Comm. Korean Math. Soc. 12(1997), No. 2, pp. 275-285

CONVERGENCE OF APPROXIMATING
FIXED POINTS FOR NONEXPANSIVE
NONSELF-MAPPINGS IN BANACH SPACES

JONG S00 JUNG*, JONG SEO PARK AND EUN HEE PARK

ABSTRACT. Let E be a uniformly convex Banach space with a uni-
formly GAiteaux differentiable norm, C a nonempty closed convex
subset of E, T' : C — E a nonexpansive mapping, and @ a sunny
nonexpansive retraction of E onto C. For u € C and t € (0,1), let
z¢ be a unique fixed point of a contraction R; : C' — C, defined by
Rix = Q(tTx + (1 —t)u), = € C. It is proved that if {z:} is bounded,
then the strong lim¢_,1 x¢ exists and belongs to the fixed point set
of T. Furthermore, the strong convergence of {z:} in a reflexive and
strictly convex Banach space with a uniformly Gateaux differentiable
norm is also given in case that the fixed point set of T is nonempty.

1. Introduction

Let C be a nonempty closed convex subset of a Banach space FE,
T : C — E be a nonexpansive mapping (i.e., [Tz -Ty| < ||z —y|| for all
z, y € C), and @ a sunny nonexpansive retraction of E onto C. Then,
following Marino and Trombetta [11], given a v € C and a t € (0,1), we
can define a contraction R; : C — C by

(1) Rz =Q(tTz+ (1 —t)u), z € C.

By Banach’s contraction principle, R, has a unique fixed point z; in C,
that is, we have

(2) xt = Q(tTzy + (1 — t)u).
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When Q is the identity mapping, the strong convergence of {z,} ast — 1
to a fixed point of T has been investigated by several authors; see, for
example, Browder (2], Halpern [8], Jung and Kim [9], Kim and Takahashi
[10], Marino and Trombetta [11], Reich [17], Singh and Waston [18], Xu
and Yin [19] and others.

Recently, Xu and Yin [19, Theorem 3] proved that if C is a nonempty
closed convex (not necessarily bounded) subset of Hilbert space H , if
T :C — H is a nonexpansive nonself-mapping satisfying the weak in-
wardness condition, if Q is the nearest point projection from H onto
C, and if {z,} is the sequence defined by (2) which is bounded, then
{z:} converges strongly as ¢t — 1 to a fixed point of T. Kim and Taka-
hashi [10] extended Xu and Yin’s result to a Banach space with a weakly
sequentially continuous duality mapping.

In this paper, we establish the strong convergence of sequence {x;}
defined by (2) which is bounded in a uniformly convex Banach space
with a uniformly Gateaux differentiable norm, thus generalizing Xu and
Yin’s result [19, Theorem 3] to a Banach space setting. Furthermore,
we prove that if C' is a nonempty closed convex subset of a reflexive and
strictly convex Banach space with a uniformly Gateaux differentiable
norm and if the fixed point set of T is nonempty, then the sequence {z;}
defined by (2) also converges strongly as t — 1 to a fixed point of T

2. Preliminaries

Let E be a real Banach space with norm || - || and let E* be its dual.
The value of 2* € E* at 2 € E will be denoted by (z,z*).

For every ¢ with 0 < ¢ < 2, the modulus d(e) of convexity of F is
defined by

z+y
2

E is said to be uniformly convex if d(e) > 0 for every € > 0. If E is
uniformly convex, then E is reflexive and strictly convex.

The norm of E is said to be Gateaux differentable (and FE is said to
be smooth) if

§(¢) = inf{1 — |

el <1 lyll <1, o -yl > e}

e+ tyll = =l
(3) Hm t
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exists for each z, y in its unit sphere U = {x € E : ||z|| = 1}. It is said to
be uniformly Géteaux differentiable if each y € U, this limit is attained
uniformly for z € U. Finally, the norm is said to be uniformly Fréchet
differentiable (and E is said to be uniformly smooth) if the limit in (3) is
attained uniformly for (z,y) € UxU. Since the dual E* of E is uniformly
convex if and only if the norm of E is uniformly Fréchet differentiable,
every Banach space with a uniformly convex dual is reflexive and has
a uniformly Géateaux differentiable norm. The converse implication is
false. A discussion of these and related concepts may be found in [3].

