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A NOTE ON SEQUENTIAL 
CONVERGENCE STRUCTURES

Woo Chorl Hong

1. Introduction and preliminaries

Recall that a topological space X is called a Frechet- Urysohn space
[1] (also simply called a Frechet space) if it satisfies the following prop- 
erty(called the Frechet-Urysohn property[10\): every point tn the clo­
sure of a subset A of X is a limit point of a sequence of points in 
A. Indeed, topological spaces that satisfy the first axiom of countabil­
ity form a special group in the class of Frechet-Urysohn spaces and the 
metrrespacefcrare^drstingmstedairthetorraer. Many authors 
ied several properties of Frechet-Urysohn spaces and related topics (See 
[1-10]). Recently, in [8], the author introduced sequential convergence 
structures and showed that Frechet- Urysohn spaces are determined by 
these structures.

In order to construct our goal of this paper, we first introduce some 
results of [8]. Let X be a non-empty set, P(X) the power set of X, 
and let S(X) be the set of all sequences in X. Sequences in. X will 
be denoted by small Greek letters a。” etc. The fc-th term of the 
sequence a is denoted by a(E). The small Latin letters s〉t etc. denote 
monotone increasing functions of the natural number set N into itself. 
The composition aos is the subsequence of a which has a(s(A:)) as the 
k-th term.

A non-empty subfamily L of the cartesian product S(X) xX is called 
a sequential convergence structure on X[8] if it satisfies the following 
three conditions:

(SC 1): For each z € X, ((x),x) € £, where (r) is the constant 
sequence whose n-th term is x for all indices n E N.

(SC 2): If (a, x) G Z, then € L for each subsequence 0 of a.
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(SC 3): Let x E X and 4 U X. If (a, x) £ L for each a € SJ4)? then 
理 L for each 0 C S({g E X : (7, y) E L for some 7 G SQ4)}).

Let S이X] denote the set of all sequential convergence structures 
on X.

Theorem 1.1 [8, Theorem 1 and Theorem 6]. For L € SC[X], 
de&ne a function Cl : P(X) t P(X) as follows: for each subset A of 
X, C乙(4) = {w € X : (a, x) € L for some a € SQ4)}・ Then, (X, C") is 
a Frechet-Urysohn space endowed with the topological closure operator 
6

Let £(C乙)denote the set of all pairs (a, x) G S(X) x X such that 
a converges to x in the space (X, Cl\

Theorem 1.2 [8, Theorem 3 and Corollary 4]. For each L e 
S이X], we have

(1) L Ug) € S이X],
(2) Cl = Cc{cL), and
(3) U{〃 e S이X] : CL = CLf} = £(0)

Example 1.3 [8, Example 5]. In general, L / £(C乙).Let Q 
be the rational number set with the usual topology and let Lq = 
{(a,x) € S(Q) x Q : a converges to x in Q} and L = {((:以⑦): 

x G Q} U {(a,x) C S(Q) x Q : a converges to x in Q and a is either 
increasing or decreasing}. Then we have

LWLq = C(Clq) = 5Cl、).

Hence a question, which is concerned with a sequential convergence 
structure L on a set Xy arises naturally: Is there a sufficient condition 
f이/= £(。乙)?

The purpose of this paper is to give sufficient conditions for L = 
£(Cz) e s 이 x}.

2. Results

To prove our main. theorem(Theorem 2.3 below), we begin with the 
following lemmas.
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LEMMA 2.1. Let L E SC[X] and x^y E X, Then, ((z),y) E L if 
and only if ((x),y) € £((无).

Proof. By Theorem 1.2(1), it is sufficient to prove that if ((a;), y) G 
then ((z),g) G L. If ((x),y) £ £((?£), then the constant se­

quence (x) converges to y in the space (X, Cl) and hence y G Cl({x}). 
By definition of C'如((z),g) E L.

LEMMA 2.2. Let L E SC[X]. Assume that for each x € X, the 
set {z E X : ((z),x) G L} is finite. If (a, x) G £(C乙)，then there is a 
subsequence of a such that (/3,x) G L.

Proof. If the range {a(幻:A: 6 N} of a is finite, then {A: G N : a(k)= 
a(A：o)} is infinite for some G N, equivalently, there is an element 
Q(如))G {^(幻：k E N} such that (a(fco)) is a constant subsequence of 
q. Since (a, x) £ £(C") and since £(Cl) 6 S이X] by Theorem 1.2 (1), 
we have ((a(A：o)), x) £ £(C"). So, by above Lemma 2.1,((任(塩))产)€ 

L and hence it holds. Hence, it remains to prove the case when {a(^): 
k € N} is infinite. In this case, there is a subsequence * of a such 
that q'(灯)尹 az(A：2)for each 知』2 C N with + 短 Thus, without 
loss of generality, we now get to assume that a(加) + a(&2)for each

A：2 C N with ki 丰 and the set {fc G N : ((a(fc))? x) £ L} is empty. 
Since (a, x) € £(Cl), x E (7乙({。(幻：k E N)), and so we have that 
(7,x) £ L for some 7 £ S({a(幻:k E N}) by the definition of Cl・ 
Either {7(^) : k G N}) is finite or {"(幻:k £ N}) is infinite.

