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A SEQUENCE OF HOMOTOPY
SUBGROUPS OF A CW-PAIR

Moo Ha Woo

ABSTRACT. For a self-map f of a CW-pair (X, A), we introduce the
G(f)-sequence of (X, A) which consists of subgroups of homotopy groups
in the homotopy sequence of (X, A) and show sorae properties of the
relative homotopy Jiang groups. We also show a condition for the G(f)-
sequence to be exact.

1. Introduction

D.H.Gottlieb [1,2] introduced the subgroups G,,(X) of 7,(X ). Only a
few G (X ) are known despite the fact that several authors have studied
and generalized G,(X). In [5,13,14], the author, J.R. Kim and K.Y. Lee
introduced subgroups G,(X, A) and G2!( X, A) of 7,(X) and 7, (X, A)
respectively and showed that they fit together into a G-sequence

I GRUXLA) D Ga(A) D Ga( X A) -
2, Gi(A) 5 Gi(X, 4)

where 1y, jy and O are restrictions of the usual homomorphisms of the
homotopy sequence

7t i

I (X, 4) D (A) B (X)) D (a) o (X0,

Here we extend the concept of the above G-secuence into the G(f)-
sequence for any self-map f: (X, A) — (X, A). In [7], S.H. Lee showed
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that it is still exact in the extended concept wher ¢ : 4 — X has a left
homotopy inverse . In this paper, we will show some properties of relative
homotopy Jiang subgroups and a condition for the G(f)-sequence to be
exact.

2. Definitions

In this paper, all spaces are finite connected CW -complexes, all topol-
gical pairs are C'W-pairs and all subspaces mentioned contain the same
base point as their total spaces. We denote by A* the subspace of the
function space X consisting of f € X4 such that f(A) C A. Let us take
Tg as the base point of X and its subspaces. Let I" be the n-dimensional
cube, let ™ be its boundary and let J®~! be the union of all (n — 1)
faces of I™ except for the initial face. We use the same notation w for
the evaluation maps of XX and X4 into X at the base point z¢ and use
2 as the inclusion map.

The Gottlieb groups G,(X,z¢) are defined by G,.(X,zy) = {[h] €
To(X)] 3 map H : X x I™ — X such that H|,,x»] = [h] and
Hlxxu = 1x for v € 9I"}. In [2], Gottlieb showed that the Gottlieb
groups (or evaluation subgroups of the homotopy groups)G,(X,rg) is
the image of wy : Tl XX, 1x) — 7.(X,z0). He used these groups to
obtain some results about the identifications of topological spaces and
to study a fixed point theory and a fibration theory. After then, many
authors[4,8,9,11,16] have studed and generalized G (X, zq).

In [13], the author and J. Kim have generalized G (X, 1o) to GI(X,A,
xg) for any map f: (A,29) — (X,z0). These subgroups are defined by
GIi(X,A,ro) = {[h] € 7p(X)] I map H : 4 x " — X such that
[Hlzoxim] = [h] and H|axy = f for v € 8I"}. These groups are
called generalized evaluation subgroups of the homotopy groups (or Woo-
Kim groups). We also show that the generalized evaluation subgroup
GI(X,A, xg) is the image of wy : m (XA, f) = 7.(X,20). Especially,
if 1 : A — X is the inclusion, we denote GL(X, A, zo) by G,(X, A, zq).
Gn(X, A, o) has always contained G, (X,z¢) and G (X, A4, 1¢) = Ga(X.
zo)if A= X, Go(X, A, xg) = mo(X, 1) if A= xy.

In [5,14], the author and K.R. Lee introduced the subgroups GE¢/( X,
A, 1y) of the relative homotopy groups 7,(X, A, z¢) which are defined by



A sequence of homotopy subgroups of a CW-pair 237

GRU (X, A, 0) = {[h] € (X, A, 20)] Imap H : (X xI", A x 8I") —
(X, A) such that [H|; x| = [h] and H|xxy = 1x for u € J"71}.
Equivalently, GR¢! (X, A, zq) is the image of wy @ (XA AR D) —
(X, A, o), where A4 is the subspace of X4 which consists of maps
from A into itself.

