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LINEAR OPERATORS THAT STRONGLY
PRESERVES THE SIGN-CENTRAL MATRICES

G.-Y. LEE, S.-G. LEE AND S.-Z. SONG

1.Introduction

Let M,, ,, be the set of all m x n real matrices. For a matrix A =
[a;j] € My, n, the sign of a;; is defined by

0 if aij = (.
sgna;; = ¢ +1 ifa;; >0
-1 if a;; < 0.

The sign pattern of A, A is the m x n {0,1, —1}-matrix
A =[sgna;;] =sgnA

obtained from A by replacing each entry with its sign. If A and B
are sign pattern matrices with same size, then A + B exists, that is,
A + B is qualitatively defined if a;;b;; # —1 for all ¢ and 7, 1 <1 < m,
1<j <n. Ifa;b; = —1, then a;; +b;; is 0, —1 or +1. So, we cannot
determine the sign of the entry a;; + b;;. That is, A + B is undefined.

Let Q(B) be the qualitative class of B such that the sign pattern of
any matrix in Q(B) equals to the sign pattern of B = [b;;], i.e.,

Q(B) = {A = [a;5] € My, |bi; = sgna,; for all4, j}.
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The column vectors a(¥ a() ... a(™ of a matrix A in Q(B) deter-
mine a convex polytope

CP(A) = {> oY e;=1, ¢, >0(1<i <n)}.
i=1 =1

We define the matrix A to be central provided that the origin ,...,07
is contained in the polytope CP(A). The matrix A € Q(B) is called
sign-central provided that each matrix in Q(B) is central. That is, a
matrix A € Q(B) is a sign-central matrix if and only if each matrix in
Q(B) is sign-central. For example, the m x (m+ 1) matrix with exactly
one 1 and exactly one —1 in each row defined by

1 =1 0 -~ 0 0
0 1 -1 --- 0 0

F,.o=10 1 - 0 0
0 0 0 - 1 -1

is easily seen to be a sign-central matrix. The matrix

1 1 1 1 -1 -1 -1 -1
Es=11 1 -1 -1 1 1 -1 -1
1 -1 1 -1 1 -1 1 -1

is also a sign-central matrix. More generally, for each positive integer
m, the m x 2™ matrix E,, such that each m-tuple of 1’s and —1’s is a
column of E,, is a sign-central matrix.

A diagonal matrix D # 0 each of whose diagonal entries equals 0, 1,
or —1 is called a signing. A signing with no 0’s on its main diagonal
is called a strict signing. Let A be an m x n matrix, and let P and
() be permutation matrices of order m and n, respectively. Let D be
a strict signing. Then it follows from the definition that A is a sign-
central matrix if and only if PDAQ is a sign-central matrix. That is,
a sign-central matrix is permutation invariant.

In [1], the sign-central matrix was characterized «s following;
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Strongly preserves the sign-central matrices

THEOREM 1.1. [ANDO AND BRUALDI, 1, THEOREM 2.1]. Let A
be an m x n {0,1, —1}-matrix. Then the following are equivalent:

(i) A is a sign-central matrix.

(ii) For every strict signing D of order m, the matrix DA has a
nonnegative column vector.

(iii) For every strict signing D of order m, the matrix DA has a
nonpositive column vector.

(iv) Fach set of the blocker b(A) contains as & subset at least one of
the sets {1,1},...,{m,m}.

(v) There do not exist permutation matrices P and () such that

A X,
PAQ_[Xz Az]

where A; is a possibly vacuous matrix with at least one 1 in each
column and As is a possibly vacuous matrix with at least one —1 in
each column.

In the above theorem, (ii) and (iii) are clearly equivalent. By the
above theorem, if a matrix A has a zero columnn, then A is a sign-
central matrix. And, if a matrix A is a sign-central matrix with no zero
column vector, then the matrix DA have both a nonnegative column
vector and a nonpositive column vector for every strict signing D of
order m.

Let T : M,,, — M, be a linear operator. We say T preserves
the subset X of M,, ,, if T maps each matrix in the set K to a matrix
in K. We say T strongly preserves the subset K of M,, ,, if T preserves
both K and M,, , \ K, the complement of K in M,, ,.

