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A RELATIVE NIELSEN COINCIDENCE
NUMBER FOR THE COMPLEMENT, I

SEounG Ho LEE

1. Introduction

Nielsen coincidence theory is concerned with the determination of a
lower bound of the minimal number M C[f, g] of coincidence points for
all maps in the homotopy class of a given map (f,g) : X — Y. The
Nielsen number N(f,g) is always a lower bound for MC[f, ¢]. The
relative Nielsen number Ng(f,g) (similar to [9]) is introduced in [3],
which is a lower bound for the number of coincidence points in the
relative homotopy class of (f,4) and Ngr(f,g9) > N(f,9).

It 1s the purpose of this paper to determine the minimal number
MC|[f,¢9; X — A] of coincidence points on the complement X — A. The
Nielsen number on the complementary space, N(f.g: X — A) is de-
fined, which is a lower bound for MC[f,¢; X ~ A], and has the basic

properties. The method used here follows that of Zhao[10].

2. Weakly common coincidence classes

Let f,g:(X,A) — (Y, B) be a pair of maps between pairs of com-
pact polyhedra with X, Y connected. We denote the set of coincidence
points of the pair (f,¢) by

I'(f.9) = {r € X|f(z) = g(z)}.

We shall write (f,g) : A — B for the restriction of (f,g) : (X,A4) —
(Y, B)to Aand write (f,g) : X — Y if the condition that ( f,¢)(4) C B
is immaterial. The homotopies of (f, g) are maps of the form (F,G) :
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(fo,90) ~ (f1,91) : (X x I,AxI)— (Y,B),ie. Fisahomotopy from
fo to fi and G is a homotopy from g¢ to g,. For this map (f,g), let
A= UT Ay be the disjoint union of all components of A such that for
each k, A is mapped by f and ¢ into some component By of B. Then
we shall write (fx,gx) : Ax — Bi for the restriction of (f,g) to Ax.
Then we have a morphism of maps

(fr.gx!

A » By
ikl ljk
f.9

< >

where i, jx are inclusions. X,Y and the components of A, B have
universal coverings

p:j(:—»X, q:f"—»Y
kzjk—»Ak, qkzgk - By, k=1....,n

For each k., we pick a lifting (7x, jx) of (ik,Jjk) such that the diagrams

o~ ‘5 k I

Ay LI R AL
d [ro= K
A, — L X. B Ly

commute. This (7. 7x) determines a (‘orrespondcnce (2k, 7& it from
hftmgs of fk,gk) to liftings of (£, ). (tgs Je)us(far Ge) = (1. g) if jx o
fk gr) = (f,§) oix. And (%, Jxin induces a correspondence from
lifting classes of ( fx,gx) to lifting classes of (f, g) which is independent
of the choice of the liftings (ix, k) of (ix.jx) and is determined by
(ig,Jk). It is denoted

(ko de)o s Clfkrgr) — C(f.9)

where C(f,g) is the set of all lifting classes of ( f, g)[3].
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PROPOSITION 2.1. Every coincidence class ka‘(fk,gk) of (fi,gx) :
Ar — By be]ongs to some coincidence class pI'{ f g) of (f, g) X - Y.
When ka(fk gk) is non-empty, ka(fk,gk) belongs to pF(f g) if and
only if (ix, jx)clfr 3] = [f, 9].

DEFINITION 2.2. A coincidence class pI'(f.§) of (f,g): X — Y is
a weakly common coincidence class of (f,g) and (f, g) if it contains a
coincidence class of (fx.gx) : Ax — Bj for some k. It is an essential
weakly common coincidence class of (f.g) and { f, ¢) if it is an essential
coincidence class of (f, g) as well as a weakly common coincidence class
of (f,g) and (f.g). We write E(f,g; f,g) for the number of essential
weakly common coincidence class of (f,g) and (f,g).

THEOREM 2.3. A coincidence xqy of ( f, g) belongs to a weakly com-
mon coincidence class of (f,g) and (f,g) if and only if there is a path
a from xg to A such that foa ~goa:1,0,1 — Y, f(x), B

Proof. “Only if”. Let xy belong to a weakly common coincidence
class pD(f,§) of ( (f,g) and (f,q). Suppose 7q € p~!(zo) and f(d0) =
§{Zq¢). By assumptlon there exists a lifting (f; gx) of fk gk) Ay —
By so that (1, ]k)]lﬁ fk,gk) = (f g). Pick a point a € zk(Ak). then

f(a).gla) € ]k(Bk) Take a path & in X from &9 to @ Since Y is
1-connected, there is a homotopy of the form

foaxgoa:l0.1—Y, (i) jx(By).
Projecting down to Y, we have
foa~goa:1,0,1—Y, flry), B

where a = po a.

