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CHARACTERISTIC POLYNOMIALS OF GRAPH
BUNDLES WITH PRODUCTIVE FIBRES

Hye KyunGg KiM AND JU YOUNG KIM

1. Introduction

Let G be a finite simple connected graph with vertex set V(G) and
edge set E(G). Let A(G) be the adjacency matrix of G. The char-
acteristic polynomial of G is the characteristic polynomial ®(G; ) =
det(A — A(G)) of A(G). A zero of ®(G; \) is called an eigenvalue of G.

In [5], Kwak and Lee computed the characteristic polynomial of a
graph bundle when its voltages lie in an abelian subgroup of the full
automorphism group of the fibre.

The aim of this paper is to compute the characteristic polynomial of
a graph bundle whose fibre is the cartesian product of two graphs. In
this paper, we follow Biggs [1] for terminologies.

2. Graph bundles

For a graph G, let G denote the digraph obtained by replacing each
edge ¢ of G with a pair of oppositely directed edges, say e and e~.
We denote the set of directed edges of rel by E(—C—f) and the directed
edge € of G by uv if the initial and the terminal vertices of e are u and
v, respectively. Note that the adjacency matrix of the graph G is the
same as that of the digraph G,

For a finite group I, a T-voltage assignment of G is a function ¢ :
E(‘é?) — T such that ¢(e™1) = ¢(e)! for all e € E(a) We denote
the set of all [-voltage assignments of G by C*/G;T). Let F be also
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a graph and let ¢ € C'(G;Aut (F)). where Aut: F) is the group of
all graph automorphisms of F. Now, we construct a graph G x? F as

follows: V(G x¢ F) = V(G) x V(F). Two vertices (uy,2y) and {uy, vy)

are adjacent in G x® F if either uju, € E(a) and vy = dlu uy)vy or
up = uz and vyvy € E(F). Define p® : G x® F — G by p®(u.v) = u for
cach (u,v) € V(G x? F). Then the map p? maps vertices to vertices
but an image of an edge can be either an edge or a vertex. Note that
each fiber (p?)~1(v) of the map p? : G x* F — G is isomorphic to
F. For details, the readers are suggested to refer [5]. We call G x® F
the F-bundle over G associated with ¢ and the map p® : G x® F — G
the bundle projection. We also call G and F the base and the fibre of
G x? F| respectively. If Fis the complement I, of the complete graph
Ivy, on n vertices, we call F-bundle of G an n-fold covering graph of G,
and if ¢(c) is the identity of Aut (F) for all ¢ € E(Fr}‘), then G ¢ F is
just the cartesian product of G and F.

Now, we consider a graph bundle whose fibre is the cartesian product
of two graphs. Let Fy and Fy be two graphs. Then Aut (F1) x Aut (Fy)
15 a subgroup of Aut (F} x Fy) and any Aut(F{) x Aut (Fy)-voltage

assigninent ¢ of G is of the form ¢ = (¢, ¢2), where ¢; : E| _('j) -~
Aut (F}) is an Aut (F})-voltage assignment of G for each i = 1,2. From
now on, we take an Aut (Fy) x Aut (Fy)-voltage ass:gniment if the fibre
1s the cartesian product Fy x F.

We observe that the vertex set V (G x? (Fy x Fy 1) of the graph bun-
dle G x?(Fy x Fy)is V(G) x V(F}) x V(Fy). Two vertices (uy, vy,0;)
and (uy, vy, w,) are adjacent in the bundle G x ?(Fy x Fy) if either wyuy €
E(—g) and (v, wy) = ¢(uyug)(vy,wy) or uy = uy and (v, w )(ve, wa) €

E(F] x Fz)

3. Adjacency matrices of G x? (F, x F})

To find the adjacency matrix of A(G x?(Fy x Fy)) of G x4 (F, x F),
let ¢ = (&1, ¢2) be a voltage assignment in C' (G; Aut (F1) x Aut (F3)).

