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CONTROLLABILITY FOR SOME SECOND
ORDER DIFFERENTIAL EQUATIONS

JONG YEOUL PARK* AND Hyo KrUN HAN

ABSTRACT. Using the theory of strongly continuous cosine families,
we prove controllable of nonlinear second order control system and
give an application

1. Introduction

Consider the abstract nonlinear second order control system:

z"(t) = Az(t)+f(t,z(t)) + Bu(t)

(1.1) z(0) = zg, z'(0) = yo,

where o,y € X(X is a Banach space) and z is a mapping from R
to X, A is the infinitesimal generator of a strongly continuous cosine
family of linear operators in X, and f is a nonlinear mapping from
Rx X to X and the control function u(-) is given in L2(J,U), a Banach
space of admissible control functions, with U a Banach space. Also,
B is a bounded linear operator from U into X. C. C. Travis and G.
F. Webb [4] studied existence, uniqueness, continuous dependence, and
smoothness of solutions of Eq.(1.1) with B = 0. P. Balachandran, J.
P. Dauer, and P. Balasubramaniam [1] have shown the controllability
of nonlinear integrodifferential systems in Banach space by using the
Schauder Fixed-point Theorem. The purpose of the paper is to study
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the controllability of high order differential systems. This paper is orga-
nized as follows: In section 2 we give some definitions and lemmas. In
section 3 we state the main result. In section 4 we give some application
to illustrate our result.

2. Preliminaries

DEFINITION 2.1 [4]. A one parameter family C(t), t € R, of bounded
linear operators mapping the Banach space X into itself is called a
strongly continuous cosine family if

(1) C(s+t)+C(s—t) =2C(s)C(t) forall s,t € R,
(2) C(0) =1,
(3) C(t)x is continuous in t on R for each fixed z € X.

If C(t),t € R, is a strongly continuous cosine family in X, then S(t),
t € R, is the one parameter family of operators in X defined by

¢
S(t)x:/ C(s)zds, z€ X,teR.
0

The infinitesimal generator of a strongly continuous cosine family C(t),
t € R, is the operator A: X — X defined by
d?
where D(A) = {z € X|C(t)z is a twice continuously differentiable fun-
ction of t}. We shall also make use of the set
E = {z|C(t)x is a once continuously differentiable function of t}.

LEMMA 2.2 [4]. IfC(t),t € R, be a strongly continuous cosine fam-
ily in X, then
(1) there exist constants K > 1 and w > 0 so that |C(t)] < Ke“!*
for allt € R and
to
1S(t1) = S(to)| < K| [ e“Flds| forall ty,ts € R.

ty

(ii) if € E, then S(t)z € D(A) and d/dtC(t)x = AS(t)x.
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LEMMA 2.3 [4]. Let C(t),t € R, be a strongly continuous cosine
family in X with infinitesimal generator A. If g : R — X is continuous
differentiable, x; € D(A),z, € E, and

z(t) = C(t)xy + S(t)xze + /Ot S(t —s)g(s)ds, teR,

then z(t) € D(A) for t € R, z is twice continuously differentiable, and
z satisfies

z”(t) = Ax(t) + g(t) z(0) =z, 2'(0) = z».

We consider the following mild solution of Eq.(1.1)(see [4])
(2.1)

z(t) = C(t)zo + S(t)yo + /0 S(t—s)f(s,z(s))ds + /0 S(t — s)Bu(s)ds

DEFINITION 2.4 [1]. The system (1.1) is said to be controllable on
the interval J = [T, T if, for every zg,yo,a € X, there exists a control
u € L*(J,U) such that the solution z(-) of (1.1) satisfies z(T") = a.

We introduce the following assumptions:

(C1) A is the infinitesimal generator of a strongly continuous cosine
family C(t), t € R, of bounded linear operators in the Banach
space X and the associated sine family $(t),t € R, is compact
with ||[S(t)|| < M.

(C2) The linear operator W from U into X defined by

T
Wu = /0 S(T — s)Bu(s)ds

and there exists an bounded invertible operator W~! defind on
L*(J,U)/ ker W and Bu is continuously differentiable.

