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INTEGRATION OVER
OPERATOR-VALUED MEASURES

Dong Hvva Kim

Introduction
Let H be a compact Hausedorff space, and £ is a a-algebra of sub­

sets of H. Let E be a normed space and F a locally convex HausdorfF 
linear space generated by the family {q}p of continuous semi-norms on 
F. In the present paper we consider some problems of the theory of 
integration with respect to an operator-valued measure. Our purpose 
is develop an integration theory for functions on H with values in a 
normed space E with respect to a measure defined on £ with values 
in L(E、F), the space of all continuous linear operators from E into F 
equipped with the topology of bounded convergence on the unit ball 
of E. In addition we will give the integral representation for wealily 
compact operators from C(H、E) into F by considering a represent­
ing measure on the cr-algebra 】 °f Borel subsets of H with values in 
L(E, F) and to consider the 호elation between them.

In section 1 we present some preliminaries and basic notations.
In section 2 we are to develop an integration theory of £?-valued 

functions with respect to £(£?, F)-valued measures and the integral is 
defined by means of linear functionals in the sense of Pettis, as followed 
in [4].

The last section is concerned with the generalization of some results 
of [1], [4] and we are to investigate the representation of weakly compact 
o]冲ators fiom C(HyE) into F.

1. Notations and Preliminaries
Let C(H, E) denote the continuous functions from H into E with the 

topology of uniform convergence. We denote families of all continuous 
semi-norms on E and F by {q}f^ respectively.
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The topology of C(H^ E) is generated by the semi-norms q(f)= 
supseHg(j*(s)), where {q}e ranges over all continuous semi-norms on 
E. Let E1 and F' denote topological duals of E and F)respectively, 
and L(E)F) the space of all continuous linear operators from E into 
equipped with the topology of bounded convergence. Let En and F" 
denote the dual of E1 and respectively. By Bq we shall designate 
the (/-unit ball for a continuous semi-norm q on E)that is, the set 
of all x e E with q(x) < 1, and BgQ is the polar of Bq in E1 , i.e., 
BqQ = {xf C V xyxf > I < 1双 f Bg}. We note that for each 
x E E we have g(⑦)=sup{| < x^xf > |; xf E BqQ},

Let f be a function from H into E and 卩，an operator-valued measure 
on £ into L(Ey F) with ~

8
“(i標=i&) = £ “(&), Atr\A3- 0(? ；), uMMn e.

n=l

Then it is known that for each x E the set function 卩招】t F 
defined by /zr(A) = “(.4)z is a vector measure and conversely, if fo호 

x G A, ;z(.)x is a vector measure, then 产；L(E「F) is countably 
additive with respect to the topology of convergence in L(E)F). Thus 
it can be proved that for each y1 6 F\ the set function 寸卩:「二 —> Er 
defined by

(护《)(A)z =矿(#(A)t) for A 6 £,

is an ^-valued measure.

Definition 1.1. The set function y*卩； £ — 矽 has variation on 
£if

n
\yfp\ = sup £g(“(4 A 4?)), whcie At Cl A3 = 0(/ 尹 j) 

2 = 1

{A肩 U 2，釘顶=1,2,•….n.
For y‘ € F\ we denote ||扩#僞(_4), the ^-seniivariation of y'卩，on 

as

n
ll〃llg(-4) = sup；,/€Bo q(g«i(A H AJ),C £ •
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We say that 4 € £ is 代null if 加仙(4) = 0 for each yf G FL A function 
t E will be called //-measurable if there exists a sequence {fn} of 

simple functions converging ^z-a.e to f. A sequence {fn} of functions 
of H into converges in Q-semivariation to f if for each e,8 > 0, there 
exists nQ such that ||M|q({s e H; ||/n(s) 一 /(s)|| > 6}) < eif n > n0. 
If ||/i||7(Art) —> 0 for every sequence (An} in An —> 0, then the 
sequence (fn} converges to f in r/-semivariation. So it is clear that

Bn = 0 where Bn = and it follows that ||^||g(Bn) —> 0
and that 山니|g(AQ t 0.

