Bull. Korean Math. Soc. 34 (1997), No. 4, pp. 645-651

ON THE STRUCTURE OF V(ZD,)
HYUNYONG SHIN, IKSEUNG Lyou

ABSTRACT. The group V(ZDy) of units of augmentation 1 in the
integral group ring Z Dy is characterized as the generalized free prod-
uct of D4 and D4 with the centers amalgamated.

1. Introduction

The group of units of the integral group ring U (ZD4) was studied
pretty well [1, 4, 5, 6, 7, 10]. In particular, in [10] J. S. Shin showed

that

U(ZD4) = {(e, (z 2>)€Z€BM2(Z)Ie:j:1,6:1,
a=d==1(mod 4),b= ¢ =0 or 2(mod 4)}

e<z ) €Z®My(Z)le==+1,6 =1,
b= —c==1(mod 4),a = d =0 or 2(mod 4)}
a b
(c d) €EZDMy(Z)e=+1,6 = —
= —d = *1(mod 4),b = ¢ =0 or 2(mod 4)}
a b L
(c d>)eZ@M2 (Z)e=+1,6 = -1,

= +1(mod 4),a = d = 0 or 2(mod 4)},
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where 0 = ad — bc. Based on this result, we show that V(ZD,), the
group of units of augmentation 1 in ZD,, is isomorphic to the free
product of Dy with the amalgamated subgroup C,, the cyclic group of
order 2.

2. Theorems

From J. S. Shin’s result mentioned above, we can easily show that

a b

’ d) € GL(2,2))0 =1,

V(ZD,y) =G = {(
a=d=+1(mod 4),b = ¢ = 0 or 2(mod 4)}

a b
U{(c d) € GL(2,2)|6 = -1,
b=c==x1(mod 4),a = d =0 or 2(mod 4)}
a b _
u{(c d) € GL(2,2)|6 =1,
b= —c=+1(mod 4),a = d = 0 or 2(mod 4)}

u{(z Z) € GL(2,2)6 = -1,
a = —d = *x1(mod 4),b = ¢ = 0 or 2(mod 4)},

where § = ad — bc. Note that

_01_10\]
=1 0/ 0 1)

generate a subgroup of (¢ which is isomorphic to D4. For the conve-
nience, we denote < x,y > by Dy4. First we show that D4 has a torsion
free normal complement in V(ZDj). This fact was first proved in [6].

a b
c d
b=c=0o0r2 mod 4)}. Then N is a torsion free normal complement
of Dy =< z,y>in(G.

LEMMA 2.1. Let N = {( ) € SL(2,Z) | a = d = 1(mod 4),
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Proof. First we note that if a,3 € N, then a™!8 € N. Now let

a = (CCL 2 € N. Thenz lar =a '€ N and y lay = a € N.

Hence D4 normalizes N. Now we show that G = DyN. By simple
computations, we can see that G = N UzN U 2N Uz} N UyN U

zyN Uz?yN U z3yN = D4N. For example, if X == (z Z) € (G with

ad —bc=1,b= ~c=1 (mod 4),a=d =0 or 2 (mod 4), then

0 1 —-¢ —d
= (5 ) () e

Now we show that N is torsion free. It is well known that any torsion
element in SL(2,Z) must have order 1,2,3,4 or 6 [3]. Any element

in SL(2,Z) of order 3 is a conjugate of U = (_01 _11) or U? =

(—1 —01> But U ¢ N. Hence N has no element of order 3. Now

1
we show that N has no element of order 2. Let § = (‘Z Z) € N be

an element of order 2. Then

8= a b a b\ _(a?’+bc ab+bd\ (1 0

“\e d c d)  \Nac+ed be+d? ) \0 1)
and ad — bc = l,ab+ db = 0,a% + bc = bc + d* = l,ac + cd = 0.
So, b(a + d) = 0,c(a + d) = 0,a® + bc = a® + ad — 1 = 1. Therefore
a’?+ad = 2,a(a+d) = 2,a # 0,a+d # 0. Hence b = 0,c = 0 and

we must have a = 1,d = 1. But it is a contradiction. Hence N has no
elements of order 4 or 6. Now it follows that /V is torsion free. ]

-2 =3 1 4 .
Now let § = ( 1 9 ) and o = (0 _1), the elements in [7].

5

Observe that if we let t = da, then t = (_21 o

and hence (4, @) = (t,a) = Djy.