In [7], the relative homotopy Jiang group GYe(f x¢) is defined by
GRA(foxg) = {[h] € nn(X,A,20)] Imap H : (X x I", A x 9I") —
(X, A) such that [H|; x/»] = [h] and H|xxu = f for u € J"7'} for
n > 2 for a self-map f of a pair (X, 4).

We leave the base points out of the notations when the simplification
will not lead to confusion.

3. Relative homotopy Jiang groups

Let f:(X,A) = (X, A) be a self-map, f: A -+ A be the restriction
of fand f4 =iof: A — X be the restricticn of f to A. We use
X4 and A4 as the path-components of the furction spaces X4 and
A? containing fa and f respectively. Consider the evaluation map w :
XA — X given by w(h) = h(zg), then w induces a homomorphism
wy T (XA AN f) — ma( X, A, 7).

THEOREM 3.1. Let f be a self-map of (X, A). Then we have Gﬁel(f)
= wy(ma (XA, A f4)) for n > 2.

PROOF. Let «a be an arbitrary element of 7rn(XA, A4 fa) for n > 2.
Then « is represented by a map h : (I, 0I", J* 1) — (XA, 44, fa).
Let F: A x I" — X be a map given by F(z,u) = h(u)(x). Then
F(Ax0I")C Aand F(x,u) = f(z)forall z € A and u € J"~'. Define

G: X xI" ' x1UAxI"TUX x9I" Yy x I -— X

f(z), (ifze X,ve I"ls=1)
G(z,v,s) =< F(z,v,s), (ifzedvel"lsel)
(z), (ifzre X,ve dI" ! sel).

.
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This is well defined and continuous. Since (X ><M]"”1, AxI"TU X x
AI™~') is a CW-pair, there exists an extension G : X x I" — X of G
by the absolute homotopy extension property. Then

G(A xAI")=G(Ax 0I") = F(A x ¢I™) C A.

Next, we have

G(zo,u) = wh(u)
for all v € I™ and .
G(x,u) = f(x)

forall r € X and v € J"~'. Thus G (X xI"A>0I") - (X,A)is an
affiliated map with trace wh in GE¢!(f) .
Conversely, let [g] be an element of 7,(X, 4) tuch that there is an

affiliated map
G: (X xI"Ax9I") — (X, A)

such that [G|z,x =] = [¢] and G(z,u) = f(z)forall t € X andu € Jn— !,
Let F' = Glaxy» : A x I" — X be the restricton of G to A4 x I".
Define h : I — X4 by h(u)(z) = F(z,u). Then h(dI") C A* and
h(u)(x) = F(z,u) = f(z) forall z € A and u ¢ J"!'. Thus [h] is
an element in 7,(X4, A4, f4) such that wy([h]) = [wh] = [¢]. This
completes the proof of the theorem.

THEOREM 3.2. Let f; : (X, A, x9) — (X,A,x¢) be maps fori =1, 2.
If f1 is homotopic to f;, then GRe!( f1) is isomorphic to GRel£)).

PROOF. Let H : A x I — X be a homotopy between f; and fo.
Then H : I — X4 given by H(s)(a) = H(a,s) is a path from fi to
foandwoH : I — Xisa loop at xy. Thus Hﬁ Cra( XA A )
T XA, A4, f,) and (WOH)ﬁ (X, A o) — ma( X, A, 2¢) are isomor-

phisms. If we consider the following commutative ¢iagram

7'rn(XA,AA,f|) “}‘{3‘* 7'rn()(A-: 4Av.f2)
l wy lwn
Fn(JYaA7$O) (w_o_fi)“ Wn(‘(,A, ‘TO)v
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then we have
(wo H)(G(f1)) = (wo H)ywy(ma(X 4, 4%, f1))
= wpHy(ma(X 4, 4%, £1))
= wy(ma(X4, 44, 13))
= Gr(fa).
Therefore G2¢!( f,) is isomorphic to GE¢!(f,).

