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A CLASS OF THE OPERATOR-VALUED
FEYNMAN INTEGRAL

BYUNG M0OO AHN

ABSTRACT. We investigate the existence of the operator-valued
Feynman integral when a Wiener functional is given by a Fourier
transform of complex Borel measure.

1. Introduction

Fix ¢t > 0. Denote by C! the space of R¥-valued continuous func-
tions z on [0, #]. Let C§ be the Wiener space - C§ = {z € C* : (0) = 0}
- equipped with Wiener measure m . Let F be a function from C? to
C. Given A > 0,% € L*(R") and ¢ € R", let

(L) (P = [ PO b+ Qe belt) +€) dme).

0

DEFINITION. The operator- valued function space integral K (F)
exists for A > 0 if (1.1) defines K\(F') as a bounded linear operator
on L?(RM). If, in addition, the operator-valued function Ky (F), as
a function of A, has an extension to an analytic function in C, =
{A € C: ReX > 0} and a strongly continuous function in C, = {\ €
C : ReX > 0.A # 0}, we say that K,(F) exists for A\ € C,. When
A is purely imaginary, K (F') is called the operator-valued Feynman
integral of F.

For s > 0,A € C, and v € L2(RYN), let
(1.2)

, u — €112
(expl=s(Ho/MI)(E) = (50’ Al = €11°

)z /IRN ¥ (u) exp(— 5o ) du.
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The integral in (1.2) exists as an ordinary Lebesgue integral for A € C |
but, when X is purely imaginary and ¢ is not integrable, the integral
should be interpreted in the mean as in the thecry of the Fourier-
Plancherel transform.

AL(0, 1) will denote the space of complex Borel nieasures 7 on (0, 4).
Then n € A(0.#) has a unigue decompuosition 7 = p + 74 into a con-
tinuous part g and a discrete part 14 [6].

Let € M(0,t). A C -valued, Borel measurable function 6 on (0.1) x
R™ is said to belong to L.y, if

(1.3) Blloo1im = /(0 190l i) <

Let M(C) be the space of complex. Borel measures on C. The Fourier
transform of v € M(C) is the function © defined by

(1.4) o(u) = / ¢ "d(e).  weC

Consider the functional

(1.5) Flr)= L(/ B(s, () dn(s)), re
J(0.1)

2. A existence theorem
A first result is easily proved and is essentially contained in [1].
LEMMA. For every A > (. K (F) is a bounded linear operator on
L*(RY). In fact.
(2.1) KACE)] < [ivil.

Let 5 € A(0,t). As usual. ) = p + n¢ will be the decomposition of
7 into its continnous and discrete parts. The case where 7y has finite
support is most likely to be of interest. Hence we restrict ourselves to
that settinge.
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THEOREM 1. Let i be a continuous measure in M(0,t) and let

N
Nd = Z Wy 67‘,
n=1
where 6., is as usual the Dirac measure at 7; € (0,1), 0 < 1 < --- <

™ <fdndw,€Cfor]_l 2,. ., N.
Then for every A > 0 the oprrator Ky(F) on L*(RY) whose exis-

tence was established in Lemma is given by the formnula
(2.2)

w111 . »w;‘\‘,\'
m) =[Sy bl
qi!- - gn!
7 =) qu+--+gpn =n
> / LoLi -~ Ly du(s1) - -du(sq,) | dv(u)
k14 kg =qn Bggikya, kv
where qq, . . . cqny ki, ... ka1 are nonnegative integers,

(2.3)
A(Jn:/ﬂ‘n...kw b1 {(Sb .- "Squ) € (U'f‘)q() < < < Sk,
LT < Sy 41 < < Sk <72 < Skydkot1 < -

TSk tethy TN < Sk phy—1 < o0 < Sqy < f}

and, for (s1,...,8¢,) € Agpiky.bn,, and 1€ {0,1,... N}

(24)
Ly = [f(r,))7e™ (oo v im0 )
e Sk bk 28k g k"'“)(H“//\)H(Skl %----H\‘,--Hl) ..

‘ = (T Sk e bk Ho 'A
()(_“"/\‘1~+—--'+1\‘1~r1)(5 (Tres -shy M"“)( 0 'A)

We use the conventions 7o = 0,7y =t and [f()]9 = 1.