DEFINITION 1.2. If A E we denote the characteristic function 
of A by By a ^-simple function f on H with values in 玖 we shall 
designate a function of the from

n
f =xiXAi

n=l

where 七 G -4, At e £ and Az A A3 = 0(z 尹 j), ?, J = 1,2, ••- , n.

2. Integration with respect to operator-valued measures

DEFINITION 2.1. Let L(E)F) be an operator-valued mea-
suie and f be a function from H into E. We say that f is ^-integrable 
over A G ^2 if

(1) For each y1 € I기, the integral fA f(s)yffi(ds) exists (in the 
sense of [8],[9])

(2) There exists an element yA E l/A = fA /(5)/z(d5)such that 
for all yf e F1 we have 扩(衆)=fA f(s)，*(d$).

Since F is a locally convex-Hausdorff space, the integral is unique 
whenever it exists. It follows that every simple function is //-integral 
and the integral of such a function is given by
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LEMMA 2.2. [4]Iff; H E is ylfl-integral, then | fA /(s)g》(ds)| < 
fA ||jf(s)|||gW|(ds) for each 力 £ £ 히iff is a bounded ^-integrable, 
then

q( 卩(ds)) < WfWnWfiWq(A) for A e £,

where ||/||zz = supseH\f(s)\.

THEOREM 2.3. Let {fn} be a sequence of y1/^-integrable functions 
which '

(1) {fn} converges pointwise to f on H with respect to measure 
产，

(2) \fn\ < g for each n, where g; H t E is a yffi-integrable func­
tion such that limn fA |切|||矿产|(么)=。uniformly in 矿 € 

F\ An —> 0(a3 n 8).

Then f is yfp-integrable and

峥L j(s)矿卩(ds) = L六s)矿户(ds)

uniformfy for A €

Proof. For e > 0, let Bn = {s E H; |•烏(s)-六s)| > dg(s)|} - N, 
where N = {s e H-\imn / .f(s)}, An = U운€ £. Clearly 
An —> 0 (as n —+ oo). So /z(limnAn) = limn /z(An) = 0.

Now it checked that

(f(s) - jfn(s))矿0(ds)|

+ sup赤bJ / (f(s)— &(s))矿〃(ds)|
JArxAn

< € / l0(S)|||g侦||@S)

J A —An

+ 2sup矿eb? / ||g(s)|||矿“|(ds) for all n.
JAnAn
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Thus

qQ £』s)“(ds)-［人•扁(s)〃(ds)) 

l|g(s)|||yW(ds)< € sup^e^o /
JA-An

+ 2sup心典 / ||g(s)|］|矿“|(妁

JA-An .

+ e supy.gBO / ||g(s)|||矿“I(ds)
JA-Am

+ 2sup赤蒔 / ||(7(s)|||也니(ds) for all m, n.
«/Ar)Am

Since sup伊丘研 /aciAu ||<7(^)|||j///zl(^) t 0(<i5 n t oo), the sequence 
{fn} is Cauchy uniformly with respect to A € £ . If limn fA £Js)#(ds) 

=yx, then by applying the dominated convergence theorem we have

“ Ja""硏지'"d읍)y{yA)= lim

=J f(s)g，“(ds) for each A 6.

THEOREM 2.4. Let F be sequentially complete and the q-semivaluation 
of 卩 is continuous at 0. If f; H -수 E is a bounded measurable function, 
then f is 卩，-integrable.

Proof. Since (/„ } is a bounded measurable function, there exists a 
sequence {fn} of simple functions such that {fn} converges pointwise 
to f an T and 友 < ||/||h f& all n.