For each (7),72) € Aut(F)) x Aut(F,), let 6((‘,)“4,2)’(.“'.,2)) be the

spanning subgraph of the digraph G whose directed edge set is ¢ ' ()
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ﬁqﬁ;l('yg). Note that the digraph @ is the edge-disjoint union of span-

ning subgraphs 6((%4,2)1(71,72)), (Y1,72) € Aut (F1) x Aut (F3).

For a graph F and v € Aut (F), let P(y) denot« the permutation ma-
trix associated with 4 € Aut (F) corresponding to the action of Aut (F')
on V(F). Let Fy and F; be two graphs, and V(F\) = {vi, -+, vpve) )
and V(Fy) = {wi, -+ ,wjy(r,)}. For any two vertices (vp,wy) and
(Vg, Wy ) of V(Fy x Fy), (v, wy) < (vk, wm) if and only if either {<m
or I =m and h < k. For a (v1,72) € Aut (Fy) x Aut (F2), let P(y1,72)
denote the permutation matrix associated with (v1,72) € Aut (F1) x
Aut (F,) according to this ordering and the action of Aut (F7)x Aut (Fy)
on V(F, x F,)is P(y1) & P(72). Here, the tensor product of matrices
A B is considered as the matrix B having the element b;; replaced by
the matrix Ab;;.

To find the adjacency matrix A(G x¢ (F; x F.)), we define an order
relation on V(G x® (Fy x Fy)) as follows: Let V(G) = {uy,ug, - JUn
Then V(G x¢(F\, x F3)) = V(G) x V(Fy) x V(Fy). For any two vertices
(i, vp,wy) and (uj, v, wm) of G x®(Fy x Fy), (ui. vn,wp) < (1,05, W)
if one of the following holds:

(Wil<m, (2)l=mandh<k, (3)l=m, h=kandi<).

With this order on V(G x?(Fy x Fy)), we note that an edge of the graph
bundle G x ¢ (Fy x F,) joining vertices (u;, vp, w;) and (u;, vk, wm) gives
entry 1 in the matrix

—

A( G ((o1,¢2),(n ,72))) ® P(’Yla’Y‘Z)

if wiuy € E(ﬁ), (Vk, wm) = (S1(wiuj)(vn), Galuiv;)(wy)), (o1(uiu;),

¢2(uin;)) = (71, 72), and the edge gives entry 1 in the matrix
Iivc) @ A(F1 x Fy)
if u; = uj and (vh, we)(vr, wm) € E(F, x F3). Note that
A(F, x Fy) = A(F) @ Liy(pyy + Livry @ A(F2).
We summarize our discussions as follows.
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THEOREM 1. For each Aut(Fy) x Aut (Fy)-voltage assignment ¢ of
G, the adjacency matrix of the graph bundle G x® (Fy x Fy) is

A(G x® (Fy x )

—) . -
= Z ‘4(6((%‘&52),(71,72))) @ P(’Yl 1 ® P(72)
(y1,72)€ly xT,

+ [l\u'((,'” GAF) ® IIV(FN' + I|V(G)| & I|V1F1)| & ALF),

where cach P(~;) is the permutation matrix associated with v; corre-
sponding to the action of T'; = Aut(F;) on V(F;) respectively (i = 1,2),
and Iy (¢ is the identity matrix of order |V(G)|.

THEOREM 2. Let T'y x I'; be an abelian subgroup of Aut(Fy) x
Aut(Fy). Then for cach Ty x [y-voltage assignment ¢ = (¢, ¢2) of G,
the adjacency matrix of the graph bundle G x? (Fy x Fy) is similar to

IVIE) VFD)]

35, EB{ > AMra) A i A (E-)((¢1~¢2)~,(71,‘72))>

=1 =1 (71,72)€N <y

+ (Am ) + A(FQ,J'))IW(G)I}a

where A(,, i) and A(,, ;) are the eigenvalues of the permutation matrices
P(v,) and P(~2) respectively, and A(F1,i)» A(Fy,j) are the eigenvalues of
the adjacency matrices A(Fy) and A(Fy) respectively, 1 <1 < [V (Fy),
1<) < [V(R).