Let E;; denote the (0,1)-matrix whose only nonzero entry is in the
(¢,7) position. A cell is a scalar multiple of E;; for some (3, j), so that
the set of cells is the set

{aijEijlai; € R, thereals, 1 <i<mand1 < j <n}.

Let R, = Z?:l Eij and Q:j = Z:ll Eij. That is, R; is the matrix
whose ith row 1s all ones and all other entries are zero. Let J be an
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m X n matrix whose entries are all ones and let I,; be the identity
matrix of order m. Clearly, R;, J and I,,, are not sign-central matrices.
We denote the Hadamard product of A = [ai;] and B = [b;;] in M, ,,
by Ao B, i.e., AoB = [aijbij].
The term rank is the minimum number, ¢(A), of lines(columns or
rows) which contain all non-zero entries of A.

In (3], Beasley and Pullman characterized the linear opertors that
preserve term rank 1 as following;

THEOREM 1.2. [BEASLEY AND PULLMAN, 3, C'OROLLARY 3.1.2].
Suppose that T is a nonsingular linear operator on M, ». The linear
operator T’ preserves the set of matrices of term rank 1 if and only if T
is one of or a composition of some of the following operators:

(i) X = X7 ifm =n.

(ii) X — PXQ for some fixed but arbitrary permutation matrices P
and @) of order m and n, respectively.

(iii) X — X o M for some fixed but arbitrary matrix M in My,
with no zero entries.

In this paper, we characterize linear operators T preserve the set of
sign-central matrices using the above theorem.

2. STRONG PRESERVERS OF SIGN-CENTRAL MA-
TRICES

In this section we will investigate the linear operators that strongly
preserve sign-central matrices. We will prove that if 7" is a linear oper-
ator that strongly preserves the sign-central matrices then

T(X)=PDXQ forall X € M,,,,

or
T(X)=PDXTQ for m=n and X = X7,

where P and () are permutation matrices of order m and n, respectively,
and D is a strict signing of order m.
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Throughout this section, let T be a linear operator that strongly
preserves sign-central matrices.

LEMMA 2.1.  Let X = [z ... 2(™)] be a nonzero sign-central ma-
trix. Then there is a sign-central matrix Y = [y ... y(™)] such that
X +Y is not a sign-central matrix.

Proof..  First, suppose that the matrix X has no zero column vec-
tor. Then, for any strict signing D, DX have both a nonnegative col-
umn vector and a nonpositive column vector. For some fixed D, without
loss of generality, let DzV), ... Dz be nonnegative vectors and let
Dz . Dz(+9) be nonpositive vectors, i > 1, j > 1, i +j < n.
For some p > 2, let

y(l) - —p:z:(l), o 7y(i) — ——pa:(i),
y(H—l) — .= y(i+j) =0,

yUHIH) — g(HatD) ) (),

Then the matrix Y is a sign-central and the matrix X + Y has no zero
column. Since D(X +Y') does not have a nonnegative column vector,
X +Y is not a sign-central matrix.

Now, suppose that the matrix X have zero columns. Without loss
of generality, let z()) = ... = 2(Y) = 0 and £tV ... z(™) are nonzero
vectors, 1 < ¢ < n — 1. First, assume that DzC*1) ... Dz(™ are not

nonpositive (respectively, nonnegative) vectors for some strict signing
D. Then, let

y(l) = e = y(l) - l‘(i+1)’ y(i+1) —_ ... = y(n) — O

Then the matrix Y is a sign-central matrix and the matrix X +Y has no
zero column. Since D(X +Y') does not have a nonpositive(respectively,
nonnegative) vector, X + Y is not a sign-central matrix. Next, as-
sume that there are nonpositive(respectively, nonnegative) vectors and
there is no nonnegative (respectively, nonpositive) vector among the
vectors Dzt . Dz Without loss of generality, we may assume
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that DzC+tD . Dzt are nonpositive (respectively, nonnegative)
vectors, 1 < j <n —i. Let

y(lv) = ... = y(l) = x<i+1)’y(i+1) — . = J(") = (.