In [1], Gottlieb showed that G1(X) is contained in the center of m;(X).

THEOREM 3.3. Let f be a self-map of (X, A). Then GE¢!(f) is con-
tained in the centralizer of a subgroup fy(m2(X, A)) of 72(X, A).

PROOF. Let [h] € GRe!(f) and [g] € m2(X, A). It is sufficient to show
[R]fi(lg])) = fi(lg))[R]. Since [h] € GRe(f), there exists an affiliated map

F:(X xI*AxdI*) — (X,A)

such that [F|,,xs2] = [k] and F(z,u) = f(z) for all z € X and u € J'.
Since (X, A) is a CW-pair, we may assume F(xq,u) = h(u) for all u € I*.
Define a homotopy

G:(I*xI,oI* x I,J' x I) — (X, A, z¢)

by
F(g(2t(1 - s),t2),(2t1s,12)),
fo<t; <1
G((ty,t2),8) = -2
(t2) =9 Prg(1 = (2= 2t1)s, 020, (2 = 201)s + 241 — 1,12),
if 2 <t <1

This is well defined and continuous. Since

G((t1,t2),0) = (fg * h)(t1,t2)
and

G((t1,t2),1) = (h * fg)(t1,t2)
for (t1,t2) € I, we have [fg][h] = [h][fg].

In the above theorem, if we take f as the identity map of (X, A), then
we obtain the following corollary.
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CoOROLLARY 3.4. Let (X, A) be a CW-pair. Then GR(X, A) is con-
tained in the center of m(X, A).

4. G(f)-sequences and exactness

Let f be a self-map of (X,A), f: 4 — Aand 4 =iof: A — X be
the restriction of f to A.

LEMMA 4.1. Let f: (X, A) — (X, A) be a self-nap. Then GL(A4, A),
G{4(X, A) and GEe!(f) form a sequence :
- B GRS GL(A,4) 2 Gl (X, )
afif) S alia,4) 3 Girx, ),

PROOF. The evaluation map w : (X4, A4, f4) — (X, A, xy) gives
rise to the following commutative ladder of the homotopy groups :

e T (AA ) N (XA ) T (XA AR ) - m (AR )

| wy Lwy L wy | wy
) L () S ma(XA) 2 m 1 (A) —

By the fact G{(A, A) = wym, (A4, f), we have

i3(GI(A, A)) = igwyma (AN, F)
= wﬁ{ﬁﬂn(AA’f) C wﬁﬂn(XAafA) - GiA(‘Xa A)

Similarly, we have jy(G{4(X, A)) C GR(f) and 8(GR(£)) ¢ GI_ (A,
A). Thus G£(A, A), G/A(X, A) and GRel(f) form w sequence.

This sequence is called the G( f)-sequence of (X, A) for the self-map
f. In general, the G(f)-sequence is not exact(see Theorem 3.4 in [5]).
The G-sequence in [5,14] is just the G(1)-sequence,where 1 is the identity
map of (X, A).
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Now we show a condition for the G(f)-sequence to be exact. In [7],
Lee showed that for any self-map f of (X, A), the G(f)-sequence of
(X, A) is exact when the inclusion map ¢ : 4 — X has a left homotopy
inverse.

Let B™ be the n-dimensional ball and $™~! the boundary of B™.
Then the inclusion map i : S»~! — B™ does not have a left homotopy
inverse, but the pair (B",S™~') has the exact (7(1)-sequence[15]. We
will generalize this result.

LEMMA 4.2, Let f : (A, z9) — (X,2q) be a map such that f(A) C A.
If f is homotopic to a constant map, then G{(X,A) = 7,(X) forn > 1.

