Frechet differentiable norm. Our main theorem give extensions 
of the results in [8],[12] because for each ⑦ £ G S(归：[0,oo) —> C 
is an almost-orbit of S = {S(£) : t > 0).

2. Preliminaries
Let (7 be a nonempty closed convex subset of a Banach space X and 

S = {S") : i > 0} an asymptotically nonexpansive semigroup on C, 
i.e., S = {S(Z) : i > 0} denotes a family of mappings from C into itself 
satisfying that

(1) S(0) = I (Identity),
(2) S(t + 二二 5(i)S(s)x for each x E C and > 0,
(3) limse+ II S(t)x — x ||— 0, for x E
(4) II S(t)x 一 S(t)y ||< kt x - y for x,y € C5 t > 0 where 

lim一8 眉=1-
Let X* be a dual space of X. The value of a** G X* at w £ X will 

be denoted by (z, j;*). With each x G AT, we associate the set

J(x) = {x* € X* : (x,x*) =|| x ||2=|| z* ||2).

Using the Hahn-Banach theorem, it is immediatedly clear that J(x) + 
4> for each x € X. The multivalued mapping J(-) : X —> X* is 
called 나le duality mapping of X. Let B = {沼 G X :j| x 1} stand 
for the unit sphere of X. Then the norm of X is said to be Frechet 
differentiable if for each x E X with x 0,

lim H z + 切 II 一 II z II 
t—*-0 t

exists uniformly for y € B. It is easily seen that X has a Frechet 
differentiable norm if and only if for any bounded set A C X and any 
x e x,

四匹空导虹^=网，,如)

uniforaily in y E where Re(g)J(⑦))denotes the real part of (y, J(x)).
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We denote by r the set of strictly increasing continuous convex 
functions 7 : [0,oo) —> [0, 8)with 7(0) = 0. A mapping T : C ——> X 
is said to be of type (7) [5] if 7 G T and for all x^y E C and 0 < A < 1,

7(li XTx + (l- X)Ty - T(Xz + (1-A)y) j|) <|| .T - y || - || Tx-Ty || .

Let T : C ——> X be a Lipschitzian mapping with Lipschitz constant 
k. T is said to be of type k — (了) if 7 € T and for all x^y G C and 
0 < A < 1,

II XTx+(l-X)Ty-T(Xx+(l-X)y ||< 幻，^(|| x-y || -L y Tx_Ty 心

A semigroup S = {S(t) :/ > 0} on C is said to be of type k — (g) if 
each S(i) is of type k — (7).

A continuous function u(*) : Qoo)——> C is called an almost-orbit 
of S = {S(i) : / > 0} if

Jim [sup [I u(t + s) — S(s)u(t) (J ] =0.

We denote by 40(，the set of all almost-oi'bits of S = {S") : t > 0).

3. Main Results
Now, we prove lemmas and propositions which play a crucial role 

in the proof of our main theorems. The following Lemma 3.1 is an 
immediate consequence of the definition of type k 一(7)and Corollary 
2 of [13].

Lemma 3.1. Let C be a bounded closed convex subset of a uni- 
formly convex Banach space X and S — {S(i) : / > 0) an asymp­
totically nonexpansive semigroup with Lipschitz constant kt. Then 
S — {S(f) : t > 0} is of type kt — (y) for all t > 0.

By the methods of [10] for an asymptotically nonexpansive, we have 
the following Lemma.

Lemma 3.2. Let C be a nonempty closed convex subset of a uni­
formly convex Banach space X and S — {S(t) : i > 0} an asymp­
totically nonexpansive semigroup. Then (I — S(t)) is demiclosed with 
respect to zero ( i.e., for each {zn } C C with w — lim”「8 E C 
amdlim?一8 || xn ~ ||= 0 it follows that S(t)x = x for allt>0).
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LEMMA 3.3. Let C be a closed convex subset of Banach space X 
and S = {S(t) : i > 0} an asymptotically nonexpansive semigroup on 
C. If u(-) € AO(«S), then for every h > 0, u(・ + h) E AO(5).

