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Limit of the Ratio of Incomplete Beta Functions
Yeon Woong Hong

Abstract This paper considers the limit of the ratio of two incomplete beta functions
L(p+s,q+r) 10 I (p,q) 8 p+q—> . The results show that the limits depend on r.s,x
and the limit of p/(p+q).

1. Introduction

The form of the beta probability density function of X with parameters p, g is

1 - -1
—x7(1-x)"", 0<x<1f,(x)=
B(pq) 7 B(pg)
with p, >0, where B(p,q) =T (p)I'(q)/T(p+q).
The beta density function can assume a variety of both symmetrical and asymmetrical
shapes. If p=g, the distribution is symmetrical about x=1/2. The probability integral of
the distribution (1) up to x is called the incomplete beta function and denoted by

1,(p.q)- so that

Jx(x)

xFl1-x)", 0<x<l (1)

[xa -x)"dx Q)

Ix(pﬂq)= 0

1
B(p,q)
If this ratio is kept constant, but p and ¢ both increased, the variance decreases, and
the standardized distribution tends to the unit normal distribution. Many approximations
to I (p,q) are given in Johnson and Kotz(1970, pp. 41-51).
In this paper we obtain the limit of the ratio;

L(p+r,q+s)

P, (1, x) =lim,
L(p,q)

,» 0<x<1 3)

where p/(p+q) > paSn=ptg—>o

2. Limit of the ratio

Here we investigate the limiting behavior of the ratio of two incomplete beta functions
given in (3). Henceforth, we replace p and ¢ with p+1 and g+1, respectively, for
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expressional convenience.

Lemma 1. Let p+g > 0 suchthat p/(p+q)—p as y — 0. Then, for any m, and m,
suchthat()<nl<n2<u, '

J: w(1-u)"™du
J: w1 -u)du

- x"(I-x)’ 4)

uniformly for x on [ ,m,].

Proof. Let g>( be arbitrary. Choose Ax>0 so that Ax<n /2 and |x/(1-x)* -
x;(1-x)’|<&/3 if |x, —x,|< Ax and |x,x,|e[n, /2,m,]. Choose k>0 so that kg <y —m,,
and choose N, >0 so0 that |p/(p+q)-pl<k if p> N,. Note that for fixed 5, u?(1-u)?
is increasing on [0, p/ (p +s)]. For n> N, and eln,,m,],

[ a-wau

| ‘ [wa-udu

{ w1 = w)|w( = w) = x"(1 - x| du
f u”(1 — u)? du

-x"(1-x)

[ urQ-uflwd-uy -x"(1-x)|du
Eu”(l —=u)ldu

+

[ P (1 w)'du
fu”(l —u)du

[ wr(-wydu
Eu”(l — u)'du

< max, . e[O,x—Ax]'xlr(l —x) = x (1= x,)

+ maxxldx_Ax’xllx{(l —x) - x"(1 - x)'|

L‘—Ax u’(1-u)du
< M, + -
l _[:u"(l - u)'du 3
-x' -Ax
f u’(1—u)du+ r CuP(1-u)du
M X=X
' [ uwr@-widu

€
+_
3
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(x = x")(x = x)[1 - (x = xDf

R Ty oy
T, Ax(x — Ax)P[1 - (x - Ax))* € s
A - Al — (x - A T3 )

where M, = max, , qox-aql% (1=%)" —x(1-x,)’] and x' = Ax + 5, AX. Since (1~ u)’
is increasing on [0, p/(p+q)] and x < p/(q + p), we have

. ) x=x Y[ 1-(x-x)Y 2e¢

nghthand51de(rhs)of(5)=Mz(x_Ax) (1—(x—Ax)) +—3— 6)
where M, = M|(x—x')/Ax. Since (x-x')/(x-Ax)<(n,-x')/(n,-Ax) and
(1-x+x")/(1-x+Ax)<(1-m, +x')/ (1-m, + Ax) , we have

n-x Y 1-(m,—x') ! 2e
rhSOf(6) SMZ nz_AxJ (1_(n2_Ax)J +T
2 2

r . ¢ TP*4
M, — Ax 1-(m, - Ax) 3

I n-k 1-p+k I+

n, —x' -7, +x") .,_EE

7, - Ax -7, + Ax) 3 )
where. in the final inequality, we use p/(p+g)>p-k,and (m, - x")/(n, - Ax) <1. .
Defining  f,(1) = (t/(m, - Ax))™* -(1-1)/ (1-m, + Ax)) ™, , we have f(r) is
increasing on [0, — k] and filmy,—x') < fo(m, - Ax)=1. Thus, there exists N > N, such

that the first term of rhs of (7) is less than ¢/3 if 4, > N. Hence, for all > N and
x €[n,,m,],

