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Asymptotics for Accelerated Life Test
Models under Type II Censoring
Byung-Gu Park . Sang-Chul Yoon

Abstract Accelerated life testing(ALT) of products quickly yields information on life. In
this paper, we investigate asymptotic normalities of maximum likelihood(ML) estimators
of parameters for ALT model under Type II censored data using results of Bhattacharyya
(1985). Further illustrations include the treatment of asymptotic of the exponential and
Weibull regression models.
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1. Introduction

In many reliability fields, most of modern products and materials are designed to
operate without failure for a long period. A few units will fail or degrade in the test of a
practical length at use conditions. For this reason, ALT are used widely in
manufacturing industries, to obtain time information quickly on the lifetime distribution
of the life for products and materials. So units is tested at higher than normal level of
stress involving high temperature, voltage, pressure, vibration, cycling rate, load, etc., to
induce early failures. .

Meeker and Nelson(1975) considered ML estimators of a percentile of an extreme
value distribution at use condition. The percentile is a simple linear regression function
of a stress, and scale parameter is a constant They gave the optimum plans for
simultaneous testing with Type I censored data. Shaked and Singpurwalla(1982)
considered a nonparametric version of ALT when there is a single cause of failure and
the sample are not censored. Also, Viertl(1988), Nelson(1990), and Meeker and
Escobar(1993) contain good references. Much of the previous works in ALT model area
has focused on inference. Moreover, Bowmam and Shenton(1987) gave theory for the
higher-order terms for greater accuracy of the asymptotic theory for the ML sampling
distributions. Lu(1990) derived least square estimators of the model parameters and
their asymptotic distributions. Nevertheless, always lags developed asymptotic theory
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and methods for ALT model.

In this paper, we study asymptotic normality of ML estimators for the parameters of
ALT models under Type II censoring, assummg that the log-lifetime is a linear function
of stresses.

In Section 2, we review asymptotic properties of class of functions that arise in the
context of estimating parameters from Type II censored data.

In Section 3,we derive ML estimatdrs of parameters for ALT models under Type II
censored data, and investigate their asymptotic normalities using results of
Bhattacharyya(1985).

In Sections 4, we deal with two examples to illustrate for results of Section 3 under
exponential and Weibull regression models.

2. Review of the Principal tools for Maximum
Likelthood Estimators

In a life testing, we assume the lifetimes 7,,7,.-,T, are independently and identically
distributed(iid) random variables having a common continuous distribution. Let
Y, <Y, <---<Ybe the order statistics of 7,7,,.--,7,. The most common situation is Type II
censoring, which permits the first »(< ») order statistics to be observed.

Let £(+.) and F(z,5) denote the probability density function(pdf) and the distribution
function(df) of the lifetime s, respectively. For a possibly vector-valued parameter
BeQc R, the log-likelihood function for Type II censored data is

L(ﬂ)—IOg( )‘+Zlogf(Y,, B+ —r)log F(¥, B), Q.1

where F=1-F. Throughout, all limits are taken as n— »; where pe(0,1) is fixed,
r=[np]. It is assumed that f(s) is continuous at ¢, the p-th quantile of the failure time
distribution, and that f,(;) > 0. The notation ——N, (x, £) will be used for convergence
in distribution to a k -variate normal with mean # and covariance matrix 5. Vectors are
meant to be column vectors and » denote their transpose.

By using (2.1), ML estimations under the ALT models is widely discussed in the
reliability problem. In general, it is difficult for us to obtain the asymptotics because the
M.L. estimators, based on Type II censored data, are neither independent nor identically
distributed. From the form of the log-likelihood (2.1), Bhattacharyya(1985) suggested
the random vector of the form

T,(8)=n [Zg(x, B)+ (=i, )] @2)

where g and h are functions on 3xQ — R’ and 3 denotes the sample space of 7,.
Assume that the true value B, is an interior point of Q< R*. Let f(¢) stand for (z,5)),



Asymptotics for Accelerated Life Test Models 181

g(®) for g(t.5)), and

T, = .In( éo) = n"[g g()f) +(n - r)l_l(Y,)J. (2.3)

Then Lemma 2.1 and Lemma 2.2 give the asymptotic properties of T, defined in (2.3).

Lemma 2.1 (Asymptotic Normality, Bhattacharyya(1985)). Let g, and b, denote the
ath coordinate of g and h for @=1,2,-,1, respectively, and assume that

(1) h,(r)=dh,(¢)/d¢ exists at t = ¢,
(2) h,(v) is continuous at ¢,

and
3 [ gnf@d<w.
Then it follows that

\/;(I,, —E)—L)N, (0, =),
where

p={ gyfnd +qh),

T =z+pqf(5)bb,
c= [ gogwiwa-p(f enta) [ entwa),

and

b=1f(5)gc)-p” fw g® () dt +qh'(s). )

Lemma 2.2 (Strong Consistency, Bhattacharyya(1985)). Assume the followings for a
compact neighborhood B of 5.