The (normalized) duality mapping J from E into the family of non-
empty (by Hahn-Banach theorem) weak-star compact subsets of its dual
E* is defined by

J(z)={f € E*: (z,f) = |lz]* = | f]I*}-

for each = € E. It is single valued if and only if F is smooth. It is also
well-known that if F has a uniformly Gateaux differentiable norm, J is
uniformly continuous on bounded subsets of E from the strong topology
of E the weak-star topology of E* (cf. [4, 5]).

Let 11 be a mean on integers NV, i.e., a continuous linear functional on
£ satisfying ||u|| = 1 = u(1). Then we know that y is a mean on N if
and only if

inf{a, : n € N} < p(a) < sup{a,:n € N}

for every a = (aj,as,...) € £*°. According to time and circumstances,
we use fin(ay,) instead of pu(a). A mean p on N is called a Banach limit
if

pn(@n) = pin(@nt1)

for every a = (aj, az, ...) € £°. Using the Hahn-Banach theorem, we can
prove the existence of a Banach limit. We know that if x4 is a Banach
limit, then

liminfa, < y,(a,) <limsupa,

n—+00 n—oo
for every a = (a1, az,...) € £*°. Let {x,} be a bounded sequence in E.
Then we can define the real valued continuous convex function ¢ on E
by

#(z) = pallzn - 2”2
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for each 2z € E.
The following lemma was given in [6, 7].

LEMMA 1. Let C be a nonempty closed convex subset of a Banach
space E' with a uniformly Gateaux differentiable norm and let {z,} be
a bounded sequence in E. Let u be a Banach limit and u € C. Then

Unumn - u”2 = ggg/‘n”l’n - 3/”2

if and only if
lln(-T —Uu, '](xn - U)) S 0

forallz € C.

Recall that a closed convex subset C of E is said to have the fixed
point propety for nonexpansive self-mappings (FPP) for short) if every
nonexpansive mapping T : C — C has a fixed point, that is, there is a
point p € C such that T(p) = p. It is well-known that every bounded
closed convex subset of a uniformly convex Banach space has the FPP
(cf. [5, p. 22]).

Let C be a nonempty closed convex subset of £. A mapping ) of C
into C is said to be a retraction if Q? = Q. If a mapping Q of C into C
Is a retraction, then Qz = z for every 2 € R(Q), where R(Q) is range of
Q. Let @ be a retraction of E onto a closed subset C of E. @ is said to
be sunny if each point on the ray {Qz + t(x — Qz) :¢> 0} is mapped
by @ back onto Qz, in other words,

Q(Qz +t(z - Qz)) = Q

for allt > 0 and z € E. If there exists a retraction Q@ : E — C which is
both sunny and nonexpansive, then C is said to be a sunny nonexpansive
retract. Sunny nonexpansive retracts appear in 15, 16].

Finally, let C' be a nonempty convex subset of E.Then for z € C we
define the inward set I-(z) as follows:

Ie(z)={y e E:y=z+a(z—1x) for some z € C' and a > 0}.

A mapping T : C — E is said to be inward if Tz € Ic(z) for all z € C.
T’ is also said to be weakly inward if for each = € C. Tz € cll-(x), where
for A C E, clA means the closure of A.
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3. Main results

In this section, we study the strong convergence of {z;} defined by
(2) in a uniformly convex Banach space with a uniformly Gateaux dif-
ferentiable norm.

We begin with the following lemma, which is crucial in our main
result.

LEMMA 2. Let E be a uniformly convex Banach space with a uni-
formly Gateaux differentiable norm, C' a nonempty closed convex subset
of E, and {z,,} a bounded sequence of E. Then the set

M={u€C: pnlzn —u||® = min |z, — y||*}
yeC

consists of one point.

