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1. Introduction

Strong homology group, a new type of homology, of inverse
systems ( of pairs ) was introduced by J. T. Lisica and S. Mardesi¢
([2),[3]). This group also defined in the category invT op of inverse
systems of topological spaces and the related category proTop
and the coherent pro-homotopy category cphT op. Some desirable
results are appeared in the previous papers([4],[5]).

In this paper, we define a strong evaluation map and strong
cup product of strong cochain groups. As a consequence of these
definitions and well known facts, we construct a strong cochain
ring } . ez C?(X; R) and a ring homomorphism.

2. Some Properties of (Relative) Strong Homology
Groups

Let X = (Xa,Paa’, D) be an inverse system of topological
spaces X, and continuous maps paot : Xor = Xa, @ < o,
over a directed set D. Let D™, n > 0, be the set of all a =

(ag, a1, ), a0 < ay < -+ < ay,a; € Dand G be an abelian
group. If n > 1,0 < j < n and a = (ag, 1, -+ ,a,) € D", let
aj € D*! be obtained from a = (ap, a1, -, a,) by deleting

the j-th factor ;. For an integer p, a strong p-chain [2] of X
with coeflicients in GG is defined by a function z which assigns
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to every n > 0 and every a = (ag,a1, - ,a,) € D", a sin-
gular (p + n)-chain z, € Cpin(X,;G), where X, is defined by
Xao- The sum z + y of two strong p-chains of X is given by
(x + Y)a = Lo + Ya,a € D™. Strong p-chains form an abelian
group Cp(X;G) which is called strong p- chain group of X with
coefficients in G. That is to say,

o0

Co(%:6) = [ TI Coin(XaiG),

n=0aqc D"

where Cpin(Xq;G) is a (p + n)-chain group of X, = X,,. A
boundary operator dj, : Cp41(X; G) — Cp(X; G) was defined by

(dp(T))(a0) = OT(ap)) for n =0
(=1)™(dpz)a = O(Ta) — Paga, (Zay) — Z;‘zl(--l)jmaj for n > 1,

where z € Cpy1(X;G). Note that dyod,y; =0, p > —n so that
(C,d) is a chain complex. The p-dimensional strong homology
group Hy(X;G) of the inverse system X = (Xq,paar, D) with
coefficients in G is defined by the homology group of this chain
complex (C,d),i.e.,

Hy(X;G) = ker(dy-1 : Cp(X;G) = Cp_1(X;Q))/
im(dy : Cpy1(X;G) = Cp(X;G)).

DEFINITION 2.1. The p-dimensional strong cochain group CP(X;
G) of the inverse system X with coefficients in G is defined by

CP(X;G) = Hom(Cp(X).G).

. The coboundary operator § : CP(X;G) — CPTY(X;G) is de-
fined to be the dual homomorphism of the boundary operator
d: Cpp1(X) = Cp(X).

We consider inverse system (X', A) = ((X, A)a, Paa’, D) of pair
of spaces and maps of pairs, where (X, A), = (X4, Aa). Aa C
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Xa. We also consider the inverse system A = (Aq,Paa’la,,, D)
of topological subspace A, of X,for each & € D and continuous
maps Paa’|a,, over the same directed set D. We can view the
strong chain group CP(A4;G) as a subgroup of CP(X;G) and the
boundary operator d4 : Cp(A4;G) = Cp_1(A4; G) as a restriction
map dq = dlép(A;G). The relative strong chain group CP(X, A; G)
of (X, A) with coefficents in G is defined by

Co(X, A; G) = Cp(X;G) /C(A; G).

Similarly, the relative strong homology group Hy(X, A; G) of (X, A)
with coefficients in G is defined by

ﬁp(X,.A; G) = ker(dp-1 : C’,,(X,.A; G) = Cp_1(X, A;G))/
im(d, : Cp1(X, 4;G) — Cp(X, A; G)).