Proof. Put Uh(t) = + h). Since

lim [sup II uh(t + s)—S(s)以(t) ||]J*8 S>Q
=lim [sup II u(t + s + 力)一*S(5)u(i + h) |j] 
J* 5>0

=lim [sup I) u((t + h) + s) — S(3)u(t + h) ||] 
J* s>o

=S

we have u/) € 40(S)・□
Lemma 3.4. Let X, C and S be as in Lemma 3.3. If u(-), v(-) G 

AO(S), then || zz(/) — v(i) || converges as t oq.
Proof. Put A(i) = sup3>0 |{ u(t + s) — S(s)u(t) || and B(t)= 

sups>0 II v(t + s) — S(<s)v(f) If for f > 0. Then lim^oo A(f) = 0 — 
lim『나8 B(t). Since for all < > 0,

\\u(t + g) - v(t + s)\\ < ||u(t + s) - S(s)u(圳 + ||v(/ + s) - S($W(圳I 
+ [|S(s)u(t)-S(s)M 圳 I

< 4(Z) + B(t) + 知— 아%)

we have hmsup^^ || u(s) - u(s) ||< A(t) + B(t)+ || u(t) 一 v(t) || 
for every f > 0. Hence, limsupa_+oo || iz(<s) 一 v(s) liminf || 
u(t) — v(f) I] . □

PROPOSITION 3.5. Let X be a uniformly convex Banach space and 
let C and S — {S(£) : ^ > 0) be as in Lemma 3.3. If u(-) E 40(S), 
then

戶(S) =(P| J「(S(t)) = G C : S(t)x = x})丰 0

t>Q r>o
if and only if {&(%) : t >0} is bounded.

Proof. Let f € 戶(S)・ Put z(£) — f for all t > 0. Since
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z(・)E A0(5). Hence, || u(t) — / || converges as f —> oo from Lemma 
3.4. Therefore, {u(f) : t > 0} is bounded. Now, suppose that {u(t): 
£ 2 0} is bounded. Since u(・)G AO(S), there exists to > 0 such that 
{S(s)u(to) : 5 > 0) is bounded. From Theorem 4.1 in [6], there exists 
a unique asymptotic center c of {S(s)u(")) : 5 > 0) with respect to C, 
i.e.,

limsup I) S(3)u(fo) — c II < limsup || S(s)u(£o) — z ||
S—*8 S―>8

for all £ C — {c}. Since for alH > 0

II S(t +s 也(圮 一 S(t)c II < kt II S(5)U(/0) 一 C II，

limsup II S(£)u(&)) — S(t)c II < lim sup kt || S(s)u(io) — c || 
t—^8 t—>-OO

=11 S(s)u(to) - C II .
Hence, we have

limsup II S(t)u(t0) 一 5(i)c ||< limsup || S(5)?/(t0) - 에 . 
t―>8 s―<-OO

This implies that S(t)c = c, for all / > 0. Thus "「(S)尹饱 □

Lemma 3.6.上fS = {S(t) : f > 0} is of type kt — (丁)，then AO(S) 
is convex.

Proof. Let A G [0,1] and put z(t) = Azz(/)+(l —A)u(f) for 々(£),"(') € 

AO(S) and t > 0. Put A(t) = sups>0 || u(t + s) — S(s)u(Z) || and 
B(t) = sups>0 I] v(t + s) — S(s)v(t) If . Since each S(t) is of type 
kt 一(7), we have
||z(£ +s) — S(s)z(圳 I

=\\\u(t + s) + (1 — A)v(f + s) - S(s)[M(t) + (1 - A)v(t)]||
M 시I이言 + b) - S(s)«(圳I + (1 - A)||v(i + s) - S(s)机圳

+ II入S(s)々(t) + (1-人)S(sg(t) — S(s)[M(£) + (1- A)v(f)] II
M 丸4(Z) + (1 — A)B(t)
+ 岳广'(ll"(t) 一 v(0ll 一 "l|S(s)u(£) - S(s)机圳I)
W 丸4(t) + (1 — A)S(t)

+ Wy M||u(Z) — ©(圳I — &「(||"(Z + s) — v(t + s)|| — A(t) — -B(t))] 
for i, 5 > 0. Combining this with Lemma 3.4 and lim一8 知=L it 
follows that ?(•) G AO(5). □
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Lemma 3.7. Let X、C and S be as hi Lemma 3.1 If u(-) E -40(5), 
then b$(・)G AO(<S), where aa(t) = | u(t + h)dh s > 0, t > 0.