Proof. Since every permutation matrix P(v;) commutes with the
adjacency matrix A(Fy) of Fy for all 43 € Aut (F}), and the matrices
P(~1), 71 € T and A(F}) are all diagonalizable and commute with each
other, they are simultaneously diagonalizable, that is, there exists an
invertible matrix Mp, such that Mr, P(y;) Mr_ll and My, A(Fy) AIITll
arc diagonal matrices for all 4; € T';. Similarly, there exists an invert-

ible matrix Mp, such that My, P(’m)]\l{zl and M, A(FZ)AM]‘_; are
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diagonal matrices for all 5 € I';. Thus,

(Mr, ® Mr,) (P(11) ® P(v2)) (Mr, ® Mr,)™!
= (Mr, @ Mr,) (P(71) ® P(y2)) (M} @ M)
= (Mp, P(11)M[') ® Mr, P(y2) M)
= Diag [Ay,,105 A2y A v

© Diag [)‘(72,1)’ ’\(‘723) T ’/\(‘72,|V(F2)|)]
’\(71,1) 0 ’\(72,1) 0

= & .
0 Al IVIEDD 0 Ay V(F)))

And

(Mp, & Mr,) (A(F1)® Ly (e + Lviry ® A(F2)) (M @ Mp))

AF ) 0
= ® Ly (ry)
0 AFLIVIRDD)
AFat) 0
+ Lk ® :
0 A2, |V (ED)D)

Then, by Theorem 1, we have

(I (cy @ My, @ Mp,)A(G x® (Fi x F2))(Ljv(c) ® Mr, ® Mr,)™

= Y AG (renme) ®DiaglAr ) A virn]

(ny2)€l xT2
& Diag[)‘(vz,l) Tt ’\(72‘|V(F2)|)]
+ Ijv(ay @ {DiaglA(r,1) - A o] @ Lvim))
+jv(r) @ Diaglhim ) - Aip vl }
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This implies that

IVIER)] |V (F1)|

b D { > M Aen D ACG (6162 (32,900
1=1

=1 (71,72)

+ (A, ) + /\(F1.z‘))[!V(G)t}-

4. Characteristic polynomials of G x?¢ (F, x F})

Let C denote the field of complex numbers, and let D be a digraph.
A weighted digraph is a pair D, = (D, w), where w : E(D) - Cis
a function on the set F(D) of edges in D. We call D the underlying
digraph of D, and w the weight function of D,. Moreover, if w(e 1)

= w(¢), the complex conjugate of w(e), for each 2dge ¢ € E(D), we
say w 1s a symmetric weight function and D, a symmetrically weighted
digraph.

Given any weighted digraph D, the adjacency matrix A( D) =
(a;;) of D, is the square matrix of order |V(D)| defined by

{ w(viv;j) if vjv; € E(D),
Uy =

0 otherwise,

and its characteristic polynomial is that of its adjacency matrix. We
denote the characteristic polynomial of D, by ®(LL'; A).
Now, for any I'; x I';-voltage assignment ¢ = (¢1,02) of G, let

wiy( o1, 02) - E(a) — C be the function defined sy w; (1, ¢2)(e) =
A(dr(e)i)Moa(e),yy Tor e € E(Z?), so that the adjacency matrix of a
weighted digraph (6,%]-((;51, ®2)) is the matrix

> Mzt A ACC (41,800, (nven)