Let Y = (Y3, ggp’, ) be an inverse system of topological spaces
Yp and continuous maps ggg : Yg — Y3, 0 < B over a directed
set £ and let f : X — )Y be a map of inverse systems given by an
increasing function ¢ : E' — D and continuous maps fg : X,g) —
Y3, B € E, and the following diagram

Po()yp(8")
Xopy — Xy

.f,g/l fﬂl
930’ )
Yo —— Yp
commutes for § < 4. f induces a chain map fy : CGy(X;G) —
Cy(¥; G), given by the homomorphisms

(F12) (80,81, Bn) = JBot (Tp(Bo)o(81), - 0(Ba))s (BosBri---, Bn) € E™

Let (X, A,B) = (X, A, B)a,Paa’, D) be an inverse system of
traids, where (X, A4,B), = (Xa,Aa; Ba), Aa; Ba C Xo. Let
Cp(A; G) + Cy(B; G) denote the p-dimensional strong subchain
group of Cp,(X: G) generated by Cp(A4; G) U Cp(B; G).

Let A = (A4, paa’la,,,D) and B = (Ba,paa'|B,,, D) be two
inverse systems
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DEFINITION 2.2. The pair (A, B) of inverse systems is said to
be strong excisive couple if the inclusion chain map

Cy(A;G) + Cy(B; G) — Cy (AU B; G)

induces an isomorphism of strong homology group.

PROPOSITION 2.3. (A, B) is a strong excisive couple if and only
if the inclusion j : (A, ANB) — (AUB, B) induces an isomorphism
of strong homology groups.

proof. Consider the commutative diagram of chain maps

Cy(A, AN B;G) 2 CAUB,B;G)

| Il

¢

(Cy(A; G) + Gy (B G)]/Cy(B; §) —— Cy(AUB, B;G)

induced by inclusions. By the Noether isomorphism theorem [6],
iy is an isomorphism. Therefore j, = PRI HJ (A, ANB;G) —
H.(AU B, B;G) is an isomorphism if and only if j/ is an isomor-
phism. If we use the following strong homology exact sequence of
pair [3] and five lemma;

- S Hy(B; Q) Hp(A + B; G)— Hy(A + B, B; )= Hp—1 (B, G) = - -

I i + I

then we see that j, : H,(A+B, B; G) - Hy(AUB, B;G) is an iso-
morphism if and only if the inclusion jj, : Cp(A; G) + Cp(B; G) —
Cp(AUB; G) induces an isomorpism j{, : H,(A+B;G) — H,(AU
B; G) of strong homology groups. The proof follows from this fact
and the definition of strong excisive couple.

DEFINITION 2.4. An inverse system A = (Aq, Paa’la,,, D) is
called a strong retract of the inverse system X = (X4, paa’, D) if
A, is a subspace of X, and the inclusion map s, : A, < X, has
a left inverse r, : X4 — A, for each a« € D.
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PROPOSITION 2.5. If A = (Aq, Paa la_,, D) is a strong retract
of X, then we have the following;

H,(X;G) = H,(A;G) ® H.(X, 4;G).

Proof. We can consider the following strong homology long ex-
act sequence ([1],(3],[6])

.. O te . 9 _
s = Hp(A; G) 5 Hp(X;G) =5 Hyp(X, A;G) 2 Hyor (A G) — -

induced by inclusions 5 : A< X and ¢ : (X, ¢) — (X, A). Since
Ta©8q = I4, for each @ € D, that is to say ros = (- Tay--+)o
(- ysay)=1(-,Ia,, ) =14, we have r, 05, = Ig, (ac)-
This shows that s, is a monomorphism and the boundary oper-
ator 9 is trivial. Thus we easily obtain the following split exact
sequence

0 = Hy(A;G) =5 Ho(¥;G) 5 H (X, 4;G) — 0

Therefore, we complete the proof.

3. A Ring }_ ., C?(X,R) with Unity ey
DEFINITION 3.1. Define a strong evaluation map
<,>: Hom(Cp(X),G) x Cp(X) - G

by < cP,¢p >(an)=< B, ¢4 pin > for each a = (ag, o, - - - ,0n) €
D" n=0,1,2,---, where Bt (resp.c4 pin) is a (p + n)-cochain
(resp. (p+ n)-chain) on X,.

It is easy to see that the strong evaluation map <, > is bilinear.
If & € CP(X;G)) and cpi1 € Cpy1(X), then

< 5CP,CP+1 =< cp,dcp+1 >

and if ¢, € Cp(X) and f : X — ¥V = (Ya,qaa, D) is a map of
inverse systems, then we have

< fHEP), cp >=< P, fylep) > .