Case 1. {7(幻 : k £ N}) is finite. Since (7, r) G £, it is easy to 산leek 
that there exists a number no € N such that ((7(710)), x) G L. It is 
impossible.

Case 2. {丁(幻.k € N}) is infinite. Let f be the function from N 
into itself with 了(k) = a(/(fc)), fo호 each % € N. By the definition, of 
Gs we know that 7 need not be a subsequence of a、i.e., f need not 
be monotone increasing. Since {了(幻：E € N} is infinite, we get to 
construct by induction a sequence (3 as follows: /3(1) = 7(1) = a(/(l)) 
and for each n > 2, 0(n) = 7(fcn) = q(J「(幻)))where 人;1 = 1 and 
kn = min{p € N : p > kn-i and f(p) > f(kn_i)}. Then, it is obvious 
that < ^3 < • • and f(k^) < 了(統)< &3)< • • •, and
so we see that is a subsequence of 7 and it also a subsequence of 
a. It follows that (/3, x) g L by (SC 2), and therefore it is a desired 
subsequence of a.
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We now obtain our main theorem.

THEOREM 2.3. Assume the hypothesis of Lemma 22 If L satisfies 
additionally the following two conditions (SC 4) and (SC 5)? then L =

(SC 4): Let a € S(X) andx € X. If(/3,x) E L for some subsequence 
P of a, let P = a o s, such that N — {s(A?):人：£ N} is finite, then 
(%£)€ L.

(SC 5): Let a € S(X) and x E X. If there is a Hnite(in&iite) se­
quence (0n) of subsequences of a, let = aosn for ail n G (1,2, • • - ,p} 
(for all n E N), such that (^n,x) G L for all n G {1,2, - - - ^p}(fdr 
all n G N), {&(k) : fc G N) D {勺(人:):A: € N} = $ if i 丰 j and 
UjL1{3t(Ar) : fc € N} = Nfresp. I辰n{s®) : A: £ N} = N), then 
(a,x) e L.

Proof. By Theorem 1.2 (1), L C jC(Cl). It is sufficient to show 
that £(Cl) C L、Let (a, r) 6顼。乙). /Then, by above Lenmxa 2^, 
there is a subsequence 岛 of a such that (岛,x) 6 L, let = a o 力.If 
N— {，(％) : fc G N} is finite, then by (SC 4) it is obvious that (a, x) E L 
and hence it holds. If N — {$i(幻:G N} is infinite, by (SC 2) and 
Lemma 2.2, there is again a subsequence 阮 of a, let 丿务 = a Q $2, 
such that (02*) € L and {si(fc) : A: € N} D 佃2化)：k € N} = 0. 
If N — U?=i{sz(L) : A; € N} is finite, then (a, a:) g L by (SC 4) and 
the finite case of (SC 5). In the case that N — U,=1{5j(fc) : A: G N} is 
infinite, it recurs to the steps above. Thus, by the recursive arguments 
as above, we have that either there is a finite family (队队 … 早n} 
of subsequences of a, let = ao st for alH G (1,2, ••- , n}, such that 
(/3t, x) £ L for all z, {&(%) : k £ N}「1 {勺(幻：&cN} = 0i"#j 
and U；史]{&(*) : € N} = N or there does not exist a finite family of
subsequences of a satisfying the above conditions. In any case we have 
(사") € Z by (SC 4) and (SC 5). Note that in the latter(infinite) case 
we use the inductive method. Therefore, £(C乙)C L.

Co요OLLARY 2.4. Let L E SC[X] 히id assume the hypothesis of 
Lemma 2.2. If L satisfies additionally the two conditions (SC 4) and 
(SC 5), then there is a rVechet- Urysohn topology T on X such that 
L = {(q,w) E S(X) x X : a converges to x in the FYechet-Urysohn 
space (X,7)}. In fact, 丁 = {X - CL(A) : A € P(X)}? Le., CL is the 
시。sure operator on the Frechet-Urysohn space (X, 丁).
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Proof, It follows from Theorem 1.1 and Theorem 2.3.