Proof. Let A > 0 and ¢ € L?(R") be given. Set

(2.5) A ={ls10080,) € 0,070 <5y 70 < sy, <t
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We will go through the formal argument which establishes (2.6), num-
bering steps along the way. Finally, we explain the numbered steps.
For Leb.-a.e. € € RY,

(2.6)
(A (R (E)

:/ a(/ 0(s, A" Zw(s) + E)dn(s))p(A™ Fa(t) + L) dm(r)
Co (0,t)

) |
:/‘ {/ o1 S Ofss AT Za(s)+< )dTI(S)dV(qt)}/L/';(/\“%1-([) + £)dm(x)
Co C
X _1 ) _
&) / |:/ e‘”‘J:(),t‘) 6(s,A ’2m(s)+z;)d1](a)1éf,()\"'%;r(f) mf)dm(:r)} dy(u)
C oy

-/ [/ S EBE s hato) + gint) |
cliey = ! (0.1)

PN~ 2 z{t) + E)dm(:r)] dv(u)

([1 n " 1 "
E 65, A" 2x(s) d
./ [/(;U{/(o,z) * 2als) +8) n(s>}

(A~ 3 () + f)dm,(n:\)} dv{u)

([]I) ﬂ i ) 1 ‘
(s, A" 2x(s) + &)du(s)+
/ E [/C“{/(M (s, x(s) + &)du(s,

n=0

Zw (75, "é—;r(Tj)ﬁ—E)} w()\_ z(t) + &)dm(z) |cv ()

=1

_/ i (—2)"un [/ z n!
cim ¢ it gn

0 gyt 4t gy =n 70791

1 q0
{/ 9(3,)\75:17(:5)+E)d/1(s)} {w19(7'1-,>\w%-T(7’1> + &)
(0.t

{wnb(Tn, A~ 2 x(Tn) -+ E)}"Nu'r(/\_%m(t) + &)dm(x)| dv{u)

e S
1 n! ¢ qo'gy!---qn!

~ =0 Ygot+gr+otan=n

/ B(s1. A" Tx(sy) + E)0(sa, A Talsa) ~ ). B(sqy, A" Fa(sq,) + E)
0,t)70

du(s1) - - -dulsg,) H {6(7y, /\_%m(y} + &)} v’z(/\’%;l (1) + &)dm(z) | dv(u)

=1
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(1\)/’ Z (——1\“:1” {/‘ nlwit - WiN
o c qolqr! - qn!

Ygo+- +qw— n

qO!/ O(s1, A '%:13(51)+£)9(S2, 21(32 +&) - (Sfiuv)‘_] r(sgy) + &)
A

1)

du(s1) - dplsgy) []100m, A" Falry) + )T~ Ta(t) + E)dm(a:)]du(u)
J=1

(‘ ) oI 92 u_/.li’r’\./ .
/ Z( I)n“n |:/ “1 2 Z\' L
C

! .
© 0 gt +qm_n avle2!-gnt A

~ n=0
/ 9(51,-)\”%'77(51) + E) : 'O(Squa)‘_%m(sqn) + f) d“(sl) T <dp(sq0)
A

ik R 4

N
H {6(7,, A7 3 (i) + EY (AT 3 z(t: + f)dm,(:r.)} dv(u;

j=1
(v o ﬁ»-w?\}"
/Z a [ 2 g1’ --qn! 2

=0 qu g =N Tkt thkap1=q0

{/ B(s1, A Ha(s1) +€) 0ok, A Fa(ony )+ 6)[6(r A~ Fa(ry) + ]
Co

Aggiky kg

O(sk, 11, A~ é:(Sle Y+ E) 08k 4hgs )‘W%T(Skl-f-kg_\)'”E)[G(TESA—%:E(.TQ)+£)}q2
CB(sky s AT (4, a0, AT B () + )]
05k 4o iker i1 A 28k, 4 s krg1) 4 E) 0ok, 4k oo A T 28k, 4 k) +E)
[G(TN-,)\M%I(TN)+E‘)]q{v9(sk1+-“+km +17)\‘%I(3k1+~«ww+1)+f)"'
Doy A" Elsq,) + WA Halt) + Em(a) | dutor) - dutsqy )| vt
R D D S =

~ n=0 qo+tqN=n gi-c4dNe k14 +kvii1=qo Aq();klv"""xV+l

(LoLy - Ly¥)(&)du(sy) - du(sq“)jl duv(u).
Since

/ {/Ic—iu Sy 0(s X7 22 (8)48) dn( s)| d”/l(“)}l/‘rbi)‘“%m(t) + &) dm(a)
JCy LJC

1

<l [ e Ea(t) - &) dm(a)

= [Ivll(e™ ] (g)
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step(I) follows from Fubini’s Theorem.