Let R be a commutative ring with unity 1.
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DEFINITION 3.2. Define a map
U:CP(X;R) x CYX;R) — CPYI(X; R)

by
< PO, T >(an)=< CP:TP >(a,i) * < cq,Tq > (a,5)

for each a = (ap, o1, -+ ,0n) € D*,4,5,n =0,1,2,--- ;i + j = n,
where T is a strong (p + g)-simplex and Ty (resp.T;) denotes the
strong p(resp.q)-simplex of the inverse system X. The strong
cochain c?Uc? is called the strong cup product of the strong cochains
c? and c9.

LEMMA 3.3. The map U is bilinear.

Proof. Let cf,c5 € CP(X;R) and cf,c§ € CI(X;R). If T is a
strong (p + g)-simplex, then we obtain

< f0(cf + ). T >(a,ny

=<}, Tp >(ay) - < (€] +¢3), Ty > (0.5

=< cf,Tp >(a,i) [« c?,Tq >a,5 + < cg,Tq >(a,j)]

=< T > - < el Ta >l + [ 4 Tp >(a0) - < ¢4, Tg >(a,)
= [< f0e], T >(q,m)] + [< 40, T >(4,m)]

and
< (F +B)0e], T >4,n)
=< (] + ), Tp >(a,i) < ¢f, T >(ayj)
= [< Cf,Tp >(a,i) T < Cg,Tp >(a,i)]' < c‘{,Tq >(a,5)
=[<els Ty >y - < o] Ta >(a,n] +[< 5, Tp >(a,i) - < ef, Tg >(a)]
=< AU, T >(a,n) + < UCH, T >(a,n)
foreacha € D",i+j=mnandi,j,n=20,1,2,---. That is to say,
A0(e] + ) = (0ed) + (0c))
and
(¢4 + B)0cd = (A0et) + (50,

These complete the proof of the lemma.
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THEOREM 3.4. ¥ eZC (X; R) is a ring with unity ey under
the strong cup product

Proof. we now consider the associative law and unity. If ¢* ¢
C?(X;R), ¢ € CYX;R), & € Ck(x; R) and if o is a strong
(p + ¢ + k)-simplex, then we see that

< PU(c?0ck), o >(an)=< &, 0p >(a,) - < (¢?Uc ), T(g+k) = (a,j)
and
< (chck),o(q+k) >(a,)=< Cq,Uq 2l - < Ckaak > (a,m)»

where o, (resp.oy) denotes the strong g(resp.k)- simplex of X, I +
m=jandl,m=0,1,2, .. Therefore we obtain

< PU(c?0ck) 0 > (an)
=< P 0p >y (<t og > - < Kok >am)
=[< P op > <90y >l < on > (a,m)
=< PUc?, 0p1q >(a,itt) - < c*, op > (a,m)
=< (POt U ck, o > (a,i+l+m)
=< (PUcH Uk, o > (a,n) -

Thus, the associative law is completed. Define ey € C°(X; R) by

<ex,T >an=1

for all strong O-simplex T'. Then we easily see that ey is a unity
on ZPEZC (X; R). The lemma 3.3 shows that the condition of
the distributive law is satisfied.

THEOREM 3.5. Themap f : X — Y of inverse systems induces
a ring homomorphism f*: % ., CP(¥; R) — > pez CP(X; R).
Proof. Let e € CP(V;R),e? € C4(Y;R) and T be a strong
(p + g)-simplex of the inverse system X. Then we obtain
< fH(€PUe!), T > (o n) =< €?Te%, fi(T) >(qm)
=< e, fiTy >0y - <€, fiTy >(a
=< fu(ep)a Tp >(a,z’) - < fu(eq)a Tq >(u,j)
=< fﬁ(ep>ofﬁ(60>, T >(a,n)



138 Hong-Jae Lee and Dae-Woong Lee

and

< MR +€5). T >(am) =< €f + €5, fi(T) >(an)
=< e}, ;T >(an) + < €5, fiT >(an)
=< fY D), T > + < FHUER), T >(am)
=< fHe) + fH(e]), T >(am)

for each a = (ap, a1, - , @) € ‘D",_z',j,n =0,1,2,---,i+j=mn.
If ex and ey are unities of 37 ., CP(X; R) and }_ ., C*(YV; R)
respectively, then we see that

< fﬁ(ey),T >(a,n) =< ey,fn(T) >(a,n)
= 1.

for all strong 0-simplex T of the inverse system X. Thus f*(ey) =
ex. Therefore, the map f : X — Y induces a ring homomorphism.
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