PROOF. Let ¢(2) = pnllz, — 2||? for each z € C and r = inf{¢(z) :
z € C}. Then, since the function ¢ on C is convex and continuous,
¢(z) — oo as ||z|| — oo, and E is reflexive, it follows from [1, p.79] that
there exists u € C with ¢(u) = r. Therefore M is nonempty. From
Lemma 1, we know that v € M if and only if

pn(z —u, J(z, —u)) <0

for all z € C. Now we show that M consists of one point. Let u, v € M
and suppose u 7# v. Then, by [12, Theorem 1], there is a positive number
k such that

(Tr, —u— (Ty, —0),J(zp, —u) = J (T —»)) = k>0
for every n. Therefore we get
pn(v —u, J(z, —u) — J(xy, —v)) > k> 0.

On the other hand, since u, v € M, we have

pn(v —u, J(z, —u)) <0
and

pn(u—v, J(x, —v)) <0.
Then we have

pn(v —u, J(zp —u) = J(z, —v)) <O0.

This is a contradiction. Therefore v = v. O
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‘THEOREM 1. Let E be a uniformly convex Banach space with a uni-
formly Géteaux differentiable norm, C a nonempty closed convex subset
of E, and T : C — E a nonexpansive nonself-mapping satisfying the
weak inwardness condition. Suppose that C is a sunny nonexpansive
retact of E, and that for some u € C and each t € (0, 1), z; is a (unique)
fixed point of the contraction R, defined by (2), where Q is a sunny
nonexpansive retraction of E onto C. Then T has a fixed point if and
only if {x;} remains bounded as t — 1 and in this case, {z¢} converges
strongly ast — 1 to a fixed point of T.

PROOF. Let w be a fixed point of T. Then we have
lw = 2] = |Qw — Q(tTz: + (1 - tyu)]|
< tlw = Tal + (1 = t)lw — ul
Stlw =zl + (1= t)fjw - uf
and hence ||w — z|| < |lw — u|| for all £ € (0,1). So {x+} is bounded.
Suppose conversely that {z;} remains bounded as ¢t — 1. We now
show that F(T) is nonempty and that {z,} converges strongly as ¢t — 1
to a fixed point of 7. To this end, let ¢, — 1 and Tn = x¢,. Define
¢ : C — [0,00) by ¢(2) = pnllzn — 2||°. Since ¢ is continuous and
convex, ¢(z) — 0o as ||z|| — oo, and E is reflexive, ¢ attains its infimum
over C. Let z € C be such that

o 2: : _ 2
Pl Zn zH L%lgﬂnllxn y”

and let

M ={ueC: pnlzn — ull* = min g, |z, — y|?}.
yeC

Then M is nonempty because z € M. Since {T'z;} is bounded and
() ¢ — QTxs|| < ||tTxy + (1 — t)u — Tz, |
= (1 = t)flu — Tz,
we have z; — QTz; — 0. So, we have for z € M,
l2n — QT2
< Nzn - QTzn|| + |QTz, — QT2
S [en = 2l + lzn — QTz,||
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and hence

i

prl|Tr — QTZHZ < pinl|Tn — 31’2'

Then QT2 € M. By Lemma 2, we know that M consists of one point.
Therefore QT2 = z. Since @ is sunny and nonexpansive retraction, from
Lemma 2.4 in [13] (cf [5, p. 48]), we have

(5) (Tz—2,J(z—w)) >0 forallweC.

On the other hand, Tz belongs to cli(z) by the weak inwardness con-
dition. Hence for each integer n > 1, there exist 2,, € C and a,, > 0 such
that

(6) Yn = 2z + an(z, — 2) — Tz strongly.

Since E has a uniformly Géateaux differentiable norm, J is uniformly
continuous on bounded subsets of E from the strong topology of F to
the weak-star topology of E*. Thus it follows from (5) and (6) that

0 S (TZ - z,anJ(z - Zn))
= (Tz—z,J(an(z — zn))
=Tz—2,J(z—yn))— T2z—2,J(z2—Tz2))=~|Tz — z||2.
Hence we have Tz = z. For any v € F(T'), we have
tlv—u)+u=tv+ (1 —t)hu =Q(tv+ (1 — t)u)
and hence
(@ — u) + t(v — w)||”
= |Q(tTz: + (1 — t)u) — u —t(v — u)||?
= 1Q(tTz; — u) + u) — Q(t(v — u) +w)|?
< | t(Tze — u) — t(v —w)|?
< 2|z, —vl)?