Then the matrix Y is a sign-central and X + Y hLas no zero column
vector. Since D(X + Y) does not have a nonnegative (respectively,
nonpositive) vector, the matrix X + Y is not a sign-central matrix.
Finally, assume that the {Dz(+1) ... Dxz(™} have both a nonnega-
tive vector and a nonpositive vector. Without loss of generality, we
may assume that Dz(tD . Dzli+i) are nonnegative vectors and
D+ h . Dz(tk) are nonpositive vectors. Then, for some p > 2,
let "
y V= =y
YD = _pg D) ) —

y(i+j+1) L y(i+k) — y(z‘+k+1) — y(n) = 0.

() = p(i+s+1)

(i+7)

Then, the matrix Y is a sign-central matrix and the matrix X + Y has
no zero column vector. Since D(X + Y') does not have a nonnegative
vector, the matrix X + Y is not a sign-central matrix.

Therefore, if X is a sign-central matrix then there is a sign-central
matrix Y such that X + Y is not a sign-central matrix. B

LEMMA 2.2. T is a nonsingular linear operator.

Proof.  Suppose T'(X) = 0 for some X # 0. Since T is a strongly
preserver, X is a sign-central matrix. So, there is a sign-central matrix
Y such that X + Y is not a sign-central. Then

TX+Y)=T(X)+T(Y)=T(Y).
This is a contradiction. Therefore, T' is nonsingular W
By above lemma, since T is a nonsingular and dimension of domain
of T equals dimension of image of 7', the linear operator T is bijective
on My, ,. And, an immediate consequence of the above lemmas is the

following:
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THEOREM 2.3.  The mapping T is bijective on the set of cells.

For matrices A = [a;;] and B = [b;;] of the same order, write A < B
if a;; < b;; for all 7 and j.

LEMMA 2.4. IfT(R;) = X for each i, then X > 0 or X <0.
Proof.  Suppose that T(R;) = X; — X3 for X;, X > 0. Let

A=FEq+ -+ Ejrand B=Ej)41+---+ Eip

for some k, 1 < k < n. Since 7" is nonsingular and bijective on the cells,
without loss of generality, let 7'(A) = X; and T(B) = —X3. Since R;
is not a sign-central matrix, T(R;) = X; — X, is not a sign-central
matrix. So, the matrix X; — X2 does not have a zero column vector
and hence X; + X5 does not have a zero column vector. Now, we
consider a sign-central matrix A — B. Then, T(A4 — B) = X; + X». So,
X1 + X5 is a sign-central matrix. But, the matrix X; + X7 is not a
sign-central matrix, since Xy + X2 does not have a zero column vector
and X; +X22>0 N1

We now show that T preserves the term rank of any matrix. We say
that a matrix A is a row matrizif R; > A for some i. Also, we say that
a matrix A is a column matriz if €; > A for some j.

THEOREM 2.5.  If T strongly preserves the set of sign-central ma-
trices, then T preserves the set of matrices of term rank 1.

Proof. If m =1 or n =1, then, clearly, the mapping 1" preserves
the set of matrices of term rank 1. If n = 2, then, for any real numbers
a,b,...,c, the matrices

a 0 a —a
b 0 0 O
.. and : .
c 0 0 0O

57



G.-Y. Lee, S.-G. Lee and S.-Z. Song

are only sign-central matrices. Since T strongly preserve the sign-
central matrices and 7' is nonsigular, 7" is a term rank 1 preserving
operator. Thus, we consider the case m > 2 and n >> 3.

Suppose that m > 2 and n > 3. If T preserve row matrices and
column matrices, respectively, then 7" is a term rank 1 perserver.