PROOF. Let f: A — X be homotopic to the constant map c,, : A —
xo € X. Since G£(X, A) C (X)), it is sufficient to show that 7, (X) C
G{(X,A)forn > 1. Let & € my(X) and h : (I",0I") — (X, 19) be a
representative of a. Since f: A — X is homotopic to Cz,, there exists
a homotopy H : A x I — X such that

H(x,1) = f(z),H(x,0) = 29 and H(ag,t) = z,
forallr € Aandt € I. Define K : Ax 8" x [UA x I" x 0 — X by

H(z,t), (fzeAucdltel)

K(z,u,t) :{ ] N
h{u), (fze Ajue It =0).

This is well-defined and continuous. Since (A4 x 1", A x dI™) is a CW-
pair, there exists an extension i : A x I" x I — X of K by the absolute
homotopy extension property. Define F': A x I -+ X by

F(z,u) = K(z,u,1),

then F(z,u) = f(z) for all z € A and u € 8I"™. Lot g = F|; «s». Then
F is an affiliated map with trace g. Thus [g] € G£(X, A). Since g is
homotopic to h relative to dI™ by the homotops K’}xoxfrwxl, we have
a = [h] = [g] € G](X, A).

THEOREM 4.3. Let f be a self-map of (X, A). If the inclusion i : 4 —
X is homotopic to a constant map, then the G(f)-sequence of (X, A) is
exact.
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Proo¥. Consider the following commutative ladder

— w4 m(X) I omxa) L m4) —
i r I r
— Gl — GlAx A — ey o Gl ) —

for n > 1. Since the inclusion ¢ : A — X is homotopic to a constant
map, 2y is the 0-homomorphism and hence jj is a monomorphism. Thus,
iﬁl(;ﬂ(A,A) is the 0-homomorphism and ].”G‘,',"(X,A) 1s a monomorphism.
Since 7 : A — X is homotopic to a constant map, there exists a homotopy
H: AxI — X such that H(,0) = 7 and H(.1) = ¢;,. Define a
homotopy K : A% x I — X* given by K(h,t)(a; = H(h(a),t). Then
K is a homotopy between the inclusion 7 : (A4, f) = (X4, f4) given by
i(h) =10 h and the constant map. Cousider the homotopy sequence
- é ot

cr T XL AN fa) o mas (A f) o e (XA fa) e
of the triplet (X, 44, f4), then iy is the 0-homomorphism and hence 8
is an epimorphism. Since the following diagram

ﬂ."(XAvAAﬂfA) “(2“** ﬂ"nw]( 4Awf)
L wy 1 wy
'ITn(X,A.,Ig) _..é_) T (A,IO)

commutes, we have
AGIUS)) = Owy(mn( XA, A%, F)))
= wy(O(ma (XA, A%, F)))
- wﬁ(ﬂn—l(AA7f))
=G/_ (A, A).

This implies 9|grei(5) is an epimorphism. Thus the lower sequence on
the commutative ladder is exact at G{4(X, A) and G{(4, A) for n > 1.
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We must show that the G(f)-sequence is exact a: GRAU fyforn > 2. It
is clear that

image of ].ul(,’,fA( x.4) C kernel of 9| reiy).
Since 7 : A — X is homotopic to a constant map f4 is homotopic to a
constant map and hence GiA(X., A) = m,(X) for n > 1 by Lemuna 4.2.

Thus we have

kernel of OlGrei(sy C kernel of 8 = jy(7,(X 1)
= ji(GIA (X, 4)) = image of jy

GiA (N, A)
This proves the G(f)-sequence of (X, 4) is exact.

COROLLARY 4.4. Let f be a self-map of (X.A). Then the G(f)-

sequence of (X, A) is exact if X or A is contractible.

EXAMPLE. If we identify S* with {ley, @i, Tpyr) €8 |y =0 for
© > k4 1} for k < n, then the inclusion map 7 : S¥ — $™ is homotopic to
a constant map. By Theorem 4.3, (5™, $¥) has the exact G( f)-sequence
for n > k > 0 for any self-map f.
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