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COEXISTENCE IN COMPETITIVE
LOTKA-VOLTERRA SYSTEMS

JUuNE G1 KIM

ABSTRACT. In this paper we consider n-species autonomous competitive
Lotka-Volterra systems. We exhibit here simple algebraic criteria on the
parameters which guarantee the coexistence of all the species.

1. Introduction

Consider a community of n mutually competing species modeled by
the autonomous Lotka-Volterra system

(1) ifi:-ri(bi_zaijl'j>, i=1,2---,n,
i=1

where r; is the population size of the ith species at time ¢, and z; = il

The mutual competition between the species dictates that a;; > 0 for all
i # j. We assume that, for each ¢, b, > 0 and a;; > 0, meaning that each
species, in isolation, would exhibit logistic growtli. As usual we restrict
our attention to the closed positive cone RE We denote the open positive
cone by R7. It is well known that for the two-species competitive Lotka-
Volterra model with no fixed points in the open positive cone R’} , one of
the species is driven to extinction, whilst the other population stabilises
at its own carrying capacity. Moreover, M.L. Zeeman[Z1] proved the
following
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THEOREM 1(Z). If system (1) satisfies the inequalities

b; b; . b; b; S
L < Vi<j and 2+ > Vi>j,
aj;  ay aj; g

then the axial fixed point

Rl :(——“—7070"" 70)

a1y
is globally attracting on R7}.

In other words, for all strictly positive initial conditions, species x4, 3,

-,y are driven to extinction, whilst species z; stabilises at its own
carrying capacity. Hence it is natural to consider the conditions which
guarantee the coexistence of all the species. In this paper we give a
slightly different simple algebraic criteria on the parameters which guar-
antee the coexistence of all the species.

2. Statement of Result

Our main result is the following

THEOREM 2. If the system (1) satisfies the inequalities
(2.1) Lo Wi# ]

then there is a unique point p € R} which is globzlly attracting on R’} .

This means that for all strictly positive initizl conditions, all the
species T1,Tq, - , T, are stabilise to some positive constants py, py, -+ , pn
respectively at their own carrying capacities.

Let us first discuss the two dimensional case. The general n-dimensi-
onal case follows easily from this particular case. Now if n = 2, the
inequalities (2.1) reduce to

by b by b
b b b b

(2.2) , .
ajq asy azz ay2
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Consider the vector field V(z) := (vl(:c), '02(17)) corresponding to the
system (1). Here
(2.3) vi(z) = z1(by — anx — anpxy),

1’2(1) = 532(52 — ag1T) — 022517:')-

Hence

(2.4) v(z) =0 = r1(b) — a1 —ajpz3) =0

z1=0 or
<:>{

ay1ry + apary = 0y,

(25) 'Uz(l‘) =0 < l‘2(b2 — a91r) — aggxg) =0

9 =10 or
«:;{

a21T1 + G20%2 = 0y .

. . b . "
Observe that the axial fixed points —, —= are in the positive part
apy a2
of the nullclines by — ag171 — azz9 = 0 and b; — ay;27 — ayp29 = 0

respectively. Let p be the solution of the following linear system

an Ty + a2y = by
(2.6)

a Ty + azxg = by.
In this situation we easily see that p is the unique globally attracting

fixed point in R% of the system (1).

3. Proof of Theorem 2

Consider the vector field V(z) := (vl(ac),vg(:v), e ,v,,(a:)). Here

n

Ui(l'):-ri(bi—za,'jl‘j), 1=1,2,--- ,n.

i=1
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We first show that under the inequalities (2.1) V aas a unique singular

point p in R%}. To do this we have only to examine the solutions of the
following linear system

apry +apry+ o+ ajar, = by,

Q2171 + Ay + 0+ AypTy = b?v

(3.1)
1Ty + ApaTy + + + ApnTy = by,

Since b; > 0, ¢ = 1,2,---,n, the above system '3.1) is equivalent to
the following system

arg aiy ain
T R P — :1
bl I + b] ) + + bl Iy ,
a a- aon
‘5‘111+'§2:E2+"-+—?}?——1¢n =1,
(3.2) 2 2 2
a a a
br;] Ty + b::‘?IQ + -+ bT:lIn = 1.

We claim that the inequalities (2.1) imply that the coefficient matrix

ap; apz ain \
b b by
a21 A2 A2n
by b b

A4 = 2 2 2
dny An2 Ann
by e b/

is nonsingular. To see this, we divide the 1th column vector A*

a1; A2y Anq
b] ’ 172 ’ ’ b'n
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of A by % Then we have

b
(33) - A1 - (Cilvc‘ﬂa et G114y 1’Ci+l Ty " )Cni)-

(33

Now the inequalities (2.1) imply that

(34) 0<ep; <1, Vk # Z.

Hence the vector — A® lies on the ith face of the n-dimensional unit
Qi

cube. Therefore the column vectors of A are linearly independent and

hence A is nonsingular. Moreover the fact that each — A’ lies on the

1th face of the n-dimensional unit cube implies that the system (3.1)
has a unique positive solution p in R} which is & singular point of the
vector field V' corresponding to the system (1). Inequalities (2.1) further
implies that the axial fixed points of the vector field V lies either positive
or negative side of the other nullclines. Hence they are all repelling fixed
points. On the other hand p is positive and lies on each of the nullclines
b; — Z?:I a;;r; = 0. Therefore p is globally attracting in R}. O
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