For each e > Q. let 风={s £ H;||.f(s) — /n(5)|| > e} and An = 
U*으］ 3心 then Au —) 0 (as n —» oo), lin屮(AQ = ^(limAn) = 0. So for 
y1 € F1 there exists a positive integer no such that |g0|(4”)€ for all 
n > no-
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It follows that

/ ILf(s)- £将)|||矿〃|(ds)

J A
< I ||.f(s) - £'(s)||g'川(ds) + [ I|.f(s) — £」S)|||矿〃|(ds)

«/ -A―yin J >4rij4n

< 社护시(4 一 An) + 2M|y>|(A n An)

< €(|矿川(4 - An) + 2M) if n > ?2o, where M = sup3eH|/(^)|-

Thus f is y^z-integrable and limn fA f(s)ylfi(ds') = fA f(s)寸卩(ds、) 
for each yf € FL Thus q(fA fn(^/^(ds) - fA < €(1叫烏3-
An) + 2M) + 町“扃以 一 Atn) + 2M) for all > nQ.

Thus the sequence {fn} is Cauchy uniformly for A € £：. So it 
follows that every bounded measurable function is //-integrable. If 
Ja J?(s)«(ds) converges to in F, by applying the dominated conver­
gence theorem it then follows that i/a ~ fA f(s)卩(ds) = limn fA fn(s)ft(ds). 
So every bounded measurable function is /z-integrable if F is sequen­
tially complete.

LEMMA 2.5. [4] Let 卩，he an operator measure on and {fn} a se­
quence of(.1-Integrable functions which {f^ } converges to f pointwise on 
H, and { j4 j*(s)“(ds)} is Cauchy for .4 G £；. Then f is /i-integrable 
and JA /'(、)“(*) = limn fA fjs)卩(ds) uniformly for A E

THEOREM 2.6. If F is sequentially complete and f;H E is 寸卩 
integrable and limn f4 的W|(ds) = 0 uniformly and An 一나 0.

Then f is ^-integrable if and only if there is a sequence {fn} of 
bounded measmable functions which converges pointwise to f and

{fA /n(6)/y(Js)} is Cauchy uniformly for A G £：.

Proof. Eveiy /z-integrable functions is ^-measurable. For each n, let 
£ 二二{s £ < n} and fn = f\An. Then {fn} is a sequence
of bounded inte응r시)le functions converging to f and (fn(3)^(Js)) is 
Cauchy uniformly for A £

Conversely let An = {s € T|||/(5)—扁(s)|| > e}. For every e > 0 
and there exists nQ such that

\y'/j,\(An) < e for n > n0, V € F'.
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It follows that 

/ llf(s)T；(s)lim(ds) < c(Af+||^||^(A--4n)), where M = sup5eH|/(-$)|- 
J A

S。q(JL £?(s)〃(ds) — fA < €(』j이"7(・4 — An) + II削gQ4 —
Am) + 2由)wliich shows that {R £*)卩(ds)} is Cauchy for A E 
Since F is sequentially complete,

y{yA)= limn [ 羊(ds) = [ f^y^ds) for y G F1 
J A J A

Then, by lemma 2.5

J A f(s)〃(ds) = lim„ / f,t(s)p(ds) for _4 £ £ .

3. Representation of weakly compact operators
In this section, we assume that H is Hausdorff topological space and 

£ is <7-algebra of all compact subsets of H. Let E and F be locally 
convex Hausdorff spaces.

Let be the space of all continuous functions from H into
E endowed with tlie usual uniform norm. The topology for C(H、E) is 
generated by the semi norms {q}田 q(f) = sup{q(f(s));s G H}.

The linear operator T;C(H、E) F is continuous if and only if 
there exists a pairing (p, q) such that ||T||(/M)= sup{</(T(y)); p(/) 으 
1}，P C {q}e, q E {(1}f-

DEFINITION 3.1. An operator-valued measure 体 —> L(E, F) said 
to be of bounded (p, g)-variation on 4 € £ f°r a continuous semi-norm 
p(q) on E(F) if {q(芸旗 1 叫(4)肅；4 A = 0 (z / j), p(zj < 1} is 

bounded and we define 나io (p,(y)-variation of 卩 on A G £, ll〃ll(p,g) = 
河扩叫{疮兑i护"(A)")；护C F\ pg < 1}.