“If”. Suppose xy € pF(f,g),i‘o € p~'(zo) and f(Fo) = §(o). Lift a
path « from 7y to get a path ain X. Let a = a(l) € A, b= fk( ) €
By, and pick a € p; Ya),b e gy '(b), then there are liftings 14,7k of
1k, J& respectively such that

I

(Apa) —— (X,&(1)) (Be.h) —— (Y.foa(1))

| [ l

(Apa) —— (X.a).  (Bub) —2  (V.h)
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commutes[6,p.42, Proposition 1.2(1)]. Let H : I x I — Y be the ho-
motopy from foa to goa, ie. H{t,0) = foa,H(t,1) = go a.
Then ffo\a determines a lifting H : / x [ — Y of K. Denote 4 the
path {H(1,s)}o<s<i in Bg. Lift the path 8 : I — By from b to get
a path 3 in gk, then j; o B I > Yisa lifting from f/;; in Y
of the path jx o 4. By the unique lifting property of (ovexmg spaces,
we have H(1, s) = - 7k 0 3(s). Then j,o03(0) = H(1,0) = fon ) and
Jk O /i(l) H(1,1) = goa(l), there exists a unique hftmg fk,gk
of (fr.gx) : Ax — By such that fula) = /3(()), wl@y = B(1). Thus
Jro fxl@) = fo k(@) Jr o gala) = go 14(a). By tle unique lifting
property of (‘()venng spaces, we have Jg o (fk gr) = (f G)o ik ie
f,g~ (2ks Je)tite( Fro gx ). This implies [£,d] = (ik, je )l fx. Gx). i.c
pI'{f,¢) is a weakly common coincidence class of {f,¢) and (f, ¢).

COROLLARY 2.4. A coincidence class of (f,g) : X — Y containing
a coincidence point on A is a weakly common coincidence class of (f, ¢)

and (f.q).

In [3], the number N(f, g;f,g) of essential common coincidence
classes of (f,g) and (f,g) is introduced, and we have

PROPOSITION 2.5. N(f.g;f,9) < E(f,9;f.9) <N(f.9).

Proof. By Corollary 2.4 and [3,Definition 4.1}, we know that a com-
mon coincidence class is always a weakly common coincidence class.
This implies the left inequality. The right one is obvious.

In general, E(f,g; f,q¢) is different from N(f.g; f, o). A simple ex-
ample is the identity map (f.¢): (D* S') — (D?* 5" of the pair of a
2-disc and its boundary, it is easy to see N(f,g) =1 and N(f.g) = 0.
then N(f,g9:f,¢9) =0, but E(f,g:f,g: = 1.

THEOREM 2.6 (HOMOTOPY INVARIANCE). If (fo.g0) = (fi.41) :
(X,A) — (Y, B) are homotopic, then

E(fo.g0: fu.g90) = E(fi 915 fioo).

Proof. Let (fi,q,) : (X, A) — (Y, Bi be a homotopy between { fy, go)
and (f1,91). There exists an index-preserving bijection ({f¢}.{g:})
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C(fo.g0) — C(f1.g91). It suffices to show ({f¢},{g:}) sends weakly
common coincidence classes to weakly common coineidence classes. Let
])F(f[]., Go) be a weakly common coincidence class of { fy, go) and { f(), go)-
then there exists a component (Ay, By} of (4, B) and a lifting class
(fox Gok) of (for-gox): Ax — By such that

(s gk Foks Gok) = [fo. ol

Let ({ftx}.{ger}). which is the restriction of {fi.g¢) to A, send
[fo.k-Go.x] to [fi kg1 k), then we have a commmntative diagram [3]

N . forbdges D) . o
[foksGok) — = [fi .01 k]

(ikvjk)cl

[fo. o)

{1k e do
3

Hfehdg D SN
- —  [fi.41]

Thus ({fi},{g:}) sends [fo,gg] to [flf/,} = (i'mjk)(;[f],k,‘E}l‘k]. we get
the conclusion.