First, assume that T(fR;) is not a row matrix for some i. Let Aip =
Z?:] E;; and B, = Z;L:pﬂ E;; for some ¢,p. Since T is bijective on
the set of cells, we may assume that T(Aip) = Agp and T(B;,) = B
for k # r. Then, by lemma 2.4,

T(Aip — Bip) = Agp — By,

TP

Since the matrix A, — B;j, is a sign-central matrix, the matrix Arp—Byp
is a sign-central matrix. Let D = diag{d,... ,dn} be a strict signing
of order m with dy = 1 and d, = —1. Then, the matrix D(Axp, — Byp)
does not have a nonpositive column vector, i.e., the matrix Akp — Brp
is not a sign-central matrix. Thus, T preserves row matrices.

Now, suppose that T(€,) is not a column matrix for some 7. Let
Grp = ZL Eip and Hyp = 377" | E;y, for some k, p. Without loss of
generality, we may assume that T(Gy,) = Gy and T(Hyp) = Hg, for
I # s. Then, there exist cells Cy,...,Cj such that T(Cy +--- + Cy) =
Gks- Since C; # Eyp fori = 1,... |k,

J\(Cl+"'+ck+Hkp)
is not a sign-central matrix. But,
T(IN(C1+ -+ + Cx + Hyip))

have a zero column vector. That is, T(J\ (C; + -« + Cj, + Hpp)) is a
sign-central matrix. Thus, T preserves column matrices.
Therefore, T is a term rank 1 preserver. W

We note that the sign-central matrices can be varied by the trans-
pose, in general. That is, there is a sign-central matrix A such that A7
is not a sign-central matrix. For example, if

0 1 -1
A=1(1 0 0
10 0
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then the matrix A is a sign-central matrix. But the matrix A7 is not a

sign-central matrix, since the identity matrix I3 is a strict signing and
the matrix I3AT does not have a nonpositive column vector. If

1 -1

D = =

1
0 0
then B is not a sign-central matrix. But BY is a sign-central matrix.

Note that if m = n and A is a symmetric sign-central matrix, then
AT is a sign-central matrix. We have thus established the following
lemma,;

LEMMA 2.6.  Let A does not have a zero vector in rows and columns.
The transpose operator preserves a sign-central matrix A if and only if
A is a symmetric sign-central matrix.

LEMMA 2.7. Let X € My, . IfT strongly preserves sign-central
matrices and if T(X) = X o M, then there exists a strict signing D of
order m such that M = DJ; thus T(X) = DX.

Proof. Let T(X) = X o M. A real matrix X is a sign-central
matrix if and only if each matrix in Q(X) is sign-central. So, without
loss of generality, let X be a (0,1, —1)-matrix and M = [m;] be a
(1, —1)-matrix. Since T preserves term rank 1, T'(E;; + E) = aEp, +
BE,s, for j # k and q # s. Suppose that sgn o # sgn 3. Then, without
loss of generality, let T(E;; + Eix) = Epg — Eps. So, R; and T(R;)

are not sign-central matrices and T(R;) has exactly one nonnero
entry in each column. Since

T(Ri) = T(Eij+ Ei+Ri\(Eij+ Eix)) = Epg—Eps+T(R:\ (Eij +Eix)),
for every strict signing D of order m,
DT(Ri) = D(Epq — Eps + T(Ra \ (Esj + Eir)))
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have both a nonnegative column vector and a nonpositive column vec-
tor. That is, T(R;) is a sign-central matrix. This is a contradiction.
Thus sgn o = sgn 3. Since, for a sign-central matrix X T(X)=XoM,

Sgnm;; = --- =sgnmy, for i=1,--- m.

Let D = diag{sgnm;;,sgnmoy,... ,$gNn My }. Then, X o M = DX
and hence T(X) = DX for strict signing D. W

An immediate consequence of the above lemmas and theorems is the
following;

THEOREM 2.8.  Let a linear operator T strongly preserves sign-
central matrices. Then,

T(X)=PDXQ forany X € Mo n,

or
T(X)=PDXTQ for m=n and X = xT

where P and Q are permutatiom matrices of order m and n, respec-
tively, and D is a strict signing of order m.

Proof.  Since a real matrix X is a sign-central matrix if and only
if each matrix in Q(X) is sign-central matrix, without loss of gener-
ality, let X be a sign-pattern matrix. Then, we have an immediate
consequence by the above lemmas and theorems. W
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