EXAMPLE 2.5. In general, the converse of Theorem 23 is not true 
and hence the converse of Corollary 2.4 is also not true. Let a = (xn) 
be a sequence in the real line R defined by

스着 if n = 1 + 2-\----- + kn for some fcn G N

너一 (K+2—z)
if H-------{-krn <n <l-\------ ^kfn + (kfn + 1)

for some A* € N and n = (1 T-------F A:；) + i

for some z G {1,2, ••-，人*}

临 all n E 超―色r £ 风 fet 0i — ql q Si be a 어호E웦o赛心츠끄
defined as follows:

$i(k) = {1 + 2 + . • • + (k — 1)) + 1 for all k 
and for each i >2,

我(幻=+ 1) + 1 for all A: € N.
Then it is easy to check that 0t converges to 0 in IR. for each z € N, 
{我(幻:A: G N} A {sj(人:)：％; €N}=0ifz 尹顶 and (幻： 

人；£ N} = N. Clearly^ the sequences a and 為… above satisfy 
the hypotheses of (SC 5). But, a does not converge to 0 in R. In 
fact, the limit of a does not exist. Note that this fact is equivalent 
to the fact that the double limit of the double sequence (amn) in R 
defined by amn = ■潘云 for all m, n e N does not exist. Thus, let L® 
be the set of all pairs of a convergent sequence and its the limit in. R ; 
L興={(a, x) E S(R) x R : a converges to x in R)? we have that R is 
surely a Frechet-Urysohn space and hence but does
not satisfy the condition (SC 5) as shown above

REMARK. It is obvious that the condition (SC 4) of Theorem 2.3 is 
reasonable. But, from Example 2.5, we know that the condition of the 
infinite case of (SC 5) is strong in Theorem 23 Hence, a new question 
naturally arises in connecfion with Theorem 2.3 and Example 2.5:

Question: Is there a necessary and sufficient condition for L = 
g) ?
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Next, in order to give the answer to the above Question^ we consider 
a sequential convergence structure determined by a topological space. 
Let (X)c) be a topological space endowed with a topological closure 
operator c and let Lc be the set of all pairs of convergent sequence 
and its limit in the space (X,c); that is, Lc = {(o,x) € S(X) x X : a 
converges to x in the space (X, c)}. Define a function of P(X) 
into P(X) by for each subset A of X, <7lc(A) = {% C X : (a, a：) G Lc 
for some sequence a in A}. We call this closure operator the 
sequential closure operator on the space (X, c)[3]. It is well known that 
the sequential closure operator Clc on a topological space (X, c) is not 
a topological closure operator; that is, Clc is not idempotent and if 
Clg 话 a topological closure operator on X(that is, Clc is idempotent), 
then the space (X, Clc) is a Frechet-Urysohn space. It is also obvious 
that if a topological space (X, c) is a Frechet-Urysohn space, then the 
sequential closure operator Clc on (X, c) is idempotent and moreover 
Lc = £(Clc), where £(Clc) denotes±he^set of ^11 pairs convergent 
sequence and its the limit in the space (X, Cl) In [9], the author gave 
two sufficient conditions that the sequential closure operato호 Clc be 
idempotent. For the sequential closure operator on a topological space 
and related topics, we refer to the reader (L&9J이.

It is easy to verify that for a topological space (X, c), Lc satisfies the 
conditions (SC 1) and (SC 2), but not the condition (SC 3), in general.

EXAMPLE 2.6. Let X be the set consisting of pairwise distinct 
objects of the following three types: points xmn where m € N and 
n 6 N, points yn where n G N, and a point z. We set *(如)= 

{yn} U (xmn|m M %} and let 7 denote the set of subsets W C X 
such that z E W and there exists a positive integer p such that 
Vi(yn) — W is finite and yn E W for all n M p. The collection 
B = {{xmn}\m € N,n G N} U 7 U {Vi(yn)|n G G N} is a base 
of a topology on X. In the space X, for each n € N, the sequence 
(rmn\m e N) converges to the point yn and the sequence (gn) con­
verges to the point z. However, for the set A = {xmn\m G N,n g N)? 
we have that there does not exist any sequence in A converging to the 
point z(see (이)p.!3J.

THEOREM 2.7 [9]. Let (X, c) be a topological space satisfying the 
following condition
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(*): For each double-sequence (xnrn|n C N, m £ N) of points in X 
such that ((xnmjm G N), xn) £ Lc for each n 6 N and ((xn),x) G LC} 
((?/n), x) E Lc for some sequence (yn) of points in the set {xn7n\n E 
N,m 6 N}.
Then, the space (X, Cl「) is a Frechet-Urysohn space and Lc = £(Clc).

REMARK. Note that the condition (*) is equivalent to the condition 
(SC 3) of a sequential convergence structure on a set X. Since every 
Frechet-Urysohn space (X,c) satisfies Lc = £((7lc) € SC[X], every 
Frechet-Urysohn space (X, c) satisfies the condition (*). Hence, in a 
topological space, the condition (*) of Theorem 2.7 is an affirmative 
answer to Question. Moreover, we know that in a topological space 
(X, c), a necessary and sufficient condition that the sequential closure 
operator Clc on the space (X〉c) be idempotent is surely a necessary 
and sufRcient condition for Lc = £(Clc) E SC\X\.
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