I
K

<M

]

“0 uP* (1-u)™* du

v -x"(1-x)’|<g (8)
| jo u?(1-u)?du
Lemma 2. For any g, such that |, < n, <1,
J‘X up+"(1 - u)q+5du , .
. > p(1-py ®)

J: wW(l-u)'du
uniformly for x on [r,,1188 p+g —> 0.

Proof. Choose N >0 so that lp/(p+q)—pl<(my;—pn)/3 if n>N. For p> N and
x €[n,,1],
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33 1 1

(1 P10\ W -u)du
J;lu(l %) du‘1=J;lu (- _ p&}hm( ) 0
[wa-urdu | [wr(-uyau j: WP (1—u)'du

2p+m3)/3

We note that 7(1- )7 is decreasing on [ p/ (p+¢),1]. Since p/(p+q) <(2u+m,)/3
if p> N and &, /((u+29,)/3)> 1, it follows that

(1-m)n (1 -m,)*

- 2 2
“_33_" (%)p(l _ E%ﬂ)q

rhs of inequality (10) <

3 g J*P

T 7
_3 1-my |{ =, 1-m,
- n+ln n+2n
T-pi\) U=

N

[ u+g 1-u-g 0P
<31-Tt3 T, I-m,
- (25) (12 ay

where £ = (1, —p)/3, Defining f,(1) = 1/ (532))"3((1-1) / (1 - #52)) ", we have
£,(t) is decreasing on [+ £,1] and f,(n,) < fz(&‘:ﬂ) =1, thus

[wr-uydu
1
jo u? (1—u)du

uniformly on [r,,1] s p+ ¢ — co. For the same reason,
on u’(1-u)""du
j: u " (1-u)du

-1 (12)

uniformly on [ ,,1] Hence

I; uP+r(1 _ u)q“dll
fup+,(1 _ u)q+sdu _ I(:upw(l . u)"”du ﬂupﬂ(l — u)q+sdu
[wa-waw  LwQ-w'de [y -uyd
Jou? (1 — u)du

>y (1-p (13)

uniformly on [r,,1] s p+q — . This completes the proof.

Theorem 1. Let p+g — oo such that p/(p+q) -, a8 n— o, Then

I(x;p+r,g+5s) N x"(1-x)°
I(x;p,q) p(1-p)’
uniformly on any compact subset of (0,1] as p + g — oo, Where I[*] denotes the usual

I[x <p]+I[x=p] (14)
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indicator function.
Proof. It suffices to show that for , such that ( < T <M,
[ ur -y du

J: wW(l-u)'du

= f3(x)

uniformly on [ ,1] where f,(x) =x"(1-x)*I[0<x < u]+p" (1-p)*I[n < x <1]. For
given ¢ > () choose m, and m, SO that <M, <p<m <l and

|x"(1-x)°/pu"(1-p)* —1|<&. Choose N >0 such that Lemmas 1 and 2 hold if , > . For
n2 N, x €[n,,n,],

jo" u (1-u)"du
<(m(1-m,) +€) jo u” (1)’ du
+(1+e)p (1-p)° j uP(1-u)'du
<[(+e) (1-py +e]" w(1-u)'du

+(1+e)p (1-p)* j uP (1-u)?du

<[1+(1+—= )s]p'(l-p)’j: uP (1-u)?du

B (1-p)

Hence

J: W (1-uw)du

> —W(l-p) <[1+p'(1-p)’e (15)
J.O u’(1-u)'du
Similarly, we can show that
r u"(1-u)"du
. —p(A-py > -1+p"(1-p)le (16)

J: u(1-u)'du

Therefore, for n >N,
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Xup+r(1 _ )q+sd
]L Y A

_’:u”_(l—u)"du
l [urr-wyau
' Lxu"(l—u)"du
Hp'(1-p)’ - f3(x)|
<[I+p'A-pYle+p (1-p)e
=[1=2p"(1-p)'le a7
Combining Lemmas 1,2, and (17), we have (14).

<

—H(1-py
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