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SYSTEMS OF DERIVATIONS
ON BANACH ALGEBRAS

EuNn Hw! LEE

ABSTRACT. We show that a strong system of derivations {Dg, D;,,

-+ Dy} on a commutative Banach algebra A is contained in the rad-
ical of A if it satisfies one of the following conditions for separating
spaces ;

(1) &(D;) C rad(A) and &(D;) C Kp,(rad(A)) for all i, where
Kp,(rad(A)) = {z € rad(A) : for each m > 1, D"(z) € rad(A)}.

(2) 6(D™) C rad(A) for all i and m.
(3) z6(D;) = &(D;) for all 1 and all nonzero = in rad(A).

1. Introduction

A system of derivations of order m on a complex Banach algebra A is
a set of m+ 1 linear operators { Dy, Dy, -+, Dy, } such that for z, y € A
and k=0,1, ---, m

=3 () 0000

Jj=0

A system of derivations {Dg, Dy, -+, Dy, } is strong if Dy is an identity
operator, and bounded if D; is bounded for each n = 1,2,--- ,m [2].
Note that in a strong system of derivations {Dgy, D1, -+, D}, Dy is a
derivation. We denote by rad(A) the radical of a Banach algebra A. A
system of derivations {Dy, D1, --,D,,} on a Banach algebra A maps
into its radical if D;(A) C rad(A) for 1 <i < m.
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I. M. Singer and J. Wermer [6] proved that a bounded derivation on
a commutative Banach algebra A maps into rad(A4) and M. P. Thomas
[7] extended the Singer-Wermer theorem to arbitrary, not necessarily
bounded derivations on commutative Banach algebras.

Results for non-commutative Banach algebras are contained in (4].
R. J. Loy [3] obtained that the result of the automatic continuity of
derivations on semisimple Banach algebras can be extended to a strong
system of derivations.

In this paper, we deal with a strong system of discontinuous deriva-
tions. It doesn’t seem provable by the same method as for the proof of
a derivation that every strong system of derivations on a commutative
Banach algebra maps into its radical [2].

2. Systems of derivations

If S is a linear operator from a Banach space X into a Banach space
Y, then the separating space G(S) of S is defined by

S(S5) = {y € Y : there are z, — 0 with Sz,, — y}.

&(S) gives us a measure of continuity of S since the closed graph theorem
shows that S is continuous if and only if G(S) = {0}.

LEMMA 1. Let {vo,v1,- - ,vm} be a strong system of derivations on a
commutative Banach algebra A. Then for eachi and n. &(D}) C rad(A)
if and only if ¢ o D} is continuous for each ¢ € & 4, where @ 4 is the set
of all multiplicative linear functionals on A.

PROOF. Note that for each ¢ and n, &(¢ o D?) = ¢(&(D?)) for
¢ € &4 [5]. Suppose that for each ¢ and n, G(D?) C rad(A). Since
rad(A) is the intersection of all multiplicative linear functionals on A,
for all ¢ € 4 S(¢ o D) = {0}. O

LEMMA 2. Let A be a commutative Banach algebra and {Do, Dy,,

-y D} a strong system of derivations on A. Suppose that I is a prime
ideal of A and D;(A) C I foreachl=1,2, -, i— 1. Let

Kp,(I)={z€1: for eachm > 1,D"(x) € I}.
Then Kp,(I) is a prime ideal.
In particular, D;(P) C P for every minimal prime ideal P.



Systems of derivations on Banach algebras 253

Proor. Take DY(z) =z (z € A). Since for each z € Kp,(I) and
ye A

D (=) Z Z Z <31> <Jz> (Jm)(DJ"‘D]’" !

J1=072=0 Jm=0
Do (@))(Dizj, Dicjpny -+ Dijo(¥)),

D™ (zy) € I . Thus Kp,(I) is an ideal.

Let ay, az € Kp,(I) for some a1, a2 € A and let a; ¢ Kp,(I). We
must show that az € Kp,(I). Since a; ¢ Kp,(I) there is an integer t > 0
such that for each s < t, Df(a;) € I but D¥(a;) ¢ I. Now by induction
on r we prove that for each r > 0, D7(ag) € I. Then ay € Kp,(I).

For » = 0, note that

Dt(aiaz) Z Z( ) ( )(DJ -+ Djy(a1))(Di—j,

J1=0 Jr=
- Di_jo(a2))
i—1 i—1 i i
= D!(a1)az + Z Z ( ) (.)(Djt
1m0 je=0 M1 Jt

- Djg(a1))(Di—j, -+ Di—jo(az2))

and a1, as € Kp,(I). Then Di(aj)as € I. Since I is a prime ideal and
Df(al) ¢ I ay€el.
Let D?ag, <, D7 ~las € I. We proceed the proof for r. Note that

D (ara) =3 3 () () )i Diter

Jj1=0 Je4r=0
(Di-joyr -+ Dizjolaz))
= N1+ Dt (a1)ag + Neyr—1 Dy a1)Difag) + -+
i1
+ N;Di(a1)D7(az) + - - - + Noa; D" (a2) + Z: o

J1=1



254 Eun Hwi Lee

— [i—1 i—1
Z ( jl )(]t >(Djt+r"'Djo(al))(Di—jt+1
Je+r=1 tr

+ Di-jo(az))
for some N;(i =0,1,2,--- ¢t + 7).