DerINITION 2.7. The number of essential coinecidence classes of
(f.g) - X — Y which are not weakly comman coincidence classes is
called the Nielsen number of (7, ¢) on the complementary space X - A.

denoted N(f.¢; X — A).

By definition, N(f,¢; X — A4) is a non-negative integer, and

N(fog; X —A)+ E(f,g9:f.9)= N(f.q).

Hence, we also have the homotopy invariance of N{(f,¢: X — A).

THEOREM 2.8(LOWER BOUND). Any map (f,g): (X, A) — (Y. B)
has at least N(f,g: X — A) coincidence points on X — A.

Proof. Recall that each essential coincidence class at least one coin-
cidence point. By Corollary 2.4, we get the ccnclusion.
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3. Computation of N(f,¢; X — 4)

THEOREM 3.1. Let (f,gq) : (X,A) — (Y,B) bc a map of pairs
of compact polyhedra. If there is a component Ay of A such that
ks T1(Byg) = 7 (Y) 1s onto, then N(f, g; X — A) = 0.

Proof. By [3:Proposition 2.4], (ix.jx)c is surjective. Then every
coincidence class of (f,g) : X — Y is a weakly common coincidence
class of (f.g) and (f.gq).

The computation of N(f,¢; X — A) is similar to the corresponding
results for the relative Nielsen number Ng(f.g) [3).

Pick a base point ax € Ay C X and by € By C Y such that flag) =
glag) = br. Then recall that points of universal covering spaces are
identified with path classes in base spaces starting from base points.
Under this identification. let ay € pg (ag), o € p~Hag). by € (1,;1(6;&.)
and go € ¢7'(bg) be the constant paths. Then there «re unique lifting
pars ( fi, gi) of ( frogx)and (f,§) of (. ¢) such that fi{ax) = gelay) =
by and f(3¢) = §(Ta) = go. By [2: Lemma 1.13], fxr = for - Gan =
_(lﬂ'-fvr:ffr and Yr = g .

Throughtout this section. the Lfting pair (fx, gx) of (fi.gx) and the
lifting pair (f,§) of (f,g) are chosen us references.

LEMMA 3.2. There exist one-to-one correspondences

ok Clfegr) — m(Bi. by)
61 Clig) — (Y b
defined by
dlok o fi. Br o g = [ag ']
(b{(l o f, ido (,E = [(\ - ,ﬁ’)’]
where ag, By € T B, bg)ia, 3 € (3. by) and 7[ (Y, by) is the set of
frvgr -conjugate classes in 7 (Y. by).

Proof. See |3; Lemna 5.2].

If ax and Fi are fen, gkr conjugate classes in 7,(Bg. by ). then
Jhrlag) and ji o (F) are fi, gr-conjugate classes in 7 (Y. be1. Then
the homomorphism jy - 7 ( By, b ) — 7 (Y. b ) induces a transforma-
tion vg @ w{Br b — 7Y b
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THEOREM 3.3. Let (f,g):(X,A) — (Y.B). A coincidence class of
(f,g) is a weakly common coincidence class of (f,¢) and (f,g) if and
only if it corresponds to an element in the image of vy.

Proof. See [3: proposition 5.3].
Consider the commutative Jdiagram

f

\ Tk
71 (B, by) i (By) ——— coker (gk,« — fi,» 1 Hi(Ax) — H1(By))

l]k,w J}Jk. 1]1:,,

8 v
m (Y. by) ——— H(Y) . coker (g« -~ fu : Hi{X)} — Hi(Y))

where 0,6 are abelianization and 5y, n are the natural projection. By
some modification of [3; Lemma 5.4, we have

LeMMA 3.4. The composition ng 0 8y and n o 8 induce correspon-
dences

7k 7 (B bet — coker(gr.. — fi)
!
i

and the diagram

7y (B, bi) L coker( gk« — fix)
Vk ‘ th.o»
! I
Ty (Y, by ) . coker( g, — fu)

cominutes
THEOREM 3.5. Let (f,g¢): (X, A) — (Y,B). Suppose Y 1s a Jiang
space. fw(f,g.X)=0then N(f,g;X—-A)=0;ifw(f,g,X)# 0 then

N(f.g; X — A) = §{coker(g. - fo)} — H{Uk= Jk.rcoker{ gy « — Ffra)t.

Proof. By [4:Corollary 4.16], the correspondence 7 is bijective when
Y is a Jiang space. Apply Theorem 3.3 and Lemma 3.4 to get the
conclusion.
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