DEFINITION 3.2 A measure « ： 녀 L(E> F、) is said to be regular 
for each e > 0, E1 E ^2 there is a compact set A and an open set B 
such that A G E C B and - A) < e,G {q}f・
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LEMMA 3.3. [5] Let E and F be topological spaces atid a linear op­
erator T; E -스 F is weakly compact. Then the following are equivalent.

(1) Tn maps Eu into F,
(2) If Ff is equipped by the Mackey topology M(F,t} F) and E1 

with the s£호。ng topology 8(E\E\ then T1 is continuous.

THEOREM 3.4. If T is a continuous weakly compact from C(Hy E) 
into F. Then there exists a unique operavalued measure M — 
L(E, F) such that

(1) The E1-valued measure 寸卩，on defined by = /侦(A) 
is regular, and y1 —소 寸卩，is linear continuous foi' yf € FJ,

(2) T(.f) = fH f(sMds) for each f G C(H,E).
(3) IfT is (p,q)-related, then 皿||(相)=sup{</(T(/); ||/||p < 1} 

forPe {q}E, q e {,}f, IIMI(處) = II：께(“)•

(4) 寸卩 = 7기扩, for each yf £ Fl

Conversely if “ ： £： 一스 L(E, F) is a measure which satisfies (1then 
the operator T by (2) is weakly compact from C(H^ E) into F which 
satisfies (3) and (4).

Proof. IfT; C(H、E) t F is weakly compact, then Tn maps C(H、E)n 
into F. Define /z(A); E t F by //(A)r = for each A €

Consequently it follows that for y* € Ff and a* G E、

(*) 矿= y'(T"(xAxy)= (T'y')(XAxy' = fiy'(A)x.

Thus y‘卩，=T1])1 —卜w and q(fj.(A)x) < ||用|g(A)q(w) shows that
E —> F is continuous. Since T; C(H, E) F is continuous, 

there is q G {q}e such that |jT||(/))7) V 8,q € {q}f・ Then for 
f e V(H, E),p(f) < 1, we have

I < f* 卩 >l = l< f^T'y1 > I W I < T•爲' 기 W \\T\\(p,g).

Thus we have |仙|(處)< ||T||(7M).
On the other hand we have J、f(s)卩(ds) = € F and

Jh 了(8)卩("，)=Tlt(f) = T( f ) from the above statement (*). For 
f e C(H,E\ 心) < 1 and 寸 G 列, \yfT(f)\ = |/丑六£)〃以이 < 

II"冲<7 < ll/dlbM)- Thus < ||“||(聞)： Finally, the uniqueness of
卩 is an immediate consequence of the condition (2).



Integration over 이)이・atQ「vahied measures 261

Conversely, let 卩 be L(E)F)-valued measure with 矿“ E rca&v(J2, E) 
the space of all regular ^^valued measures of finite variation on 
To prove the compactness of consider any bounded set V = {f E 
C(H, E); /(H) C E} in C(H, E) and let V denote the convex bal­
anced hull of the set TV = {》豐느""(A); 心 6 E, ^4, n = 0 (z /

< 1} C Then W is bounded in E・ Clearly W is convex 
and balanced hull. From (4) W is weakly compact. It follows that 
the polar WQ in W is a neighborhood of zero in F' for the Mackey 
topology7 F). For y1 G WQ and f £ C(H.E), < 1, we have
1#(£二二1乂(4)喝 < 1- This implies that 以 Jh .必加混)l < 1- Thus 

-I V 7기矿 J >\ = \<yf.Tf >\<1 which prove that Ty1 e V°.
So Tr(n/0) C V° and consequently T1 is continuous with respect to 

M(F\F). Hence T is weakly compact.
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