Since a1,a; € Kp (1), D! +T(a1a2) € I. From the assumption and
induction hypothesis, N,Dj(a;)D}(az) € I for some integer N, and so
D7 (as) € I. Hence we have the result.

Now note that Kp,(P) C P and D(Kp,(P)) C Kp,(P). By mini-
mality of P, D;(P) C P. O

LEMMA 3. Let {Dy, Dy, ---, D,,} be a strong system of deriva-
tions on a commutative Banach algebra A and D;(A) C rad(A) for
1=1,2,---,i—1. Then D;(A) C rad(A) if

S(D;) = 6(D;) Nrad(A) C Kp, (rad(A)).

PROOF. Denote K = Kp, (rad(A)). If §(D;) = Gunmmmm)cK
then the operator D; from A into A/K defined by D;(a) = D;(a)+K (a €
A), where K denotes the closure of K, is continuous, by [5, Lemma 1.4
]. By Lemma 2, D;(K) C K. Thus it follows that D, (K) = 0 and so
D; K =0.

Now define a linear map I D; from A/K into 4 / K by D ( K) =

Di(z)+ K (z € A). Then D; is continuous and so D;(A/K) C rad(A)/
Kl4].
Since K C rad(A4), D;(A) C rad(A). O

LEMMA 4. Let {Do, Dy, ---, D,,} be a strong system of deriva-
tions on a commutative Banach algebra A and Di(A) C rad(A) for
I =1,2,---,i— 1. Then for every m, &(D™) C rad(A) if and only if
D;(A) C rad(A).

PrOOF. If D;(A4) C rad(A), then §(DI*) C rad(A) because rad(A) is
a closed ideal. Conversely, if (D7) C rad(A) for every m, by Lemma
1, ¢ o D" is continuous for every ¢ € ®4. Let « € &(D;) N rad(A).
Then ¢ o Di*(z) = 0 for every m and so D7 (z) € rad(A). Therefore
* € Kp,(rad(A)). By Lemma 3, D;(A) C rad(A). O

By Lemma 3, 4 and induction we have the following result.
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THEOREM 5. Let A be a commutative Banach algebra and {D,,
Dy,--- Dy} be a system of derivations on A.

(1) If &(D;) C rad(A) and &(D;) < Kp,(rad(A)) for all i, then
D;(A) C rad(A) for all 1.
(2) If (D) C rad(A) for all i and m, then D;(A) C rad(A) for all

1.

THEOREM 6. Let A be a commutative Banach algebra. If { Dy, Dy,

D,,} is a strong system of derivations such that x&(D;) = &(D;) for

eachi=1,2,--- ,n and all nonzero z € rad(A) , then D;(A) C rad(A)
forallt=1,2,---,n

PROOF. By Thomas’s theorem [7], D;(A4) C rad(A). Suppose that
D;(A) C rad(A) for all | = 1,2,---,i — 1. By hypothesis, &(D;) C
rad(A) and so ¢ o D; is continuous for all ¢ € ¢ 4. Suppose that ¢ € P4
and y € ¢ o D;(&(D;)). Let x € &(D;) with y = ¢ o D;(z). Since
zS(D;) = &(D;), there is a sequence {y,} in &(D;) such that z =
nli_)rrolo Y. Then

y = ¢o Di(z)
= lim ¢ o D;(zyx)
n—oo

= lim s3> (;) (Dj)(Di—jyn))

=0

71— 00

= lim (D(.’L‘Di(yn D T yn + Z () D 33) i— jyn))
C ¢(rad(A)) = {0}.

Thus ¢ o D;(&(D;)) = {0} for all ¢ € 4. Since ¢ o D;(S(D;)) =
S(p o D?) = ¢(&(D;)?) for all ¢ € &4, G(D?) C rad(A). Suppose that
S(Dr) C rad(A) for each ¥ < m and y € ¢ o D"(S&(D;)) for ¢ € P 4.
Then there are z € G(D;) and a sequence {y,} in &(D;) such that
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y=¢oD(z)and z = li_)m ZYn. Therefore

y=¢oD(z)
= lim ¢ o D" (zyn)
“im >y (J) . (jm) #(D,. - Dy, (2))$(Di_,
v Di—J] (y))
C ¢(rad(4)) = {0}.

By induction, &(D}*) C rad(A) for all m > 1. By Lemma 5, D;(A) C
rad(A). O
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