Proof. Let s > 0 and e > 0. By uniform continuity of u(-) on [0,oo), 
난lere is S = 碓) > 0 such that || 讽f) — u(t) ||< 匸昂 if | tz — t |< 
where M = supz>0 kt. Let △:() = &)〈& V …V = s be a 
partition of [0, s] such that，= & — &_i < 8 for z = 1,2, ••- , k. Then 

II bs0) - I M(、t + &) II =|| I y u(t + h)(lh - I 山이〕+ &)II

W / II u(t + h)-u(t + &) (I dh] 

, £
< 1+M

for i > 0. Since AO(S) is convex and "(• + &) € AO(S), | dtu(t +
&) C AO(«S) and so

]上、 1 /、
t뜨Jsup II ； E d'U(t + h + &) - [- £ dtu(i + &)] IH = 0.

Since
II Q*t + h)-S(h)as(t) \\

]、
<|l c「s(t + h) —" diu{t + 先 + &) II

2=1
K "

+ 11 — Z： dtu(t + & + &) — S(h)[- £ dtu(t + &)] I)
1=1 z=l

*1 k
+ II S(/巩;£ dtu(t + 6)] - S(72)b") II，

3 1=1
sup IS。+ h) - S(h)crs(t)\[ 
h>0

< 1 + M + ' 1 + m
1 k 1 *

+ sup ll~ + 4+• &) - s(")侦 + 6)]||-
"2° 2 = 1 t = l
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Therefore, we have

lim [sup I] as(t + £) — S(h)as(t) ||] < e. 
—8 h>o

Hence, crs(-J € A0(5). □

Remari<[9]. Let u(-) : [0,8)——> X be a continuous function. Then 
by the integration by parts we have

I J + A，)d$ = ： / E / 屹+ 77 +R)吻诚+ z(t,s,K)

for > 0 and h > 0, where $0) = i J^(s — ?/)[?/(?; + /?) — v{rj + 
h + t)]ch]

Proposition 3.8. Let C be a bounded closed convex subset of a 
uniformly convex Banach space X which has a Frechet differentiable 
norm and let S = {S(t) : / > 0} be an asymptotically nonexpensive 
semigroup on C. If ) E AO(S), then we have the following state­
ments.

(1) Re(u(t\ J(f — g)) converges as t t 8 for every E •戸(S).
(2) cd?wWw(zi(f)) 0，「(S) consists of at most one point, where

Ws("(Z)) — {y : 3 {/n} such that w — 1血几_卜8 队(妇)=y} and 
convA is the closure of the convex hull of A.

Proof. Let /, g G 戶(S). For any 0 < A < 1, A?z(-)+(l —A)/ G 40(S) 
from Lemma 3.6 and so || Atz(f) + (1 — A)/ 一 g || converges as £ -스 oo. 
Since {|j u(t) — f ||} is bounded, the Frechet differentiability of X 
implies that

Q。，£) = * 시 (f-g) + 人 (u(t) - /) II2-II f-g II2) 
Z A

converges to Re(u(t) 一 /, J(J — g)) as A —> 0 uniformly in i > 0. 
Hence limj”。Re(u(t、) — /, J(J 一 g)) = lin,—8,人一e n(A, t) exits. This 
proves (1). It follows from (1) that Re(zi 一 v、J(f — g)) = 0 for all

£ conv Ww(u(t)). Therefore, com? Ww(u(t)) H 戸(S) consists of at 
most one point. □
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PROPOSITION 3.9. Let X,C and S be as in Proposition 3.8 and let 
u(-) E AO(S). If for a sequence (in} of nonnegative numbers,

lim [sup II crnGn + h)- S(h)an(tn) || ] = 0, 
n~*°° h>0

then we have the following statements.
(1) For {玖} with tfn > tn for all n,

lim [ sup I) ffn(t'n + h) - S(/i)<rn«) II ] = 0,- 
宀8 A>0

(2) For every f € 方(S), || an(tn) — / || converges as n —» oo.
(3) If : t > 0} is bounded^ then there exists an element y 

of JpS) such that w — lim卩一如。an(fn) = y- Moreover^ JJS) fl 
convWw(u(t)) = {y}t

Proof. Put M3(t) = sup力X II cr3(t + A) 一 S(h)crs(t) || for s > 0 and 
t > 0 . Then limn—8 Mn(tn~j = 0. Since

= sup II crn« + h) 一 S(h)<7„(^) II
/z>0

< sup[ II(Tn(t'n + /l) 一 S伉-tn + h)bn(tn) || 
fe>0

+ II S(t'n -tn + h，)°n(tn) 一 S(/Z)bn(以)|j ]
< sup[ II an(t'n + 九)一 S(t'n -tn + /i)(Tn(tn) |] 

h>0
+ kh II <Tn(4) - S(t'n 一 tn)(Tn(tn) (I ]