(r1,72)€l xI'y

for each i = 1,2,--- | |[V(Fy)| and for each j = 1,2, -, V(Fy)|.
Now, we can compute the characteristic polynomial (G x ®( F, x )
of G x?® (F} x F3) from Theorem 2.
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THEOREM 3. Let I'y x 'y be an abelian subgroup of Aut(Fy) x
Aut(Fy). Then for each I'y x I'y-voltage assignment ¢ = (¢1, ¢2) of G,
the characteristic polynomial ®(G x? (Fy x F3); \) of G x® (Fy x Fy) is

[V(F2)| [V(F)] N
IT ¢ (Gu;,(m,m) A= (A, + /\m,n)) :
i=1

j=1

It is clear that 6w.—,-(¢1 .#2) is symmetrically weighted, for any 1 <
¢t < |[V(F1)| and for any 1 < j < [V(F)].

An undirected simple graph S is called a basic figure if each of its
components is a cycle or K. For a basic figure S, we denote by &(.5)
the number of components of G. Let €(S) denote the set of cycles of S,
and B (G) the set of all subgraphs of G which are basic figures with &
vertices.

By applying Theorem 5 in [5] in this situatior, we obtain

THEOREM 4. Let 'y x 'y be an abelian subgroup of Aut(Fy) x
Aut(Fy). Then for each T’y x I';-voltage assignment ¢ = (¢1, ¢2) of G,

we have

V(G

q)(awu(d));’\) = AVl Z Z (_l)n{S)X

k=1 SEBL(G)

[T (wal@)Ch)+ (wilexc®) ™) | AVl

Ceq(s)

Moreover, if ¢(¢) is of order 2 for each e € E(E’ ), then
[V(G)]

q)(aw,'j(¢); /\) = /\lV(G)|_+_ Z Z (__1)r:(S)2|C(S)|X

k=1 S€BL(G)

I1 (wij(@)(C)) T | AVIGI=k,

Cec(S)
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where w;;(Ct) = H wle).

e€F(Ct)

5. Applications

An n xn matrix 4 is said to be a circulant matriz if its entries satisfy
(;j = ayj-i41, where the subscripts are reduced modulo n and lie in
the set {1,2,--- ,n}. A circulant graph is a graph F whose vertices can
be ordered so that the adjacency matrix A(F) is a circulant matrix.
The complete graph I, on n vertices, the cycle C, on m vertices and
cocktail-party graph C'P(s) (see [1]) are circulant graphs. Morcover,
every Cayley graph of the cyclic group Z, is a circulant graph.

In this section, we compute the characteristic polynomials of graph
bundles whose fibre is a product of two circulant graphs as an applica-
tion of our results.

Note that the cyclic group Z,, acts freely and transitively on the
vertices of a circulant graph with n vertices. To find the adjacent
matrix A(F) of a circulant graph F by using the free Z,-action on
V(F), let Z,, = {1,a,a*,--- ,a"7'}. Since the Z, -action on V(F) is
free and transitive, we can relabel the vertices V(F) of F as follows:
Fix a vertex v in V(F) and denote it by v; . Then for any v’ in V{(F),
there exists an a* in Z,, such that a'(v) = v'. We denote v’ by v,i. Let
N(vy) be the set of all a* in Z, such that a® # 1 ard v, is adjacent to
vy,

Note that for a generator a of Z,,, the permutation matrix P(a) as-

sociated with the ordering 1 = a® < a! < a? < --- < a™ " is expressed
as follows:
0 1 0
0 0 1
Pla) =} o
0 0 1
1 0

and P(a') = P(a)' for each ¢ = 1,2,--- ,n — 1. Note that P(1) =
P(a®) = P(a™) = P(a)" = I,. It is clear that the eigenvalues of the

rermutation matrix P(a) are 1, w, «?, -+, w™ !, where w = exp 2%,
b bl bl b n
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Now, it is not hard to show that the adjacency matrix A(F') of a
circulant graph F is

AF)= Y  P(a).

a‘€N(vy)