(C3) The function f(t,z(t)) is a nonlinear continuously differentiable
such that

Itz < N.
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LEMMA 2.5 [2]. Suppose that X is a Banach space and g is an
integrable function from J into X. Then

3
w—ar{/g@Wseaum@:seMﬂn>

for all a, 8 € J with o < 3, where J Is an interval.

LEMMA 2.6. Suppose (C1) hold. Let Q be a bounded subset of X
and {h,, : m € F} be a set of continuous functions from the finite
interval [, B3] C (—00,00) to Q. Then V = {fﬂ Yhm(s)ds : m € T'}
is a precompact subset of X.

Proof. Let Z = {S(t)z : t € [, 8],z € Q}. Since X is a Banach
space, if we only show that Z is a totally bounded, then Z is a pre-
compact in X. Let € > 0 and let L is a positive constant such that
|z|| < L for each x € Q. Since S(t) is uniformly continuous on [a, 8],
there exist finite number ¢; € [a,5],1 < 7 < n, such that a = t;
and 8 = t,,,||S(t:) — S(t)|| < ¢/2L, for t € [t;—1,t;]. Since S(t) is
compact for each t € R, S(¢t;)Q is totally bounded. So there exists
{xi, 8, - ,mf(t)} C Q so that if € Q, then

1S(t:)zs — Sti)zll < e/2
for some m . Then, for each z € @), there exists :c € ) such that

|mmx—smnmsua>-—<ow+wanm—smnm

<M 5=
i + s

So Z is a totally bounded. i.e., Z is precompact and therefore so is the
convex hull of Z. By Lemma 2.5, since

/ S(s s)ds € (8 — a)co(Z).
Hence V is a precompact subset of X. O

Now, in the following section, we prove the result of controllability
for Eq.(1.1) with above facts.
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3. Main result

THEOREM 3.1. Suppose (C1) ~ (C3) hold. Let D be an open subset
of Banach space X. If f : Jx D — X is continuous, then for each
z € D such that z € D(A) and for each y € E, then the system (1.1)
is controllable on [T, T].

Proof. Using the assumption (C3), for an arbitrary function z(+)
define the control

T
M0=W”M~ﬂﬂ%—ﬂﬂm~AA%Pﬂﬁwwwwﬂﬁ

Also, using this control, we shall show that operator G is defined in
below has a fixed point. For § > 0, consider

Ns(z) = {z € X|||lz ~ || < 4}.

Put ¢(t) = C(t)xo + S(t)yo, then ¢ : R — X is continuous.
Choose 6, T > 0 such that Ns(z) C D and ||¢(t) - z| < 6/2. Let

C=C(-T,7T],X) and

K ={¢eClly - dllc <é/2},

where 6/2 = MNT + MT| B||||W~|[|la] + Le#1 Tl 2o + M|\lyoll +
MNT].
If v € K, then

19(t) =zl < [[9(t) - ()l + lI8(t) — || < 6/2+6/2 = 6.
So, K C Ns(z) C D. Define
= t — s)f(s,x(s))ds t — -1
(G2)0) =00+ [ St - )ptszte)ds + [ s s)pw
T
Jla—C(T)zo - S(T)yo — /0 S(T — T f (T, 2(7))d7](s)ds.
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First of all, we show that G maps K into itself.
[(Gz)(t) — (@)l
< [ 5= 55 zonasl +1 [ 566w

T
fa - C(T)zo — S(T)yo - /0 S(T — ) f (v, z(r))dr](s)ds]|
< MNT + MT||B||W™]|
el + Le“ T zo]| + Mlyoll + MNT] = 6/2.

Thus G maps K into itself. Since ¢, f are continuous functions, so is
G. Let K(t) = {(Gz)(t)|x € K} for each t € [-T,T)]. Since S(t) is
uniformly continuous on [—T,T] and compact, by Lemma 2.6 K(t) is
a precompact in X. We want to show that G(K) = {Gz|z € K} is an
equicontinuous family of functions.
For -T <t <ty<Tandzxz€ K,

[(Gz)(t1) — (Gz)(t2)

tq

< llp(t1) — @(t2)ll + | | [S(t1 — 5) = S(t2 — )] f (s, z(s))ds||

t2

w1 [ 8t - 5) f(s 2(s))ds] + | /0 (S(ts — 5) — S(t2 — ) BW

ty

T
fa- C(T)zo — S(T)yo ~ /0 S(T — 7)f(r,x(r))dr](s)ds]|

+1 [ Stz —s)BW™!