< Mn(tn) + SUp
h>0

=(1 + sup kh)Mu(tn)
h>0

for all tn N tn, lim頌—*8 "爲(£：) = 0.
In order to prove (2), we use the equality in Remark with t = n + 

= n and h = 切서七 then we have

] pn^-k
+ Q =云* » J ^n(tn+k +C)^ + ~(« + k,n,tn+k).
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Let / £ •戶(S) and put L = sup/>0 || u(t) — / . Then
1 fn

II z(n+ k,n,t„+k) II < - - ? /
十总丿％

+ II u(?7 + ^n+k + n + 幻一了 II ] d??
1 fn< /(» — 〃)dn

n(n + k) Jo
_ nL 

n + k
On the other hand, ii ^>tn then

II bn("서": + €) — / II Mn(tn) + 庇 II b” (妇) — / II .
Therefore, we have

1 「tn yu너」
II an+k(.in + k) ~~ f \\ < 話"罕? J + / II an(tn+k + C) — / II 城

+ II z(n + 赤,“,"中)II
‘으 :* + M('n) + k& II 아("i) - / II +—TT 

7Z ■十■ h， /4 /v
for n + k > tn. Since limf_*8 kg =

limsup (I ak(tk) - / ||< Hminf || g(匕)-/ -
J8 s

This completes the pi'oof of (2).
Now, let W be the set of weak subsequential limits of {crn(/n)} as 

n —> 8. Since X is reflexive and (crn(/n)} is bounded from (2), W is 
nonempty. To prove (3), it suffices to show that W C 戶(S) and W is 
a singleton. Since

< + 7?) - S(/l)<Tn(fn)|| + ||°n(tn) - an{tn + h)W
1 殴 fh+n

/ + E) —/] df — / + —
n JO Jh
1 fh j、n+h

< Mn(tn)+ ~[y — 刊此 + J — 妇

< 2hL 1

一 11
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for each h > 0,limn_oo(Z 一 S(h))an(tn) = 0. Since (I 一 S(力))is demi­
closed with respect to zero [see Lemma 3.2], W C ^(5). Since X has 
a Frechet differentiable norm,

W C conv{u(t') : t > s} = co/w Ww(w(^)) [4].
s>0

Thus W C conv yVw(iz(t))D^(5) and hence W is a singleton by Propo­
sition 3.8-(2). This proves (3). □

Now, we can prove a nonlinear ergodic theorem for almost-orbits of 
asymptotically nonexpansive semigroups in a uniformly convex Banach 
space with a Frechet differentiable norm.

THEOREM 3.10. Let C be a bounded closed convex subset of a uni­
formly convex Banach space X which has a Frechet differentiable norm 
and S = {S(£) : t > 0} an asymptotically nonexpansive semigroup on 
C. If u(・) is a bounded almost-orbit of S, then thse exists an y E ；「(S) 
such that

, 1 flw — lim _ / u(h + s} ds ~ y J* t Jq
unifoiTnly in h > 0.

Proof. Let A = {{tn) : lim”一8〔sup力* ]| on(tn + 7?) - S(h)an(tn) || 
]=0}. Then A =4 </> from Lemma 3.7. Let {tn} E A and {ln} be 
any sequence with ln > tn for all n. Then by Proposition 3.9-(1),(3), 
there exists an element y such that {y} = TJS) A convWw(u(t)) and 
w — lim??—，8 <7n(Zn) = y. This implies that w 一 lim卩一8。菴(七口 十 h「)=； 
uniformly in Ji > 0. Therefore, for any e > 0, there is an integer n such 
that I (<rn(in + /z) — | < e for all /i > 0 and x* € X*. Since

11 bt(h) - 1/ II < 7 [ II + s) - g |] ds+ || z(t, n, h) || 
z Jo

V ~Y~ + I / II b”(7? + s) —，II ds + 牛 

J t n
fori > tn and /i > 0, where L = supt>0 |j u(t)~y ||, lim一8 刀(龙)=

y uniformly in h > 0. □
Following Corollary is the extension of the theorems in [7],[8],[11] 

and [12].
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COROLLARY 3.11. Let X、C and S be as Theorem 3.10. Then for 
every 2 € C, there exists an y G •戸(S) such that

.1 [w _ lim 一 / S(s + h)x ds = y 
S8 t Jo

uniformly in h >0 as t oo.

Proof. Since for each x G C,S(-) : [0,oo)——> C is an almost-orbit 
of S = {S(£) :/ > 0}, the result is obvious. □
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