Let F) and F; be two circulant graphs with |V(Fy)| = m and |V(F2)| =
n, and let (¢1, ¢2) be an Z,, x Z,-voltage assignment of G. For conve-
nience, let a and b be generators of Z,, and Z,,, respectively. Then the
adjacency matrix of Fy x Fy is

A(Fy x F) = > (P(a") @ Ly () + vy © P(B))
(at,b YEN(v(1,1y)

= >, P@)elvmyt+ ), vy @PE).
(af,1)EN(v(1 1)) (1,61)EN(1(1,1))

Morcover,
P(a,b) = (P(a) ® I)(I,, @ P(b)) = P(a) ® P(b).

The permutation matrices P(a) and P(b) can be diagonalized by the
matrices M and N, respectively:

rl] 0 --- 0
0 ¢ --- 0
MP(a)M™' = | | , .| = Qa),
L0 0 ¢m1
and
(10 0
0 n - 0
NPBN! = | . L | =R,
[0 0 - gn?

where ¢ = exp 2;"2' and n = exp 27"i.
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It follows from Theorem 1 that A (G x9 (Fy x /4 )) is similar to

-~ i
ST AG (s ) © Qla) @ Q(b)

(a% b1 )ELm X Ty

vy © Y. Qaiel + > In 2 QY

(a' 1)EN(vy 1)) (1,6)EN(v1,1y)

To complete our computation, for each 0 < b < m — 1 and for cach

0 <k <n -1, we define a weight function wpi(d;, ¢2) : E(E?) — C by
) . ok ) i . .

wik(¢1. d2)(¢) = (¢1) ()" for (¢1,d2)(e) = (a',b’). Then

— : -3
A (Guhk(m,én) = > " m)4A (U(wl,m),(a-,w))) :

(af b )€Zy, Xy,
It implies that A (G x¢ (Fy x F,)) is similar to
1

n—1m—1

@ @ A <6whk(¢l'¢.‘,)) + Z (Cih + njk) I|V(G)]

k=0 h=0 (a',bIYEN (v 1y)

This gives the following theorem.

THEOREM 5. Let G be a graph, and Fy and F, two circulant graphs.
If ¢ = (¢1,¢2) is a Z,;, x Zn-voltage assignment, then

n—~1m-—1 -
N
(G x? (P x BN =] I] @ (Gwhwlwu - /\hk> :
k=0 h=0

where

Ak = Z (¢ +n'*).

(at b )EN(v“J))
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EXAMPLE. Let G = C5, F; = C,, be cycles and F;, = K,. Let
¢ = (¢, ¢2), where ¢y : E(a) — Z, such that ¢,(e) = 1 for each e €

- — —
E(C5), and ¢, : E(C5) — Zj such that ¢o(e) = b for each e € E(C’s).
Then,

1 ifk=0,

whk(¢l»¢2)(€):{ 1 k=1

—

for each e € E(C3). This implies that

—3

A(Cs, )= A(Cs) and A(C:,, )= —A(Cs).

wnt)
A simple computation gives
2 cos &n T+l if k=0,
Ank = :
2cos—7 1 if k=1.

Now, by Theorem 5, we have

® ((,'5 x® (Cy X I(g);A)

m—1 m-—1 hr
l—I ¢ ((5,)\— (2(‘0%—1—{—])) H <I>(C5wh1 (2c0s———i- 1))
h=0 m

h=0

m—1

[]® (("5;A - (2(‘0s~—l+ 1))

h=0

m—1
x (-1)™ H P (C5;—)\+ (2cosh—7ri - 1)) .

h=0 m

Since
! 2sm
B(Cs;A) = (A—2) ];[] (/\ — 2cos Tz)
the eigenvalues of Cs x® (C,, x K3) are
2: 2} 21 2
2cos gi + <2('os il + l) and (2 cos . 1) — 2cos %z
)

m m

for s =0,---,4and h=0,--- ,m — 1.
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