= t*[(ze —w) = (v — w)|*.
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So, we have

02 (2 = u) = t(v = w)l|” — [|t(2s — u) — t(v — )|
2 2((1 = t)(z — u), I (t(z¢ - v)))
=201 - t)t{x; — u, J (2, — v))

and hence
(7) (T —u,J(z: —v)) <0
for v € F(T). From Lemma 1, it follows that

pn(T = 2, J(2n — 2)) <0
for all z € C. In particular, we have
(8) pn(u — 2z, J(z,, — 2)) < 0.
Combining (7) with v = z and (8), we get

pnlZn = 2, J(2n = 2)) = pimllzn — 2)|2 < 0

Therefore, there is a subsequence {zn,} of {z,,} which converges strongly
to z. To complete the proof, suppose there is another subsequence {z,, }
of {z,} which converges strongly to (say) y. Then y is a fixed point of
QT by (4) and also of T. It then follows from (7) that

(z—u,J(z—y) <0

and
(y—u,J(y - 2)) <0.

Adding these two inequalities yields
2=y Jz-y)=lz—y|* <0

and thus z = y. This prove the strong convergence of {z,} to 2. ]
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COROLLARY 1 [19]. Let H be a Hilbert space, C' a nonempty closed
convex subset of H, T : C — H a nonexpansive nonself-mapping sat-
isfying the weak inwardness condition, P : H - C the nearest point
projection, and {x:} the sequence defined by (2) with P instead of Q.
Then T has a fixed point if and only if {z;} remains bounded as t — 1
and in this case, {z;} converges strongly ast — 1 to a fixed point of T.

Proor. Note that the nearest point projection P of a Hilbert space
H onto a closed convex subset (' is a sunny and nonexpansive retraction.
Thus the result follows from Theorem 1. O

By slightly modifying the proof of Theorem 1, we can also obtain the
following result in case that the fixed point set of T' is nonempty.

THEOREM 2. Let E be a reflexive and strictly convex Banach space
with a uniformly Gateaux differentiable norm, C a nonempty closed
convex subset of E, and T : C — FE a nonexpansive nonself-mapping
satisfying the weak inwardness condition. Suppose that C is a sunny
nonexpansive retact of E, and that for some u € C and each t € (0,1),
x¢ Is a (unique) fixed point of the contraction R, defined by (2), where
Q is a sunny nonexpansive retraction of E onto C. If the fixed point set
F(T) of T is nonempty, then {z;} converges strongly ast — 1 to & fixed
point of T'.

PRrOOF. Let w € F(T). Then we have |Jw — a¢|| < ||lw — ul| for all
t € (0,1) and hence {z;} is bounded. Let ¢, — 1 and z,, = x;_. As in
the proof of Theorem 1, define ¢ : C — [0,00) by ¢(2) = pnllzn — 2||?
and let

M={u€C: ||z, —ul|? = minp, |, - yl|?}.
: yeC
Then, by the proof of Theorem 1, M is nonempty and invariant under

QT. It is also bounded, closed and convex. Further, M contains a fixed
point of QT'. In fact, define

Me={veM:|v-— = mi — .
{v v = wil = min flw —y|l}
Then, since E is reflexive and strictly convex, M? is a singleton (cf. [1.
p.79]). Denote such a singleton by v. Then we have
QT — wl| = |QTv — QTw| < |jv — w|
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and hence QT'v = v. This v is also a fixed point of T'. Let v € MNOF(T).
Then, as in the proof of Theorem 1, we have z; — v. O

It is well-known (cf. [5, 14]) that if C, a bounded closed convex
subset of a Banach space E, has the FPP and if a nonexpansive nonself-
mapping T': C' — E is weakly inward, then T has a fixed point. Thus

the following result is a direct consequence of Theorem 1 (resp. Theorem
2).

COROLLARY 2. Let E, C, T, @ be as in Theorem 1 (resp. Theorem
2). Suppose in addition that C is bounded (resp. bounded and has
the FPP). Then the sequence {z,} defined by (2) converges strongly as
t — 1 to a fixed point of T.

REMARK. Theorem 1 and Theorem 2 apply to all uniformly convex
and uniformly smooth Banach spaces and in particular, to all LP spaces,
1<p<o.
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