t1

T
o= C(T)zo - S(T)yo - / S(T — ) f(r, 2(r))dr)(s)ds|

< llgt1) — ¢(e2)ll + /0 S(t - 5) - Stz — )1 (s, 2(5)) Ids

N [ 1St — 5)lds + / 1St - 8) = S(ta — SIIBIIW

t1
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T
el + LT o] + Milgol| + & / IS(T = 7)1dr)(s)ds
+ / 1St - ) IBIIW -

T
llall + Le*™|zo|| + M |lyoll + N/O IS(T = 7)l|dr](s)ds
— 0 as [tl—t2|—+0

Hence G(K) is an equicontinuous family of functions.

And G(K) is bounded in C. By Arzela-Ascoli Theorem G(K) is pre-
compact. Direct application of the Schauder Fixed point Theorem
yields the existence of z € K such that (Gz)(t) = z(t). Since z; € D(A)
and yo € E, then the solution of (2.1) is a solution of Eq.( 1.1) by Lemma
2.3. Therefore every fixed point of G is a mild solution of Eq.(1.1).
Consequently, Eq.(1.1) is controllable on [T, T]. O

4. Application

As an example to which we can apply our result of section 3, we cite
the following partial differential equation:

(4.1)
52 2%z 0?2
W(%t) = éﬁ(l‘»t) +9(2, 5;83(93, t))+ (Bu)(t), O0<z<mteR
2(0,t) = z(m,t), t€R

z(z,0) = zo(x), g—j(x,O) =z(z), O0<z< 7.

Let X = L*((0,7),R)and B: U — X, with U C .—T,T], be a bounded
linear operator such that Bu be continuously differentiable. Define W
defined by

Wu = /T S(T — s)Bu(s)ds
0

and there exists an bounded invertible W~ on L([~T,T],U)/ker W.
Also, sine family S(¢) is compact operator and g : [-T, 7] x X — X is
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continuously differentiable and bounded. Let A : X — X be defined by
Aw = w",

where D(A) = {w € X|w, w’ are absolutely continuous, w” € X, w(0) =
w(n) = 0}. Then

(e 0]
Aw = Z —n?(w, wp)wy, w € D(A)
n=1
where w,(s) = /2/wsinns,n = 1,2,---, is the orthonormal set of
eigenvalues of A. And so A is the infinitesimal generator of a strongly
continuous cosine family C(t),t € R, in X given by

o0
Ctw = Zcos nt(w, wn)wy,, we X,

n=1

and that the associated sine family is given by

(o0 . t
Stw=3" S“;” (w,wp)wn, we X.
n=1

We now define mapping f : [-7,7T] x X — X as follows:
f(t, w)(z) = g(t, w"(z)).
The problem (4.1) can be formulated abstractly as
z''(t) = Az(t) + f(t,z(t)) + Bu(t),

z(0) = 29, 2'(0) = yo.

Then, all the conditions stated in the above theorem are satisfied. So
the Eq.(4.1) is controllable on [T, T7.

418



(1]

(2]
3]
[4]

(5]

Controllability

References

K. Balachandran, J. P. Dauer and P. Balasubramaniam, Controllability of non-
linear integrodifferential systems in Banach space, J. Opti. Theory and Appl.
84 (1995), 83-91.

R. H. Martin, Nonlinear operators and differential equations in Banach spaces,
John Wiley & Sons, New York, 1976.

C. C. Travis and G. F. Webb, Eristence and stability for partial functional
differential equations, Trans. Amer. Math. Soc. 200 (1974), 395-418.

, Cosine family and abstract nonlinear second order differential equa-
tions, Acta Math. Acad. Sci. Hungar. 32 (1978), 75-96.

,» An abstract second order semilinear volterra integrodifferential equa-
tion, Siam J. Math. Anal. 10 (1979), 412-424.

DEPARTMENT MATHEMATICS, PUsAN NATIONAL UNIVERSITY, PusanN 609-735,
KOREA
E-mail: jyepark@hyowon.pusan.ac.kr

419