(1) &(#,p) is continuous at feB for every ¢ ,
(2) For B<B and all ¢ , |g(1,8)| < g,(¢) such that f g2 (Of(t)dt <,

(3) &(#,p) is continuous on [¢-,,6+ & |xB for some &, >0.

Then it follows that

;uglz,.@ - ()| —=—s0, @5)

where 4(f) = _[: g(t, p) (1) dt + q (s, )
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3. Asymptotic Properties for Accelerated Life Tests

In this section, we will study the asymptotic properties of M.L. estimators for ALT
models under Type II censored data.

Assuming #(¢,0) =logf(¢,§) and p(t.p) = logF(¢,). We can derive ALT model. The log-
likelihood function of (2.1) is represented as

L,(p)= log( — _+Z¢(Y,,/3)+n r)o(Y,. p).

i=1

The first derivative of L, (f) is given as

L,(f) ,
(/J’)—————Zsé( B)+(n-r)p(1,.5), (3.1)
where ¢ (Y,,8)=(3/9B) #x.B and p(Y,.8) = (3] P)x.p),
and the second derivative of L,(f) is given as

2
)_ = (Y,B)+(n~r)p (Y., B), (3.2)
L.(8 7 a,.ﬂ ;¢ P +(n=r)o (1.)
where ¢'(Y,.0)=(2"/38,36,) (x.p) and p'(%;,8) = (5| 9B, 3B,) p(x. ).

Therefore the likelihood equation is

L.(8)= Z¢( B)y+(n-r)p (%,,8)=0.

Let ﬁ be a function of the data from Type II censored under ALT model. Then the
followmg lemmas and theorems are used in finding the asymptotlc distribution of
Jn(ﬁ' -8,) of Theorem 3.3.

Lemma 3.1 Assume that é'" is a strong consistent sequence of estimators, and L is
differentiable at £ . Then

A(B )—=—0,
where AB) =L(B,)-L(B,)-L'B, -4,
Proof. It is easily proved by Taylor expansion .

Theorem 3.1 Under the conditions of Lemma 2.1, we assume the derivative

(9/8) [ f(x,B)dx can be carried within the integral. Then

Vn(n' L(B) —=—>N,(0, =),
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where S = f £OEO ) dt + q“‘(f £ (1) dt)(f f () f(r) dt)‘. (3.3)

Proof. Using Lemma 2.1, we can obtain the limiting distribution of Vn(n™'L (8,))- Now,
to obtain explicit expressions for mean and covariance of Vn (/3 -B)s itcan be rewritten
by h

b(t,8)= P (1,5) = fﬂ—logﬁt,g) - ~(F.p)° [w;,%f(r,@dt. (.4)

By the previous definitions of ¢ and ?L we obtain the followings

gt.p)=¢t.p) = o5 logf(t B) = —(f(t ,,§))‘1 25 f(t B, (3.5)
and then (3.5) is give as follows
17 :
o560 =P P = $. PP, (3.6)
Therefore
h(t, §) = ~(F. )™ [ g(x. ) f(x, p dx G.7)
and then the h'(+) with respect to ¢ = ¢ is computed as
h'() = F@)™[- g) 1) + o) )] (3.3)
Therefore it follows that the equation (3.8) is obtained as
hs) =-q" [ gx) fx) dx, (3.9)
and
h'(6) = a”'[- g(e) f(g) + h(e) ()] .10

where q =1-F(s). Using these results for ¢ = ¢, and using (3.9) and (3.10), we caculated
H,b and z as follows.

£=0, b=-@)" )] ¢ fnar

and
2= g0 0w+ ([ so0na)[ o).

Finally, Lemma 2.1 implies
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Vn(n L(B,)—>N,(0, 2), G.11)

and then this completes the proof.

Theorem 3.2 Under the conditions of Lemma 2.2, assume B is a strong consistent
sequence of estimators and the derivative (913p) _[ f(x, B)dx can be carried within the
integral. Then

_ n_l L"(go) a.s. Z, (3.12)

where 3 is given in (3.3).