»
/ Zihﬂ.’ 14 0(s. A~ Bo(s) + E)dn(s)} Wi AT Fr(t) + £)] dmix)
SO n=0 n (0.4)
4 > 0 1
(2.7) <[ ¥ 5o WOta ) (3t gy €y
Co p=0

= ol 18lloc1y iu[/ (AT 2 (1) + €)|dmiz) < oc.
‘0

Since |(A~2x(t) + €)| is Wiener integrable, (II) follows. Step (ILI)
results from writing » as p + Z | w0, and carrying out the inte-
gral with respect to w;é; for j = L.2,... ./ N. Step (IV) follows from
the simplex trick. Since g is a continuous measure, one can see by a
sectioning argument that

A(]n = Uk +odbny .—’:q“Aq<)'~,klv---J~"N 1
except for a set of p X --- x pu measure zero. So, step (V) follows.
Step (VI) follows from Fubini’s theoremi. Using Wiener’s integration
formula, a simple change of variables and (1.2), ¢ calculation vields

(2.2). O

It is not possible in general in Theorem 1 to take the sum over n
outside the integral with respect to 1. However, with the assumption
the measure || dies off rapidly at cc, this can be done.

THEOREM 2. Let 1 = p + 27\;1 wjbr, where p < M(0.t) is contin-
nons, 0 <y < -~ < 1y <tandw;, € Cforj =12 ... ,N. Also let
v € M(C) be such that

(2.8) / MOlleorn Tl 111 (1) < 0.

D 7 . -

Then for every A > 0, the operator K\(F) on L*(R™) which is

given by the series (2.2) from Theorem 1, can also he expressed as the
time-ordered operator norm convergent series

(2.9)
> c L4 L gN
w e WAy
Ky(F) = E nlay, E w1 YN Z
o (]]!"'(]1\7!
n=0 qut-tgNn=n ki tkaai=qo

/ LoLy- - Lydu(sy) - du(s Q(r)
A

Dggikc RNy
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where qqg., . . ., gy ki.... kny1 are nonnegative integers, and
Agyiky. ko 15 given by (2.3); for (s1, -+ 8¢, € Aoy ko, and

re{0,--- .N} L, is given by (24) and
(2.10) g, = — / (—i)"u"dr(u).
nt Je

The series (2.9) also converges Leb-a.e. on R, that is, for every

¢re L2(RY) and Leb-a.e. €,

(2.11)
o . "‘“’(1“ L Y(7/\}\;
K (FYv)(€) = - A/
(BAlPYed© =2 otan 3. = [

ne() qo+ +gn=n
(Lo L&) du(sy) - dp(sg,)

R

Proof. Let A > 0 and v € L?*(R™) be givon. By the previous
theorem and (I7) of (2.6) we know that for Leb-a.e. € € RV,

/ {/ 9(5.,\“%.17(5) +£)rh}(s)}
Jeo W

Ol T () + €) dm )] di(u)

(2.12)

_]')71“n
(KA (F)u)(€) = /Z“‘;T—

Y n=0

However,
(2.13)
— )" ”1 , L
/ L‘ ! {/ f(s, A %:r(\s) + &) dnis) »
¢ =, <l. (0.1)
VAT %.r(f‘) +&odmr)|dv|(u)
[ @) "11‘“ 1
/ > vv‘---nol,';)l,,// [¢( A7 2 () — &) dmla) d)v (u)
Jo = n! ey )

il
ulﬂ

a( »+")Ldm(11/ ‘()”xli""“d}u!(u‘)<3<;

where the last inequality comes trom (2.8.)
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Now (2.13) permits us to use Fubini’s theorem and we obtain (2.11)
as follow;

(2.14)

(KA(F)W)(OZ/L;Z(—i)"“"{ > fll—ﬂ; >

qi! - gn!
90+ -+gn=n 1l IN kit +knvipi=qo

(Lo L)) duon) -, )

DN S N>

oo gy!
gotgn=n N (]m kit +kni1=q0

(Lo-- Ly)(€) duls:) - 'd“‘sm’)} i)

quiky kg

A
9N

oC
SR SR Sttt
= nlay, S B——

n=0

N
qot-+gy=n o N kit +knp1=q0

/A (Lo Law)(€) dpu(sy) - - dulsy,).