) ,t* = 1and 6t§ = 3
THEOREM 2.2. G = {t,a, z,y)
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Proof. By Lemma 2.1, it suffices to show that N < (t,a,z,y). Let
. 4k; +1 dko _ _ 3
Nl—{< 4ks 4k4+1)lk’€Z}' Note that N = N; U z3yN.
Hence if Ny < G then N < G. And also note that for all g€ G N C
Nj, that is, G normalizes N;. If 4ky = 0 or 4k3 = 0, then 4k; +1 =
4ky + 1 = 1. So the matrices are of the types

1 4k 1 0 /
(o ) (e ) krez

But they are in G. So we may consider only matrices in N; whose
entries are non-zero. Suppose N; ¢ G then we can choose an element

n= (g 3) in Ny — G with |a| + |¢| minimal. Note that

1 0\ [a b\ [ 1 b Vo
4k 1 c d) \dka+c 4kb+d

If 2|al < |c], then by the division algorithm the integer k can be chosen
so that [4ka + ¢| < |c| and |4ka + ¢| < |a| + lc|, contradicting to the
choice of . If a < |¢| < 2|a| and a, ¢ have same sign, consider

(2 —1>(a b)_(?a—c 2b—d>¢0
-3 2 c d —3a+2c —-3b+2d "
Clearly |2a — ¢ + | — 3a + 2¢| < |a] + |d], contradicting to the choice
of 7. Similarly we can show that ¢ and ¢ have different signs. Now
only two cases of £|a| < |¢| < |a| and lc| < %|a| remain. But for these
cases similar arguments work to obtain the contradictions because the

. 1 4k -1 2 -1 -2 ,
matrices <0 1),(_2 3>,and (_2 _3> are in G. U

In [9], we define the concept of cornered matrices. We include it for
the completeness.

a a : .. .
DEFINITION. (an a12> € G is called (3, j)-cornered, 1 < 1,7 <2,
21 22
if
laij| = max {|ai1],|aiz|,|a21], Jaze]} and las—iz—;| = min {la11], ja12],|as21], lazz]},
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and the absolute values of the sum and difference of the row and column
containing a,; is greater than or equal to those of the row and column
containing as_;3-j, respectively.

Now consider
L= {thalz™yht -t a e ™y i, jm, Ko, b
=0,1,im + Jm # O,k + Ly #0,m=1,---n,n > 0},

In the case of n = 1, there are nine matrices:
b = -5 2 (-4 1 o = -3 2
=l e 1)1 0)"* T 2 )
fy = 2 -5 oy — 1 -4 o = 2 -3
Y=l 2 )% T o 1 YT 2 )
P -5 =2 (-4 -1 y (=3 -2
W=\lo 1 =01 o )72 1)

All of above matrices are of the following three types :

Ty : (—1)" (-ab _db> , (1,1) — cornered,

T : (-1)" <“ab _bd) , (1,1) — cornered,

T3:(—-1)" <_db —ab> , (1,2) — cornered, where a,b,c,d > 0.

By simple computation, we can check that the set of matrices of above
types is closed under multiplication. Hence we obtain the following:

THEOREM 2.3. Any matrix X = thalizkiyh . tinginghnyln in T
is one of the above three types.

Observe that for any h, k, I, i, and j, (—I)"z*y't'a? is not of those
three types in Theorem 2.3. Also note that (—I)*z¥y'tia? = [ if and
only if h=k=1=14=j =0. Applying von Dyck’s theorem and the
normal form theorem for the generalized free product (8], we can get
the following:
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THEOREM 2.4. The group G is the free product of (t,a)(~ D4) and
(z,y)(~ Dy) with the amalgamated subgroup (t2) ~ (z?).

In [9], we discuss the normal complements in a free product. Here
we consider the normal complements of D, in G. Consider a map
¢ : G — Dy defined by

d,((_])htilajl_rklyll ,,,tinajnzknyln) — (_I)hxilyjl'rklyll . __:rin,yjnmknyln’

where A, im, jm, km,lm € {0,1},m =1,--- ,n. Then ¢ is a well-defined
homomorphism. Set N = ker¢. If o« € G and ¢(a) = 8 € Dy, then
#(af™1) = 1so0 G = ND,. Furthermore NN < ta>=NN<zy>=
1. Hence by the Karras-Solitar subgroup theorem for the generalized
free product and the torsion-free subgroup property of G [2], N is a
free group. Now consider § : G —- Dy defined by

9((_[)}ltilajl$k1yll . ,tinajnzknyln) — (-])hwklyh .. -:L‘k"yl",

where h,im, jm, km,lm € {0,1},m = 1,--- ,n. Then 6 is also a well-
defined homomorphism. If we set M = kerf, then G = MD,. But
<t,a >< M. Hence M is not torsion free.

THEOREM 2.5. In V(ZDy), D, has both torsion free normal com-
plement and non-torsion free normal complement.

The similar result for V(Z.S3) was mentioned in [9]. In [7], Polcino
Milies proved that in V(ZDy) there are five conjugacy classes of ele-
ments of order 2. We remark that we can get this result easily from our
characterization.
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