Proof. Since T,(B) in (2.2) is given as

T,(8)= n*{zlj st B)+(n-r)o'(t, g)} (3.13)

Lemma 2.2 is represented as follows

(3.14)

where 4(f) = fw ¢ (. K1) dr +q.0 (5. B). (3.15)
Now it will be shown that after making certain assumptions «(f) = £ is as given in (3.3).
To do this, f fit,)dt +F(c,B) =1 is differentiated twice with respect to . Upon

differentiating once, we obtain

a —
a/} . prart+— 25 F(g, p)= (3.16)
By using (3.4) and (3.6), (3.16) leads to
[ a.pie.pydi+p(s.HF.B)=0. (3.17)

Differentiating (3.17) with respect to 8

174 ,
o5 L 8D prd = [Zéepupa,

g =

we obtain
g, P, pa+1| ¢¢.p—- f(t,ﬂ)df]‘
L L g = (3.18)

+p (6. B FG.B+p 6B (PGB Fg.p =0



Asymptotics for Accelerated Life Test Models 185

Using (3.6), (3.18) and putting = B, it follows that

—p(B)=[ OO (O dt+ap )P (), (3.19)
where q =F(c,8). From (3.4) and (3.18) we obtain as follows.
P 6.8 =~Fw.p)" [ ¢ (x.p)fx.pdx (3.20)
and
p©)=-a" [ §(xfix)dx. (321)
Substituting (3.20) into (3.21), we obtain
~u(B)=[ ¢ @) td+q [ ¢ tan[ ¢far =z, (3.22)

Hence, from (3.13), (3.15) and (3.22),
-n’ E'(,_é_’o) — 57, (3.23)

and then this proof completes.

Using Lemma 3.1, Theorem 3.1 and Theorem 3.2, we establish the asymptotic
normality of Vn (B, -8, for ALT models under Type II censored data.

Theorem 3.3 Under the conditions of Lemma 2.1 and Lemma 2.2, assume

(D é, is strong consistent sequence of estimators,
(2) the derivative (5/5p) f f(x, B)dx can be carried within the integral.
Then

n(B,-8,)—>N,(0 ),

—n -0

where 5 is defined in (3.3).
Proof. By Lemma 3.1,

~AB)=LBY+LB)(S ~B,)
and multiplying both sides by »"*? gives

-n A (B) = n(r L(B)) ~ (= L (B))(NH(B, - ).

Also, from Lemma 3.1, we can obtain easily
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e 3.24
T AB)—=—0 (3:24)

Using (3.24), and Theorem 3.1 and Theorem 3.2, one can obtain
Jn(B - B)—LoN,(0, =),
by the Slutsky's theorem.

4. Examples

In this section, we consider the applications in two ALT models: the exponent1al and
the Weibull regression models.

Weibull Regression Model

As an application for the limiting distribution of Vn (é" - B,), we consider the pdf f(s,5)
of lifetime ¢ for a unit under stress z given as

_(7 L)"‘ ) (L)
f(”'-@‘(e) (9 P ~\e) |
where 0= exp(z' ), z=(z,.2,,-,z,) and B=(B,.B,,.B,) . Since

#1, ) = logf(t, fy =logy — 2" f+(x ~Dlogt ~(y -1z B-(rexp- (2" p) ),

it follows that

jé'(t,é) =

N

7900 - A4) =

Now 5 for this model will be found. First, we will compute J_: ¢ fat as follows

[ g-far = —(%)y yel,

Let p= J: f(¢,p)dr . The p is represented as log(-log(1-p)) = ylogg— ylog§. Then we
obtain

[ ¢ fdt=y[G-plog-p)z

and

(fw ?’fdt)(fmf'fd’). =7’ (qlogq)® zz". “.1
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Since

it follows that

(fw ¢ Qv‘ fd’) =y’ (p-qlog’q)zz’. 4.2)
From (4.1) and (4.2), we obtain
Z=y'pzz.

Hence we obtain the asymptotlc distribution of v n(,B -p,) for the Weibull regression
model

JZ( B - B, ) —4 N, ( 0, (7 pzz’)” )

Exponential Regression Model

This model reduce to the Weibull regression model when 7 =1. So, we consider the
pdf £(z,p) of lifetime ¢ a unit under stress z given as

f(t,g) =g exp(— é), 0<t <o,

where 6=exp(z' ), z= (252,72, ) and B=(B,.8,,~.8,) . Therefore we obtain the
limiting distribution of vn (ﬂ -B,) for the exponential regression model

Vi B, - 8,)——, (0 (pzz)" )

Remark. Exponential-Arrhenius Model

The Arrhenius model is a special case of the exponential regression model with p =2
where z=(1, x)" and B=(B,, B,)". Then, it is easily obtained that the limiting distribution
of B for the Arrhenius model is given as

wp-a)—-n (.05 2]
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