It remains only to establish the operator norm convergence of the

series (2.9). This comes from the following calculation;
(2.15)

[e. o)

|¢_Ul itn S |w]V‘QN
pRLTHID SR e R |
oot Ag ok .
ne=0 qutgn=n ki+--+kyp1=q0 a0k kN b
Lo Ly dp(s1) - du(sqe)ll

< Zn!%fc\ur"dlﬂ(u) Z M‘Z_’Q_V Z

. gn!
n=0 qtay=n AN kit +kn oy 1=q0

A Lo Ll dlulst) - dipl(sq)

2k RN

o N | "1( co N
=[] x bk s

| . .
ne="0 qut N =n g1 an k- -k nt1=q0

/ Lo - L|ldlgl(s1) - ‘d|ﬂ‘(sqo):| d|/|(u)
A

ikt RN
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o© -
. |w1|‘11 S le(l.N
<[] S IS
n=0 qo+--t+gn=n ' N - k14 +En1=q0
Lol 1Eslidelon - dlel(sq) |l

_ o0 o fwy |90 - oy )aN
S| e
Cn=0

qut-tan=n q1’ IN

/ HLOH~-HLNHdWI(Sl)-"dlul(sw)}d‘ﬂ/l(w

il
Z 1‘»’1 j91 ... JJN|fIA;
7o !

oo
:/ Z|u|n :
C":O gyt tgn=n qi- N

{/ B(s)Il -~ 110(sgp )l dlpsl{s1) - - - Alaal(sgy ) HIO(r)]|% -'-H9(TN)||‘1N]le\(U)
A’l()

:/imw[ > ! !

Cn:() qu+ gy =n ql|q7\r|(_]ﬁ
{/ 16(s) 1] dipel (s} (lwn [[[8(r) DT ‘“(‘WN|||9(TN)H>Q”] dlv|(u)
(0.t)
nllI11Z, , (Qwr l110(r) 19 - - (lwg H10(7n )N

Tl.l
:/CZM ;77[ 2 PP dv(u)

Qo+ g =N

- 1 n n |
:[_Z ;lul H9||ool:nd“/](“)
ciom™

:/euonml,y,\u|d|,,i(u) < oo

0

Under the assumption (2.8) that v dies off rapidly at oc, we show
that K, (F) exists and is given by the series (2.9) for all A € C,.

THEOREM 3. Let n = p -+ Z\:] w;jby, where p € M(0,1) is contin-
mous, 0 < 7 < -+~ <7y <tandw; € Cforj =1,2,...,N. Also let
v € M(C) be such that

(2.16) / ellBlloor;s ful dlvj(u) < oo.
JC

Then the operator K, (F') exists for all A € C, and is given by (2.9).
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Proof. From (2.9) for A > 0,

(2.17)
> g1 an
. wi' - Wl
K\F) =Y nla, > LNy
aqy- - - /
n=0 qut-tgn=n 1 N kittknyi=q0 " Ragkykn

LoLy---Lydu(sy)---du(s,,)
where Ay ik, kn,, 18 given by (23), L, is given by (2.4) and a,, is
given by (2.10)

LoL;--- Ly depends on A and we indicate th's dependence now
by writing Lo Ly = (Lo---La)(Aisi....,84,) For s > 0, as a
function of X, e $(Hu/X) g analytic in C4 and strongly continuous
in C,. Next, noting that the multiplication operators involved in
(LoLy---Ly)(Xis1....,84y) are independent of \, we see that XX
po—ae (S1, . 8q.) € Dgoiky. o kw. Lo+ Ly is ttrongly continuous
for A € C; and analytic for A € C,.

Since |le=s(Ho/M|| < 1 for A € Oy and s > 0, we see that, for all
A€ Cyand px - xp-ae (s1,...54),

) N

(2.18) oLy~ Lull < (JT OGN 116G1%).

= ] =]

The right-hand side of (2.18) is - X p-integrable since 8 € Logy,,.
It thus from Lemma 0.2 of [5] V\thh deals with Bochner integrals de-
pending on a parameter that

G(A) = (LoLv--- La)(Ars1.. .., 8q, dulst) - du(sg,)

SBgaky kg

is strongly continuous in @+ and analytic in C, .
For A € C, from the norm inequality (2.15) the right-hand side of

(2.17) converges uniformly. So we conclude that Ay (F) exists and is
given by (2.9). 0
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